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Teaching Children Mathematics has an ongoing 
need for photographs to illustrate articles pub- 
lished in the journal. Many teachers are already 
using photography to document classroom activi- 
ties, SO We invite you to share the great things that 
are happening in your mathematics classroom 
with the Editorial Panel and your fellow subscrib- 
ers. We want to expand our photograph library 
to include photos of a wider variety of activi- 
ties that depict students actively engaged in 
mathematics. 
We prefer high-resolution pho- 
tographs because they retain their 
quality when enlarged. When tak- 
ing digital photos, always use the 
noncompressed setting on your 
camera—that is, adjust the set- 
tings on your camera so that the 
photos take up the most mem- 
ory (space) on the card. High- 
resolution photography allows us 
to later enlarge the images for pub- 
lication. Save digital photo files as 
TIFF files. Never send photos as jpeg 
files; jpegs are usable only in a digital 
environment, such as the Internet. 
Because these images may also 
be used on the cover or in publi- 
cizing the journal, release forms 
for such use are required. A PDF 
download of the student release and 
photographer release forms can be 
found at my.nctm.org/eresources/ 
contributors.asp. Photographers will 
be credited when their photographs 
are published in the journal. 
Keep the following tips in mind 
the next time you have your camera in 
your classroom: 




























oo 


¢ Close-ups in which the mathemati- 
cal task and the child’s expression are 
very clear are best. Emphasize the stu- 
dents’ involvement with the mathemati- 
cal task, using appropriate props such 
as manipulatives or computers. Avoid 
paper-and-pencil activities; these do not 
generally make dynamic pictures. 
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¢ We also need photographs depicting students 
writing or reading about mathematics, engaged 
in conversations about mathematics, and build- 
ing mathematical constructions or exploring 
mathematics using manipulatives. 

¢ Backgrounds should be uncluttered to mini- 
mize distractions. Avoid direct light or very 
bright window light behind your subject. Out- 
door shots are welcomed. 

¢ Include boys and girls of different races and 
abilities. Avoid sexist and ethnic stereotyping. 
Photograph more than just the same one or two 
students in the class. 

¢ Whenever possible, limit the number of stu- 
dents in each picture (usually three is maxi- 
mum) unless special circumstances require 
more. We prefer photographs of a single 
student or a pair of students. We are also look- 
ing for photographs of teachers and students 
together, parents and students together, and 
teachers and parents engaged in conversations 
about mathematics. 

* Compose some shots vertically with space at the 
top. These might be candidates for the cover. 

¢ Shoot from a low angle or on the same level as 
the students (unless an overview is needed to 
place the activity in context). 

¢ Avoid anything that might date a photo (calen- 
dars, background signs, etc.). 


Please select only the highest quality photo- 
graphs and send no more than twelve images per 
submission. 


Send your photographs and release forms to TCM 
Photograph Library, 1906 Association Drive, Res- 
ton, VA 20190. Label each slide, photo, computer 
disk, or CD with your name and phone number. 
Identify the students on the back of a printed copy 
of each photo, or number the photos and type the 
information on a separate sheet of paper, describing 
the activity, grade level, students’ names, and so 
forth. Include signed release forms, keying them to 
the appropriate photos. Keep a copy for your files. 
Material submitted for the photograph library proj- 
ect will not be returned. Thank you for your help! 
Your enthusiastic support is always appreciated. 
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Glenn Gebhard 





Beule7 Tele 


A Mathematical 
Cornucopia of Pumpkins 


he “Investigations” department features chil- 

dren’s hands-on and minds-on explorations 

in mathematics and presents teachers with 
open-ended investigations to enhance mathematics 
instruction. These tasks invoke problem solving 
and reasoning, require communication skills, and 
connect various mathematical concepts and prin- 
ciples. The ideas presented here have been tested in 
classroom settings. 

A mathematics investigation— 


e has multidimensional content; 

* is open ended, with several acceptable solutions; 

* is an exploration requiring a full period or lon- 
ger to complete; 

* is centered on a theme or event; and 

* is often embedded in a focus or driving 
question. 


In addition, a mathematics investigation involves 
processes that include— 








* researching outside sources; 

¢ collecting data; 

collaborating with peers; and 

using multiple strategies to reach conclusions. 


Although this department presents a 
scripted sequence and set of directions 
for an investigation in this particular 
classroom, Principles and Standards 
for School Mathematics (NCTM 2000) 


Glenn Gebhard, ggebhard@hornell.wnyric.org, teaches sixth-grade mathematics and science 
at the Intermediate School in Hornell, New York. He was a 2004 New York State finalist for 
the Presidential Award for Excellence in Mathematics and Science Teaching program. He is a 
member of the New York State K-8 Mathematics Mentor Network and has been a professional 
development facilitator for the AIMS Education Foundation since 1993. 


Edited by Cornelis de Groot, degrootc@newpaltz.edu, State University of New York, New Paltz, 
NY 12561. This section is designed for teachers who wish to give students in grades K-6 new 
insights into familiar topics. Classroom teachers may reproduce this material for use with 
their own students without requesting permission from the National Council of Teachers of 
Mathematics. Readers are encouraged to submit manuscripts appropriate for this section by 
accessing tem.msubmit.net. 
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encourages teachers and students to explore mul- 
tiple approaches and representations when engag- 
ing in mathematical activities. This investigation 
centers on measurements of pumpkins or other 
seasonal fruits, the appropriate use of measurement 
tools, and the relationship among the measured 
attributes. 

NCTM’s Algebra Standard asks students to rep- 
resent, analyze, and generalize a variety of patterns 
with tables and graphs. It also expects them to model 
and solve contextualized problems using various 
representations, such as graphs, tables, and equa- 
tions. The Measurement Standard goals addressed 
in this investigation include understanding measur- 
able attributes of objects and the units, systems, and 
processes of measurement; understanding relation- 
ships among units; and converting from one unit 
to another. Most important, this investigation offers 
students practice in selecting and applying tech- 
niques and tools to accurately find length, mass, and 
volume to appropriate levels of precision. 

NCTM’s Data Analysis and Probability Stan- 
dard asks students to formulate questions that can 
be addressed with data and to collect, organize, and 
display relevant data to answer them. Graphing—in 
particular, making scatter plots of the data—is also 
an important part of this investigation. Students 
make conjectures about relationships between two 
attributes on the basis of the scatter plots, use those 
conjectures to formulate new questions, and then 
plan new explorations to answer them. 


The Investigation 


Learning goals 

This four-day investigation is an opportunity for 
students to measure attributes of a pumpkin. They 
then analyze these data to see if they can iden- 
tify relationships or trends. Connecting measuring 
activities with data analysis allows students to 
address the natural connections between math- 
ematics and scientific activities. In these activities, 


- students practice the use of mathematics process 
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Students using the “book” method to measure their pumpkin’s height 






skills, such as mathematical representation, as 
well as their science process skills, such as infer- 
ring and predicting. Measurement and data are the 
ripest content strands to make such connections. 
This content is the core of modern curriculum 
structures. At the heart of this investigation is the 

_ Opportunity for students to gain confidence in ask- 
ing their own questions and using mathematical 
tools and analysis to answer these questions. This 
investigation incorporates the use of spreadsheets 
for the purpose of collecting and representing 
data; a copy of this file may be obtained from the 
author via e-mail at ggebhard @hornell.wnyric.org. 
You can organize the entire investigation so that 
the students work with data and graphs on paper, 
although you may need to allot some additional 
time to accomplish this. 

The activities in this investigation were used 
in grades 3, 4, and 6 mathematics and science 
classes in the Hornell City School District, Steu- 
ben County, New York, in the Finger Lakes region. 
The sixth graders were able to pose slightly more 
sophisticated questions, such as “How does a 
pumpkin’s circumference relate to its mass?” and 
“Given a pumpkin’s circumference, can you pre- 
dict its mass, and vice versa?” The fourth graders 
did not tackle the issue of volume. They measured 
equatorial circumference, not polar circumference. 
Consequently, they did not concern themselves 
with such volume-related questions as “How round 
is this pumpkin?” 
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Photograph by Glenn Gebhard; all rights reserve 


Objectives of the investigation 
The students will— 


* use appropriate tools to measure the mass of a 
pumpkin and the mass of its seeds as well as its 
volume, equatorial circumference, polar circum- 
ference, diameter, and height; 

* use appropriate counting methods to determine 
the number of seeds in a pumpkin; 

* pose and investigate questions about the data 
and the relationships between some of the mea- 
sured attributes; 

e use Excel spreadsheets (or other spreadsheet 
software) to draw scatter plots of their data to 
analyze relationships among variables; and 

¢ discover the smallest box or cube into which 
their pumpkin will fit. 


Materials 
All materials are for groups of 3 or 4 students, 
unless indicated otherwise. 


Lesson 1 

¢ one pumpkin or other seasonal fruit that has 
some variability in size (e.g., watermelon, 
orange, grapefruit, etc.) 

* a metric measuring tape and centimeter ruler 

¢ one data table per student (table 1) 

* a pan balance, gram mass set, and extra kilo- 
gram masses as needed (see table 2 for a range 
of masses needed) 
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Template for Sixth-Grade Data Table for Lesson 1 
Note: For use with other grades, eliminate the polar circumference column. 


Equatorial Polar Seed 
Pumpkin Circumference Circumference Mass 
Number (cm) (g) 





median 
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Table 2 ) | 


Completed Sixth-Grade Data Table for Lesson 1 


Equatorial Polar 


Circumference Diameter Height Seed 
(cm) (cm) a 


Pumpkin Circumference 


Number 


Baie nun ot se | ee 
meen 7 8) es | eee 
Pearce) Prec | es | ear om 
Met hie gs we ae ee 
beeen ae aloe) | se le aoa os ee oe 
ee re ee ee ee 
te | s1000 [tse | ee Yee | eto | 


eer er Fe an Been ere Nee ee a 
ee eseies anes S| or [ee os ae ee ao ost ned 
a Opts of ces ane cs fos ee) ce 


For the students— 

* ametric or customary spring scale (or bathroom 
scale) 

e Earth globe 


For the teacher— 
¢ chart paper and markers 


Lesson 2 


For the students— 

* a large supply of interlocking centimeter cubes 

¢ one 5-gallon bucket with a 1/2-inch hole drilled 
2 inches from the top rim 

* along plastic tray wide enough to allow the bucket 
to fit (i.e., deep enough to hold several liters of 
water) 

¢ a 1-liter graduated cylinder 

* aplastic 1-liter box (a cubic decimeter) 

* acubic meter made either from 12 triangular meter 
sticks and plastic corner connectors or from 1- 
meter pieces of lath fastened together (optional) 
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Lesson 3 


For each group of students— 
* newspapers and paper towels 


For the teacher— 
¢ a knife or pumpkin carver set 


Lesson 4 


For the students— 
¢ Excel spreadsheets 


Previous knowledge 

Students should know how to use a ruler and cen- 
timeter tape to measure their pumpkin’s length, 
diameter, height, and circumference to the nearest 
centimeter. They also must be able to use a balance 
to measure mass to the nearest gram or nearest 
50 grams, depending on the measuring device 
used, and read a graduated cylinder to the nearest 
milliliter. 


Seed 
Mass 


oe 
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Students using the “book” method to measure 
their pumpkin’s diameter 








Photograph by Glenn Gebhard; all rights reserve 


Most of the teachers in our school district use a 
variety of AIMS (Activities Integrating Mathemat- 
ics and Science) materials. Previous knowledge 
and skills have been developed, in part, through 
the use of these activities. For all these activities, 
we begin with real-world models, something that 
can be manipulated. Then, by counting or measur- 
ing, we get both usable data and a new level of 
abstraction. When we graph the data, we see their 
pictorial form. Next, we make generalizations and 
seek formulas. In a perfect lesson, students would 
then pose a new question to lead back to the real 
world. They can then tackle the new problem with 
the skills practiced earlier. 

The students in our district have had collective 
experience in this approach to science and mathemat- 
ics. Following this model of instruction, they have 
answered such questions as “How much of a banana 
is edible?” and “How much sugar is. in this gum?” 


Lesson 1 


Posing interesting questions 
and making measurements 

This initial lesson focuses on the question ‘““What 
measurements can we collect regarding these 
pumpkins?” The initial brainstorming session 
revealed that we can measure the pumpkins’ mass, 
weight, volume, circumference, diameter, and 
height. Because one anticipated interesting ques- 
tion may be “How round is your pumpkin?” the 
students should measure both equatorial and polar 


circumferences. The closer these measurements are 
to each other, the more spherical is the pumpkin. 
Use a globe to demonstrate. 

Finding the mass of the seeds was an idea that 
I had to coax from the students by asking, “Does a 
heavier pumpkin have heavier seeds?” During the 
brainstorming session, have the students record on 
chart paper all their ideas about measuring pump- 
kins, even ideas that will not be part of this investiga- 
tion. Some of these ideas included measuring stem 
length, temperature, wall thickness, and the time it 
takes for a pumpkin to fall to the ground and smash 
when dropped from a window or the time it takes for 
a pumpkin to decompose. As with any brainstorm- 
ing activity, the quantity of ideas is prized, so try 
to maintain an infectious frenzy of responses for as 
long as possible. The chart paper with these ideas 
stays up in the classroom for the entire investigation 
(the list will be used again in lesson 4). 

When the students have exhausted all ideas for 
measuring pumpkins, a new question that you can 
pose—“What can we count?’—leads naturally to 
the idea of counting seeds. Accept all ideas relat- 
ing to counting and record them all on the chart 
paper. When you return to this list in lesson 4, you 
can choose the questions to be investigated or have 
your students help choose these. In this investiga- 
tion, I moved the students in the direction of the 
“interesting questions” discussed here. 

At this point, briefly discuss mass and weight 
with the students. For the purposes of this specific 
investigation, the differences between the two are 
not important, although students must realize that 
mass and weight are not the same. Mass is the 
amount of matter in an object and is measured in 
grams using a balance. Weight is the amount of 
gravitational pull on an object and is measured in 
gram-force units by using a spring scale. Weight 
decreases as altitude increases, disappears entirely 
in free fall (or in orbit), and is less on the moon 
than on Earth. In contrast, mass does not change 
with any of these conditions. 

In this investigation students should, when pos- 
sible, measure length to the nearest centimeter and 
measure mass to the nearest gram. For smaller 
pumpkins use a pan balance to measure mass, and 
for larger pumpkins use a spring scale or a bathroom 
scale. Note that spring and bathroom scales techni- 
cally measure weight, but we assume that gravity 
will not change during these measurements, so we 
can set the weight to its mass equivalent. The floor- 
type spring scale that the learners in this investiga- 
tion used had its smallest markings at 1/2 kilogram 
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(500 grams). Because one can generally estimate a 
scale to 1/10 the size of the smallest graduation, our 
accuracy was to the nearest 50 grams. 

To measure the pumpkin’s height, have the 
students set the pumpkin on a flat surface, such as 
a desk or table. Next to the pumpkin they should 
position a ruler on and perpendicular to this flat 
surface. Placing a book on top of the pumpkin may 
help the students read the ruler measurement more 
accurately (see fig. 1). When measuring diameter, 
have the students place their pumpkin on a ruler 
between two notebooks or textbooks held perpen- 
dicular to the desk or table (see fig. 2). Placing the 
end of one book on the zero mark eliminates the 
need for subtraction. Remove the book at the zero 
mark, then the pumpkin. The remaining book’s 
position on the ruler will indicate what the diameter 
is. Of course, if a group of students has another 
valid way to measure the pumpkin, let them defend 
it first and then demonstrate it! 

Have the students, working in pairs, record their 
data and share them with other groups. One group 
member can record the data on a class chart and 
type it into the prepared spreadsheet (see table 2). 
Entries are made directly into each cell on the data 
sheet of the Excel file. Make sure that students 
enter only numbers and not the units, which are 
indicated in the heading of each column (spread- 
sheet programs will not recognize the value of a 

‘number if units are included). Also, make sure that 
the students enter data only on the data sheet of 
the Excel workbook. The data sheet is linked to all 
the other sheets; thus, changes on this sheet will 
automatically update the information on all other 
graphs drawn by the program. 

Go back to the suggested measurement ideas 
that the class listed earlier on the chart paper and 
have the students generate a question for each one. 
For example, for the suggestion about measuring 
a pumpkin’s volume, the question could be “How 
much space does this pumpkin take up?” These 
will become our “interesting questions.” Interesting 
questions include (1) something we do not know 
and (2) something we can find out using our data. 

Students were asked to pose five interesting 
questions about pumpkins. They were allowed to 
work alone or together. We compiled the questions 
at the beginning of lesson 2. 

During this time, various themes emerged in the 
students’ questions. Many focused on life science 
questions about the pumpkins themselves and their 
various structures (e.g., stem, seeds, exterior skin, 
etc.). Another group discussed physical science ques- 
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tions such as “How much time does it take for a 
pumpkin to smash on the ground?” and extended that 
line of questioning. This led, naturally, to my question 
“Do larger pumpkins fall faster than small ones?” 
Such is the richness of an inquiry-based lesson. 


Lesson 2 


Measuring volume and cubing 
pumpkins 

This lesson consists of two different investigations 
that can be set up as stations for the students to 
rotate to in small groups or pairs. For the volume 
station, prepare the bucket and tray before the les- 
son. The hole near the top of the bucket allows the 
water to fill the bucket without spilling over the 
rim, an important consideration when submerging 
each pumpkin. Each pumpkin will need to fit inside 
the bucket, so select small pumpkins for measur- 
ing. (Finding the volume by displacement of very 


_large pumpkins is a challenge in a typical class- 


room.) The displaced water will pour out through 
the hole into the tray. The students then empty the 
water in the tray into the graduated cylinder for 
measurement (fig. 3). 

Begin this lesson by reading “Archimedes, 
The Greek Streaker” from Historical Connections 
in Mathematics (Reimer and Reimer 2002), an 
account of how Archimedes solved the question 
of whether King Heron’s crown was made of pure 
gold or an inferior material. According to legend, 
Archimedes, while sitting in a bath, noticed that 
he displaced some water; he further realized that 


Students submerging their pumpkin and collecting the displaced 


water 





Photograph by Glenn Gebhard; all rights reserved 
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Students with their completed cubic frame 





Students measuring the circumference of their 
pumpkin 


Photographs by Glenn Gebhard; all rights reserved 


the displaced volume was equivalent to the volume 
of his body. As a result of this discovery, he sub- 
mersed an object of pure gold in water and then 
submersed the crown so that he could compare 
the volume of the displaced water and determine 
whether the crown was authentic. 

Tell the students that they will apply Archimedes’ 
laws of density and buoyancy by collecting the 
water their pumpkin displaces and then measuring 
it by using the graduated cylinder. Demonstrate 
that one liter of water in the graduated cylinder will 
precisely fill the liter box. Make sure the liter box 
is free of soap, which will cause the surface tension 
of the water to break and possibly allow a little to 
leak from the top of the box. For students who do 
not have a well-developed sense of conservation of 
volume, this experiment will be an eye-opener. 

Make the connection that the liter box will hold 
1000 cubic centimeters (10 cm x 10 cm x 10 cm) 
and that a cubic meter will hold 1000 liter boxes 
(again, 10 dl x 10 dl x 10 dl). The cubic meter 
will also hold one million cubic centimeters (100 


cm x 100 cm x 100 cm). This minilesson in scale 
and dimension provides a new way to visualize the 
concept of one million. 

Taking turns, the students in each group fill 
the bucket until the water just overflows the hole, 
empty the tray, and then slowly submerge the 
pumpkin. Most pumpkins float, so the students 
must submerge them gently, making sure that the 
stem and their fingers are not under water. Water 
will pour from the hole into the tray. When no more 
water flows out, the students remove the pumpkin, 
empty the water in the tray into the graduated cyl- 
inder and measure, to the nearest milliliter, the dis- 
placed water that has accumulated. One milliliter of 
liquid volume is equivalent to one cubic centimeter 
of solid volume. Thus this method allows us to 
determine the volume of the pumpkins. Have the 
students record their data and share them with other 
groups by using the class chart and spreadsheet. 

Students who are not working at the volume sta- 
tion should be constructing the smallest cube frame 
that their pumpkin will fit into. Using interlocking 
centimeter cubes, they should construct a square 
or cube-shaped framework, beginning around the 
base of the pumpkin and then, being careful to 
keep the edge length constant, building the sides 
and top of the square (fig. 4). A real-world context 
for this problem would be shipping a pumpkin in a 
cubic box and finding the smallest box possible to 
minimize shipping cost. 

Discussion of the “interesting questions” is an 
important ongoing part of the investigation. Most 
questions that students generate are simple mea- 
surement questions. After all have been recorded 
on the chart, ask a new question (if the students 
do not pose such questions themselves) that moves 
into the realm of measuring between variables. Use 
this general formulation: “If I know a pumpkin’s 
___, can I predict ___?” For example, you could 
ask, “If I know a pumpkin’s circumference, can 
I predict its diameter?” The students can ask and 
record this type of questioning in their small groups 
and then, as a class, pull the questions together into 
a chart. Alternatively, you could have the students 
generate these questions for homework. 

As the students worked on this task, one rather 
quiet, thoughtful girl came up with her data sheet 
and asked, “If we have all these columns filled in, 
can’t we ask questions about any two of them?” 
The answer, of course, was, “Yes, I suppose we 
can. How many questions would that be?” She 
went away to ponder the solution, not realizing that 
she was pondering combinations. 
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Lesson 3 


Counting seeds and looking for 
relationships 

Take some time to discuss what a “typical” pumpkin 
is like. Making sure that students think about a “typi- 
cal” pumpkin sets up the transition to examining the 
relationships among the pumpkin’s various measured 
attributes. After the students have measured each 
pumpkin’s mass, have them record the measure- 
ment on the pumpkin itself with an indelible marker. 
Then have them arrange the pumpkins in a line from 
least mass to greatest and also identify, according to 
mass, the median pumpkin. Repeat this procedure to 
illustrate other attributes. As students are taking other 
measures, they can record these on the pumpkins as 
well. At this time, they might also find it useful to cal- 
culate the mean and the median as well as the mode 
of the data set or construct an empirical sampling 
distribution and then analyze these data. 

Before cutting open any pumpkins, check any stu- 
dent measurements that appear to be too far off. For 
example, make sure that the circumference is roughly 
three times the diameter or height. Although no pump- 
kin is perfectly round in all three dimensions, finding 
the ratio of circumference to diameter is a good way to 
recheck measurements (see fig. 5). A worksheet with 
the spreadsheet file Checker (see table 3) calculates 
the accuracy of students’ measurements. It allows for 

' the circumference-diameter ratio to vary +25 percent 
from 7; otherwise, it flags this ratio in red. Green indi- 
cates an acceptable measurement; recheck red ones 
before dissection during lesson 3. 

Review the questions being investigated today: 
“How many seeds are in this pumpkin?” and “Do 
larger pumpkins have more seeds than smaller 
pumpkins?” The student groups should discuss 
and agree on a strategy for counting seeds. A class 
discussion about the various methods is useful after 
each group has decided on a strategy. Most of the 
groups participating in this investigation chose to 
collect the seeds in piles of 10, 20, 25, or 50. 

Slice off the top of each pumpkin, and let the fun 
begin! (Have plenty of newspapers and paper tow- 
els on hand for this lesson!) Earlier, when I asked 
the students for a prediction, almost everyone 
thought that the smallest pumpkins would have the 
least number of seeds. As we cut open one of the 
smallest, everyone was amazed at the concentration 
of seeds and the lack of airspace; the larger, taller 
pumpkins contained mostly air. As the counting 
progressed, it became clear that larger pumpkins do 
not tend to have more seeds than smaller pumpkins. 
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Checker Spreadsheet (Excel) 
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Pumpkin | Circumference | Diameter | Ratio circumference 
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The ratios will be automaticallly filled in as the measurement data are entered 
into this spreadsheet. 

Note: When the number in the ratio columns turns red, it is advisable to 
remeasure the associated circumference and height. The color red means that 
the ratio is off by more than 25 percent. 


The students who predicted that the larger pump- 
kins would have the most seeds retorted that at least 
their seeds were bigger than the others. This led to 
another interesting question: “Do larger pumpkins 
have larger seeds?” 

When the students have finished counting the 
seeds and recording the results on the class data 
table and in the Excel spreadsheet (see table 1), have 
them spread the seeds out evenly on paper towels to 
dry overnight. (To avoid confusion, label the towels 
with group names or numbers.) We are interested 
not in wet seed mass but in dry seed mass—the 
difference can be significant. The next day have the 
students find the mass of the dry seeds. 


Lesson 4 


Exploring interesting questions 
with scatter plots 

Investigations such as this one need to have a 
general direction but must be flexible enough to 


Mass-volume spreadsheet and scatter plot 





Do more massive pumpkins have greater volume? 
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into the spreadsheet 


The data in this scatter plot will be automatically 
filled in as the mass and volume data are entered 


Mass-equatorial circumference spreadsheet and scatter plot 
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Do heavier pumpkins have larger circumferences? 
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The data in this scatter plot will be automatically 
filled in as the mass and equatorial circumference 
data are entered into the spreadsheet. 


follow students’ inquiries and thus retain authentic- 
ity. Students will certainly generate more questions 
than could ever be researched in the mathematics 
or science classroom. With careful guidance, how- 
ever, their questions can all be examined for merit 
and listed on chart paper. This process gives all 
participants ownership in the lessons, an important 
goal in maintaining motivation in both mathemati- 
cal analysis and scientific inquiry. 

Seeing trends in a data table can sometimes 
be difficult, but graphs such as scatter plots are 
wonderful and appropriate tools to quickly spot 
trends (or the lack thereof). This lesson takes time 
to prepare because it is based on graphs and scat- 
ter plots generated by spreadsheets. Decide ahead 
of time which relationships to discuss with the 
class, taking into account the students’ grade level 
and interest. You may need to modify the accom- 
panying spreadsheets to fit your data. All tables 
and charts are linked to the data sheet, so make 
all changes to your class data there. A list of the 
linked spreadsheets and their functions follows: 


* Mass—volume .spreadsheet (fig. 6)—graphs the 
relationship between the pumpkin’s mass and its 
volume; answers the questions “Do more massive 
pumpkins have greater volume?” and “Can we 
predict a pumpkin’s volume given its mass?” 

¢ Mass—equatorial circumference spreadsheet 
(fig. 7)—-graphs the relationship between mass 
and equatorial circumference; answers the ques- 
tions “Do heavier pumpkins have larger cir- 
cumference?” and “Can we predict a pumpkin’s 
circumference given its mass?” 

¢ Mass—seed count spreadsheet (fig. 8)—graphs 
the relationship between pumpkin mass and 
seed count; answers the question “Do heavier 
pumpkins have more seeds?” 

* Mass-seed mass spreadsheet (fig. 9)—graphs 
the relationship between the pumpkin’s mass 
and the collected seeds’ mass; answers the 
question “Do heavier pumpkins have a heavier 
collection of seeds?” 

* Roundness spreadsheet (fig. 10)—the condi- 
tional formatting of this spreadsheet graphs the 
relationship between polar circumference and 
equatorial circumference. Using “if-then” state- 
ments, it identifies tall, skinny pumpkins (those 
with a difference of less than 5 cm), short fat 
pumpkins (those with a difference greater than 
5 cm), and round pumpkins (those with a dif- 
ference of about 5 cm) and colors the data red, 
yellow, and green, respectively. 
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When the students were discussing whether 
heavier pumpkins had greater volume, their unani- 
mous intuitive and unsurprising prediction was 
yes. When they saw the graph of the two variables 
(fig. 7), however, several “‘ahas”—indicating leaps 
of understanding—resounded from the group. 
Clearly, the visual learners in the class could grasp 
the data when transformed into pictorial form. This 
example was a good first look at scatter plots. The 
ordered pairs lined up nicely on the graph, and 
although there were some data points above and 
below the trend line, it was easy for the students 
to see that these two variables were related. One 
student remarked that mass and volume must be 
related because the dots all lined up so well. 

The mass-circumference scatter plot (fig. 7) 
showed a noticeable tendency to form a general 
trend but not as strongly as the volume-mass con- 
nection did. One student commented that he could 
see where a line could go but that it was more spread 
out than the previous graph. I encouraged this kind 
of qualitative reading of the graph, considering that 
these students are 11 and 12 years old. 

When the students plotted the data, most saw 
clearly whether a strong correlation between vari- 
ables existed. How the class reacted to the seed 
count-pumpkin mass data and chart (fig. 8) was 
equally important. These points are very spread 

_ Out, so much so that a student noted, “It’s hard to 
see a line here. I don’t see how these two things are 
related!” Out of the mouths of babes—it turns out 
that the mass of a pumpkin is a poor predictor of 
the number of seeds it contains. 


Beyond the Lesson 


The pumpkin seeds can be dried and stored until 
spring. Some of the third graders planted seeds in 
May, watched them germinate, and then took them 
home to grow over the summer. Then, in the fall, 
when they were fourth graders, they brought back 
a pumpkin! Taking the seed through the entire life 
cycle satisfies a number of science standards (Ruth- 
erford and Ahlgren 1991). It is also a fun family 
project for the summer. To encourage good habits 
of mind while the plants grew, we supplied the stu- 
dents with observation and measurement sheets. 

If you are working with students who have 
discovered 2, the volume formula for a sphere— 
V = (4/3)m7—has meaning here. On the most 
spherical pumpkins, the cube edge length will be 
the same as the diameter of the pumpkin. Half this 
length, of course, is the radius of the pumpkin. 
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Mass-seed count spreadsheet and scatter plot 
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The data in this scatter plot will be automatically 
filled in as the mass and seed count data are 
entered into the spreadsheet. 





Mass-seed mass spreadsheet and scatter plot 
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Do heavier pumpkins have heavier seeds? 
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The data in this scatter plot will be automatically 
filled in as the mass and seed mass data are 
entered into the spreadsheet. 
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Roundness spreadsheet and scatter plot 
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Compare the measured volume (by displacement) 
with the calculated volume (by formula). 


Reflections 


For investigations in mathematics and science to 
engage students, they must be fun. Our pump- 
kin mathematics project incorporated a spirit of 
wonder and inquiry and met our goal of authentic 
practice in measurement. Spurring children to ask 
interesting questions, to arouse their curiosity in a 
thoughtful way, and to assist them in analyzing data 
were all complimentary components of this unit. 
The students were enthusiastic about using the 
authentic data they themselves had gathered about 
their group’s pumpkin. They made huge leaps in the 
way that they thought about how a pumpkin could 
be measured and, on the basis of their data analysis, 
what could be predicted about another pumpkin. 
This investigation clearly showed that, although 
most students had predicted the opposite, larger 
pumpkins do not produce more seeds; indeed, 





50 100 


Equatorial Circumference (cm) 





The data in this spreadsheet will be automatically filled in. 


kext A short, fat pumpkin (data point falls below the line of best fit) 
a A round pumpkin (data point falls on the line of best fit) 
z A tall, skinny pumpkin (data point falls above the line of best fit) 


some of our smallest pumpkins had the most seeds. 
As the class was discussing our interesting ques- _ 
tions, one student declared, “I don’t know about 
that, but I bet we can find out!” The spirit of inquiry 
evidenced by these elementary school students is 
common to all scientists and mathematicians. 





The author wishes to thank Jennifer Reynolds, a 
fourth-grade teacher in the Hornell City School 
District, for her participation in the project and her 
valuable comments on a draft of this article. 
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Mignty 


Mathematicians 


Using Problem Posing and Problem 
Sekine to Develop Mathematical Power 


rinciples and Standards for School Math- 
ematics (NCTM 2000) tells us that problem 
solving “‘is an integral part of all mathematics 
learning, and as such it should not be an isolated 
part of the mathematics program” (p. 52). When 
problem solving is integrated into all aspects of the 
mathematics curriculum, teachers and students can 
‘experience the energy and excitement of learning 
mathematics. Problem solving and problem posing, 
when students are pushed beyond simply finding a 
right answer to questioning the answer, can be one 
of the most pleasurable and powerful ways to learn 
mathematics. Learning to question the answers by 
posing additional questions when solving the origi- 
nal problem is one way that teachers and students 
can develop mathematical power. 

In this article we describe a yearlong profes- 
sional development institute combined with a 
summer camp for students. Both were designed to 
help teachers and students develop their problem- 
solving and problem-posing abilities. The Mighty 
Mathematicians Institute consisted of five half-day 
sessions that took place during one week in the 
summer. Elementary school teachers and students 
entering second, third, or fourth grade participated 
in the institute. Each session focused on investigat- 
ing one rich problem, probing deeply into a differ- 
ent mathematical content strand each day. We first 
present an overview of the institute and the follow- 
up sessions for the teachers and then elaborate on 
one problem-solving task from the number strand. 
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‘The Summer Institute 


Opening session for teachers 

To prepare for the students’ problem-solving tasks 
each day, the teachers arrived an hour before the 
students. The goal for this introductory hour was 
to engage the teachers in a rich problem-solv- 
ing task that we would pose to students later in 
the day. This experience allowed the teachers to 
anticipate questions that they could ask to probe 


students’ thinking. The tasks were integrated with ° 


children’s literature, standards-based mathematics 
curricula, and technology. (See table 1 for brief 
descriptions of three of the tasks.) We facilitated 
the problem-posing/problem-solving process by 
introducing a task, monitoring small-group work, 
and orchestrating whole-class discussions of solu- 
tion strategies. Following the initial discussion of 
the problem solutions, we encouraged the teachers 
to move beyond answering the original question to 
questioning their answers. This process included 
(a) looking for patterns, (b) asking such questions 
as “Why?” “What if?” and “How many ways?” and 
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(c) making and testing generalizations about their 
findings. 

After experiencing this problem-solving pro- 
cess, we shifted the focus to issues relevant to the 
teachers’ individual practice. For example, we dis- 
cussed how tasks from curriculum materials might 
be adapted to make them richer, and we identified 
what mathematical goals could be met with particu- 
lar tasks. We also asked the teachers to anticipate 
a variety of ways that their students might solve 
particular tasks and to generate questions that they 
might ask their students to add depth and complex- 
ity to their investigations. 


The mighty mathematicians 

After the opening session for teachers, the students 
arrived. The goal of the institute for both teachers and 
students was to develop their problem-solving and 
problem-posing abilities. An additional goal was for 
teachers to probe and understand students’ thinking. 
We facilitated the problem-posing/problem-solving 
activities in the same way we had done with the 
teachers. However, during the group work, the 
teachers were strategically placed with small groups 
of students to gain a deeper understanding of the 
students’ thinking. This structure allowed teachers to 
first observe the posing of the original problem and 
then monitor individual students’ problem-solving 
processes. The teachers also had the opportunity 
during the small-group work to model questioning 
strategies and probe students’ thinking. 


We asked the students to record their solution 
strategies and additional questions about the tasks 
in mathematics journals as preparation for a whole- 
class discussion. This phase provided yet another 
opportunity for the teachers to practice questioning 
techniques that would support students’ problem- 
solving abilities. Over the course of the institute, 
the students learned that sometimes the interesting 
mathematics begins after the original question has 
been answered, when they are then investigating 
new questions of their own. 


Closing session for teachers 

After the students went home for the day, the 
teachers remained for another hour. The goal of 
this debriefing time was for the teachers to analyze 
and synthesize the day’s activities. During this 
time the discussions focused on (a) the teachers’ 
observations of the problem-solving activity and 
the strategies used to engage students; (b) their 
insights gleaned from working with a small group 
of students; (c) students’ thinking, questioning, 
and problem-solving abilities; (d) strategies used 
for facilitating whole-class discussions; and (e) 
questioning techniques that encouraged students’ 
thinking. This time of reflection and sharing helped 
create an environment in which teachers felt com- 
fortable sharing their thoughts and concerns about 
integrating problem posing and problem solving 
into their own teaching. A supportive community of 
learners emerged as the institute progressed. 
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Table 1 


Problem-Solving Tasks and Connections 
Original Problem Questions Posed by Students Children’s Literature pce cies . eo 
Calculator Activities 
Grandfather Tang’s “Tangrams” from 


Geometry and Cut a 5”x 8” index Can you make a square? A triangle? A 

Measurement card into a 5” Mecdaculsteee A pentagon? Other shapes? | Story, by Ann Tompert | the National Library 
square and two * How many different quadrilaterals can you | (New York: Crown of Virtual Manipula- 

right triangles, make? Publishers, 1990) tives for Interactive 



































each having a * Do all the figures have the same area? Mathematics, matti. 
3” anda 5” leg. ¢ Do all the figures have the same usu. edu/nlvm/nav 
Make as many perimeter? 

different polygons |+* Which figure has the longest perimeter? 

as possible. ¢ Which figure has the shortest perimeter? 




















Algebraic 
Thinking 


Mr. Gumpy had What is the largest number of legs that the | Mr. Gumpy’s Outing, Calculators used to 
8 animals in his 8 animals could have? What is the small- by John Burningham support computation 
boat. They were all est? (New York: Henry Holt 

horses or chickens | * How many different ways might you get & Co., 1995) 

and had a total of 26 legs if you have a group of horses and 
26 legs. How many chickens? 

were horses and ¢ What if you changed the animals in Mr. 
how many were Gumpy’s boat to insects and spiders? 
chickens? Could you still get a total of 26 legs? 












































“A Lost Button” in 
Frog and Toad Are 
Friends, by Arnold 


“Guess My Button” 
from the Teachers’ 
Lab: Patterns in 
Mathematics from 
the Annenberg/ 
CPB Math and 
Science Project, 
www.learner.org/ 
teacherslab/math/ 
patterns/buttons 


Data Analysis 
and Probability 


Sort a pile of but- How many different ways can you sort the 

tons into groups in buttons by using Venn diagrams? 

as many ways as * How many different ways can you make 

possible. graphs or tables to show the buttons that | Lobel (New York: 
you have? HarperCollins Chil- 

* Choose a secret button and play Guess My | dren’s Books, 1970) 
Button. 

¢ You have a pile of buttons. They are one 
of three sizes (small, medium, or large); 
have either two or four holes; and are one 
of four colors (green, blue, red, or yellow). 
You have one button of each type, and no 
two buttons are the same. Draw the but- 
tons that you have. 
* How many buttons do you have? 
¢ Display your buttons on a tree diagram. 
¢ Display your buttons on a Carroll 

diagram. 



































Concluding events loaded with mathematics games, puzzle books, a 
The last day of the institute included an open calculator, and a list of Web sites, including the 
house for the students’ families, at which students site www.nku.edu/~mathed, which contains more 
could share the many problem-solving activities than a hundred hyperlinks to problem-solving 
they had completed during the institute. Students Web sites and other mathematics resources for 
and their families also played a mathematics children of all ages. 

game and completed some new problem-solving As the summer institute concluded, we chal- 
activities together. We encouraged the families to lenged the teachers to begin integrating problem 
continue to promote their child’s investigations posing and problem solving into their teaching. We 
of problems on a regular basis by using probing asked them to keep a journal of their problem-posing 
questions, games, puzzles, and other enjoyable and problem-solving processes as those unfolded 
and challenging mathematics activities. In addi- in their classrooms, so that the teachers could share 
tion, we sent each family home with a backpack __ their experiences during follow-up sessions. 
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Initial number puzzle for using the numbers 1-5 so that the sum of 
each column and each row is the same 


The Follow-up Sessions 


We conducted five half-day follow-up sessions 
for the teachers throughout the school year. Dur- 
ing these sessions, the teachers shared reflections 
from their journals and brought rich new tasks and 
the corresponding student work for discussion. We 
also engaged the teachers in more rich problem- 
solving tasks during each follow-up session. To 
encourage the teachers to communicate with one 
another between follow-up sessions and to sustain 
the community of learners that had emerged, we 
used an online discussion board throughout the 
school year. Using this tool enabled the teachers 
to share their progress in implementing problem 
solving and problem posing in their classrooms 
and to receive suggestions and comments from 
their colleagues. 


A Problem-Solving Task from 
the Institute 


Each day of the Mighty Mathematicians Institute 
we posed a rich problem-solving task from a dif- 
ferent mathematics strand and tied it to children’s 
literature and a computer or calculator task. We 
wanted to be sure that we started with a rich prob- 
lem with which even the youngest, most novice 
students could experience success. Often, even 
very simple problems can lead students to delve 
deeply into mathematical concepts. We encouraged 
students to think deeply and question the answers, 
not just answer the questions. 

For the initial problem posed on the first day of 
the summer institute, we asked the students to place 
each of the numbers | through 5 in a five-square 
array (see fig. 1) so that the sum of each row and the 
column were the same. We gave the students five 
small squares of paper, each displaying one of the 
numbers 1—5, so they could easily shift the num- 
bers as they attempted to find a solution. Students 
first worked on the problem individually and then 
compared answers with a partner. A few students 
were initially frustrated, but most were able to find 
at least one solution with little difficulty. 

When the students compared their answers with 
a partner, many of them were surprised to find that 
they had arrived at different answers. Since these 
children were accustomed to problems with only 
one correct answer, they assumed that either they 
or their partner had made a mistake. After some 
discussion they decided that both answers were 
correct. This revelation caused students to question 
whether they had found all the answers for this 
task. 

This activity led to a whole-class discussion 
of all the possible row and column totals. When 
students compared their solutions, they found that 
only the totals of 8, 9, and 10 could occur. As stu- 
dents analyzed each of their solutions, they noted 
that the numbers in the center were always odd 
numbers; with a 1 in the center, a sum of 8 was 
possible; with a 3 in the center, a sum of 9 could be 
obtained; and a 5 in the center yielded a sum of 10. 
This discovery led to a rich discussion of why those 
sums were the only ones possible. 


The Really Interesting 
Mathematics Begins 


We wanted to model that the most interesting math- 
ematics often occurs when additional questions 
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are asked about the original problem. Accordingly, 
we next asked the students to investigate the same 
problem using a different configuration (see fig. 
2). They again worked on placing the numbers 1 
through 5 in each square so that the sums of each 
row and column were the same. The students did 
not take long to discover that this problem was 
basically the same one as the original. They real- 
ized that the center number in the original problem 
was the same as the corner number in the follow-up 
problem (see fig. 3). 

This observation led naturally to students’ ask- 
ing other questions, such as the following: 


¢ Why are odd numbers always in the center (or 


the corner)? Is it possible to get equal sums with : 


even numbers in those positions? 

¢ How could I get the largest (smallest) possible 
sum? How could I predict the sum by knowing 
the number in the center? 

e¢ What if we used different numbers in the squares 
instead of the numbers from 1 to 5? 

e Why does the sum change only by | when the 
number in the center changes by 2? 

e What if the arrangement of the squares changes, 
as well as that of the numbers? What if we have 
an arrangement like that in figure 4 and use the 
numbers | through 9? 


With questions such as these, the students were off 
and running. They began trying a variety of differ- 
ent arrangements and numbers. They were getting 
lots of practice adding and subtracting numbers of 
all sizes, but, more important, they were investigat- 
ing rich problems, making conjectures, and verify- 
ing or rejecting their hypotheses on the basis of 
their findings. (For more extensions of this problem 
and for other rich problems and suggested investi- 
gations of this type, see Extending the Challenge in 
Mathematics: Developing Mathematical Promise 
in K—8 Students by Sheffield [2003].) 


Making Additional 
Connections 


Once students started rearranging and extending 
the original problem, we introduced the traditional 
3 x 3 magic square. Students enthusiastically tried 
applying the strategies they had discovered doing 
the previous puzzles to the magic squares. The next 
day a student brought in the book Ben Franklin and 
the Magic Square (Murphy 2001). All the students 
were fascinated with magic squares of different 
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New configuration of the number puzzle using the numbers 1-5 so 
that the sum of each column and each row is the same 


sizes and their rich history around the world. This 
investigation led to an exploration of Web-based 
problem-solving activities—for example, “Math 
Squares” on Education 4 Kids (www.edu4kids. 
com) and “Magic Squares” by Ivars Peterson on 
Science News for Kids (www.sciencenewsfor kids. 
org/pages/puzzlezone/muse/muse 1 103.asp). 

After the introduction of the traditional magic 
square, we introduced the computer software Ten 
Tricky Tiles, based on activities by Marcy Cook 
(2001). The students were hooked. They begged 
every day to try new challenges in which they had 
to place each of the digits from 0 to 9 correctly 
to solve a variety of puzzles and equations. Their 
discussions about strategies to solve the problems 
showed that they had gained much insight into the 
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Extension of the number puzzle using the numbers 1-9 so that the 
sum of each column and each row is the same 


properties of numbers and operations. They also 
had a great time sharing Ten Tricky Tiles with their 
families on the last day of the summer institute. 
When we met with the teachers after the students 
went home on this first day of the institute, we were 
all impressed that the student work had surpassed 
even our highest expectations. The students had 
made a number of observations, conjectures, and 
verifications that none of us had thought about. This 
outcome pointed out the importance of supporting 
the students’ mathematical power by encouraging 
them to go beyond the original problem and pose 
new questions, look for patterns, make observations 


and inferences, and use evidence to verify or refute 
their conjectures. 

We also connected the problem-solving tasks 
with similar problems presented in the elementary 
textbook series Math Trailblazers (Wagreich 1997), 
such as Line Math Puzzles and Magic Squares in 
units 1 and 2 from the third-grade book. These con- 
nections sparked an excellent discussion among the 
teachers about how they could use problem posing 
and problem solving every day in their teaching and 
still “cover” their required curriculum. 


Closing Comments 


The Mighty Mathematicians Institute was a wonder- 
ful experience for teachers and students alike. On the 
day of open house for families, several family mem- 
bers inquired about when future institutes might be 
conducted and expressed how much their children had 
gained from the experience. For their part, the teachers 
were very enthusiastic about integrating problem solv- 
ing and problem posing into their teaching. We asked 
the teachers to complete an evaluation of the institute 
that included eleven items to be rated on a five-point 
Likert scale—O (low) to 5 (high). The teachers’ 
responses to such questions as “How much do you 
think you have learned?” and “What is your overall 
evaluation of this course?” ranged from 4.9 to 5. Their 
written responses included, “This helped me as well 
as the students improve our math skills,” “I now have 
a deeper appreciation of the subject and will challenge 
my kids more,” “Working with kids really helped me 
see how they learn using the new curriculum,” “I’m 
looking forward to using open-ended responses in my 
math classes,” and “I cannot wait until school starts so 
I can use these ideas with my students.” 

During the follow-up Saturday sessions, teach- 
ers shared student work and engaged in thoughtful 
discussions about their successes and struggles in 
changing their practice. Many reported that their stu- 
dents were digging much more deeply into problems 
than they ever thought possible once the students 
were encouraged to question their answers, not 
Just answer the original questions. In addition, the 
teachers related that students often a questions 
starting with “Why ...?” “What if...” or “Is there 
another way... ?” that led to anne fnvestioanons 
of interesting problems. Some of the teachers spread 
their enthusiasm for this approach by sharing their 
findings, including samples of student work, at two 
different state conferences. As we all discovered 
from our experiences at the institute, teachers and 
students can develop positive, powerful, and per- 
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sistent habits of mind through posing and solving 
problems like Mighty Mathematicians! 
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The Mathematics Education Trust (MET) supports the 
improvement of mathematics teaching and learning 


through the funding of grants, awards, and other projects by 
channeling the generosity of contributors into classroom-based 
efforts that benefit all students. 


MET provides funds to support classroom teachers 

in the areas of improving classroom practices and increasing 
mathematical knowledge. MET also sponsors activities for 
prospective teachers and NCTM'’s Affiliates, as well as recognizing 
the lifetime achievement of leaders in mathematics education. 
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Daily materials from edHelper.com 


Daily math practice 


Daily word problems 
Test prep review 
And so much more! 


Buy a school license: 
Only $19.99 per teacher 
for a full year! 


IAAL 
ROO menue ns Futures 


If you are a teacher, prospective teacher, or school 
administrator and would like more information about 
MET awards, scholarships, and grants, please— 

e Visit our Web site, www.nctm.org/about/met 

¢ Call us at (703) 620-9840, ext. 2112 


e E-mail us at exec@nctm.org 


Please help us help teachers! 

Send your tax-deductible gift to MET, c/o NCTM, 1906 
Association Drive, Reston, VA 20191-1502. Your gift, no 
matter its size, will help us reach our goal of providing a 
high-quality mathematics learning experience for all students. 


THE MATHEMATICS EDUCATION TRUST WAS ESTABLISHED IN 1976 BY 
THE NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS (NCTM). 
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Students 
THINK: 


A Framework for Improving 





Problem Solving 


he THINK interaction framework (see fig. 

1) was used in classrooms with preservice 

teacher interns at three grade levels: first, 
second, and sixth. Students who used THINK 
demonstrated greater growth in problem solving 
than students who did not use the framework. Stu- 
dents’ growth was measured by having all students 
solve four word problems with explanations before 
implementing THINK and four word problems 
with explanations after the students in half the 
classrooms had used THINK. Individual interviews 
were used to obtain students’ explanations of each 
problem solution. The problem solutions and inter- 
view transcripts were scored using a rubric based 
on Pélya’s problem-solving process (see fig. 2). 
Students earned a holistic score for each problem, 
and the four problem scores were combined into a 
total score. The percentage of change between pre- 
test and posttest scores was greater for the students 
in the THINK classrooms than for those in the regu- 
lar classrooms (see table 1). In fact, the THINK 


students’ problem-solving skills were enhanced 
to such a degree that the school’s principal and 
teachers have chosen to implement the framework 
schoolwide. 

Research has shown that students who com- 
municate and reason about mathematics problems 
have a greater potential for understanding the 
concepts that underlie the problems (Ball and Bass 
2000; Cobb et al. 1997; Schoenfeld 1985; Stein, 
Grover, and Henningsen 1996). The ability to think 
about, and reflect on, the problem-solving process 
is an important component of learning mathemat- 
ics. Communicating these ideas with classmates 
to cooperatively solve a mathematics problem is 
another step in understanding mathematics. THINK 
was developed to help children learn to share their 
reasoning and thinking related to problem solving. 
Another important outcome for children is to “learn 
to question and probe one another’s thinking” 
(NCTM 2000, p. 63). THINK provides a structure 
to support listening to and examining others’ ideas. 

The THINK framework was developed for a 
Title I urban elementary school in which 31 percent 
of the student population came from an economi- 





Kelli Thomas, kthomas@ku.edu, is an assistant professor in the department of 
teaching and leadership at the University of Kansas in Lawrence. Her interests 
include elementary mathematics teaching and learning, mathematics teacher 
education, and evaluation of mathematics programs. 


cally disadvantaged background. The state had 
required the school to initiate an improvement plan 
for mathematics instruction; this mandate provided 
the impetus for the research. The mathematics goal 
of the school improvement plan stated that “stu- 
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Saat 
‘dents will acquire skills to improve mathematical 
problem solving.” More specifically, the action 
plan to meet the goal included students’ use of a 
systematic approach to solving problems and use 
of metacognition to explain their mathematical pro- 
cesses and thinking. 

To satisfy the action plan, the school adminis- 
tration and staff selected a commercial problem- 
solving series, The Problem Solver (Goodnow and 
Hoogeboom 1987), as a supplement to the regular 
textbook series. We formed a professional develop- 
ment school (PDS) partnership between the school 
and the university and undertook a collaborative 
effort to explore components of problem-solving 
instruction and the development of students’ 
problem-solving skills. Our research team was 
composed of the school principal, teachers, and 
preservice teacher interns, along with the author, a 
mathematics educator. 


THINK Plan 


During preliminary work sessions, the genuine 
interest of the school principal and faculty in help- 
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ing students develop mathematical reasoning and 
problem-solving skills was readily apparent to the 
author and the teacher interns. The teachers were 
invested in seeking the most effective instructional 
models for addressing these concerns. 

Two instructional methods have been identi- 
fied in research literature as means to enhance 
mathematical reasoning. One focuses on meta- 
cognitive training, in which students monitor their 
own thinking while using appropriate information 
and strategies during problem solving (Carr and 
Biddlecomb 1998; Desoete, Roeyers, and Buysse 
2001; Mevarech 1999; Mevarech and Kramarski 
1997). A second method focuses on cooperative 
learning (e.g., Slavin 1996) and the importance of 
sharing mathematical reasoning with others as a 
community of learners (Ball and Bass 2000; Cobb 
et al. 1997; Hiebert et al. 1997). Kramarski and 
Mevarech (2003) further confirmed the effective- 
ness of these two instructional strategies when they 
examined the effects on mathematical reasoning of 
combining the two methods. Instructional strategies 
that combined cooperative learning and metacogni- 
tive training in eighth-grade classrooms resulted in 


Photograph by Danise Cantlon; all rights reserved 


87 


higher student problem-solving achievement than 
in classrooms using cooperative learning or meta- 
cognitive training alone (Kramarski and Mevarech 
2003). The THINK interaction framework was used 
to train students in metacognitive thinking and to 
guide students’ discourse while they solved prob- 
lems cooperatively. 


THINK Classrooms Compared 
with Regular Classrooms 


The teaching team consisted of five teacher interns; 
two in first grade, two in second grade, and one 
in sixth grade, as well as one sixth-grade teacher 
(hereafter, these are all referred to as teachers). The 
teachers randomly selected one class from each 
grade level to participate in problem solving using 
the THINK framework (hereafter referred to as 
THINK classrooms) and one class from each grade 
level to participate in all problem-solving exercises 
without using the THINK framework (hereafter 
referred to as regular classrooms). The instructional 
sequence lasted for five weeks, and the students in 
all classrooms were involved in the same grade- 
appropriate problem-solving activities every day, 


with the exception of the THINK classroom stu- 
dents using the THINK framework. Students in all 
classrooms solved the same problems. 

A typical week in the regular classrooms began 
with teachers’ presenting a problem to the class, 
sharing ways the problem might be solved, and 
looking for a solution to the problem. Follow- 
ing two days of whole-class work on problems, 
students spent two days in small groups solving 
problems. The last day of each week was devoted to 
individual problem solving, which enabled students 
to apply the skills developed during the whole-class 
and small-group work. 

The THINK classrooms followed a format 
identical to that used in the regular classrooms 
except that the teachers elicited students’ thinking 
and participation through questions related to the 
THINK framework. They discussed each problem, 
beginning with “T—Talk.” They described the situ- 
ation and explained what the problem asked as well 
as identified important information. The discus- 
sion progressed to focus on “H—How”—how the 
problem could be solved. Beyond brainstorming 
ideas for solving the problem, students were asked 
to justify and explain why they thought their plan 


THINK interaction framework 


TALK about the problem with one another. Describe the situation. Explain what the problem is asking. 


Talk about the important information. 


HOW can the problem be solved? Have each person share ideas for how to solve the problem. Ask others 


how and why their plan will work. 


IDENTIFY a strategy for solving the problem. Use it. Talk about how to use your strategy. Is your strategy 
working, or do you need to choose another one to solve the problem? 


NOTICE how your strategy helped you solve the problem. Have each person share how the strategy 


helped him or her understand and solve the problem. 


KEEP thinking about the problem. Does your answer make sense? If you can think of another way to 


solve the problem, share it. 


Table 1 : 


arg of Growth in Problem Solving 







Regular classes 
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Problem-solving scoring rubric 





Understand Response indicates insight 
and complete under- 


standing of the problem 


Plan Makes original/ creative 
plan to solve the problem 

Organizes data concisely 
and with insight 

Uses one or more strate- 


gies to solve problem 


Shows clear, well-organized 
implementation of the 
plan 

Clearly shows logical 
processes used in 
implementation 

Uses data that fit the 
information given in the 
problem 


Solve 





Check Attains clear, reasonable 
solution that is meaning- 
ful to the problem 

Clearly labels all parts 

Gives clear, insightful 
reasons to explain the ac- 
curacy of the solution 

If solution is not reason- 
able, shows evidence 
of choosing another 
strategy 





4 points 3 points 





Understand Plan 





Response indicates under- 
standing of the problem 


Shows workable plan to 
solve the problem 

Organizes data 
appropriately 

Chooses a strategy to solve 
the problem 


Shows correct implementa- 
tion of the plan 

Shows some evidence of 
the processes used 

Makes few or no errors in 
data 


Finds reasonable, accept- 
able solution 

Labels most parts 

Gives an explanation for 
the solution 

If solution is not reason- 
able, shows some 
evidence of redoing the 
problem 





Solve 


Check 





Response indicates partial 
understanding of the 
problem 


Shows a plan that will not 
solve the problem 

Partially organizes data 

Chooses an inappropri- 
ate strategy to solve the 
problem 


Shows partially correct 
implementation of the 
plan 

Shows little evidence of the 
processes used 

Produces work having 
many errors 


Produces partially accept- 
able solution 

Labels no parts or few parts 

Gives incomplete or un- 
clear explanation for the 
solution 

If solution is not reason- 
able, shows no evidence 
of redoing the problem 


= Total 





Response indicates mis- 
understanding of the 
problem 




























Produces unworkable plan 

Does not organize data 

Chooses no strategy or 
chooses an incorrect 
strategy 














Shows incorrect implemen- 
tation of the plan 

Produces work that is unre- 
lated to the problem 















Attains unreasonable solu- 
tion or a solution that is 
unrelated to the problem 

Uses no labels 

Gives no explanation for 

the solution 




























would work. Next, in the “I—Identify” phase, each 
group identified a strategy or plan for solving the 
problem. An essential aspect of this phase was to 
encourage students to think about and evaluate the 
effectiveness of the selected plan while it was being 
executed. This approach helped students reason 
about the mathematics and the thinking they were 
using, thus resulting in a greater awareness of their 
power to navigate the problem-solving process. To 
add to the sense of mathematics power, we asked 
the students to ““N—Notice” how the strategies they 
used helped them solve the problem. Finally, we 
reminded students that they were expected to “K— 
Keep thinking” about the problem and determine 
whether the solution made sense. The class then 
shared other possible ways to solve the problem. 
During the two days allotted for small-group 
problem solving, the students in the THINK class- 
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rooms used the THINK framework to guide their 
discussions. We expected each student to make a 
contribution to the discussion during each phase 
of THINK. To that end, we gave the students 
color-coded sticks representing each step of the 
framework; after sharing for a particular phase, the 
contributing student placed a stick of that phase’s 
color in a pile. The sticks helped students moni- 
tor their contributions as they learned to use the 
THINK framework. The teachers reported that after 
the first two weeks, using the sticks was no longer 
necessary. As one teacher commented, “I started to 
notice the students were sharing their thinking for 
each of the THINK phases without using the sticks 
to keep track.” 

On the last day of the week the individual prob- 
lem solving in a THINK classroom was identical to 
that in the regular classrooms. However, teachers 


89 


90 


Problem-solving interview questions 


* What does the problem want you to find? 

¢ What important information did the problem 
give you? 

¢ What strategy did you use to solve the 
problem? Or what did you do to solve the 
problem? aD 

¢ How would you tell someone else to solve 

- the problem? 

* Does your answer make sense? Why or why 
not? 


noticed that THINK students were able to capital- 
ize on their prior work of solving problems in small 
groups during the week. Participating with others 
in a structured interaction about problems gave the 
students experiences to draw on to solve problems 
on their own. 


THINK Results 


To determine growth in problem-solving skills, 
students solved four problems before and after the 
five weeks of instruction as well as responded to 
five interview questions (see fig. 3) for each prob- 
lem. We evaluated students’ problem-solving skills 
using a rubric that measured each student’s ability 
to understand, to plan, to solve, and to check each 
problem (see fig. 2). The data from 112 student 
pretest-posttest scores and 112 student interviews 
demonstrate that across grade levels the students 
in the classrooms using the THINK framework 
showed greater overall growth in problem-solving 
abilities (21 percent growth), as measured by the 
change in pretest and posttest scores on four prob- 
lems, than did the students in the classrooms work- 
ing in groups to solve and discuss problems without 
the framework as a guide (12 percent growth). The 
data at each grade level confirm that the percentage 
of growth in problem-solving scores was higher for 
the students using the THINK framework than for 
students not using the framework (see table 1). 

Further analysis of the scores using analysis of 
covariance, with the pretest scores as the covariate, 
indicates that the effect of the THINK framework 
was significant: F(1, 111) = 7.495, p < .01. By 
using the pretest scores as a covariate, this analysis 
controls for differences in the groups before the 
unit and suggests that those students who used 
THINK during problem solving outperformed stu- 
dents who did not. 


The teacher conducting the interview recorded 
the student responses during the interview, and we 
later compiled the responses by grade level and 
classified them into one of two groups: the THINK 
classroom group versus the regular classroom 
group. We analyzed the responses for complexity of 
response, mathematical accuracy, mathematical rea- 
soning, and the use of mathematical language. The 
qualitative examination of the students’ responses 
to interview questions about each problem pro- 
vides additional evidence of growth in problem- 
solving skills, particularly regarding students’ abil- 
ity to communicate and reason about the mathemat- 
ics problems. Overall, the students in the THINK 
classrooms responded to the interview questions in 
greater depth while using more appropriate math- 
ematical language than did their counterparts in the 
regular classrooms. A sample of individual student 
interview responses for each grade level (figs. 4, 5, 
and 6) illustrates the typical pattern of responses. 
At each of the three grade levels, a representative 
student response from a THINK classroom and 
one from a regular classroom characterize students’ 
thinking about the problems before and after the 
five weeks of instruction. 

The more complex responses from the THINK 
students showed greater mathematical reasoning 
and communication skills than did the responses 
from the regular classroom students. For example, 
first-grade students in both the THINK and regular 
classrooms often provided vague reasoning and 
little mathematical language in response to ques- 
tions about the problems before the five weeks of 
instruction, as is evident in the responses in figure 
4. Such responses as “I don’t know” and “To color 
it” lend little insight into a student’s thinking. 

In her interview responses following the unit 
(see fig. 4), the student in the THINK classroom 
was able to use mathematical language to commu- 
nicate her thinking about a problem that requires 
the solver to extend a pattern. She continually used 
the word pattern and was able to communicate the 
process she used to determine the solution, saying, 
“T thought ‘shell, shell, clam, crab, shell, shell, 
clam, crab, shell, shell, ...’ When I got to the end, 
I needed the next one, so I went back and saw that 
clam was after shell. I saw that two times in a row, 
so I knew clam was next.” She reasoned that the 
picture of the pattern was important to her ability to 
solve the problem, saying, “We had the picture of 
the shells to show us. If it [the picture] wasn’t there, 
I would say, ‘Wait a minute, what?’ Trying to make 
a pattern. That’s important.” 
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Two first-grade students’ interview responses 


Problem solved before the unit 

Four fish line up to use the diving board. The red fish is first in line. The blue fish is in front of the yel- 
low fish. The green fish is in front of the blue fish. What color is the last fish in the line? (Goodnow and 
Hoogeboom 1987, Grade 1, T49) 


Before Five-Week Unit THINK Class Student's Solution Regular Class Student’s 
Solution 
1. What does the problem I’m not sure. Find the color and color it. 
want you to find? mt Se 


2. What important informa- | can’t remember. To get the right color. 
(what did you do) to solve 


tion did the problem give 
you? 
To color it. 
the problem?> 
4. How would you tell | don’t know. To color it. 
someone else to solve the 
problem? 
5. Does your answer make | don’t know. Yes, but I’m not sure why. 
sense? Why or why not? : 


Problem solved after the unit 

One day Connie saw a trail of shells in the sand. There were snail shells, crab shells, and clam shells in 
the trail. Connie followed the trail until it went behind a big rock. Connie saw a pattern in the trail, so she 
knew what shell was behind the rock. Look for the pattern that Connie saw. What shell will Connie find 
behind the rock? [The problem showed a picture of a series of objects in this order: shell, shell, clam, 
crab, shell, shell, clam, crab, shell, shell, then a rock hiding the next type of shell.] (Goodnow and Hooge- 


boom 1987, Grade 1, P8) 
After Five-Week Unit THINK Class Student's Solution Regular Class Student’s 
Solution 
The pattern, what goes next after the The thing that goes after it. 


1. What does the problem 
want you to find? last shell. Draw the shell to show the 
answer. 






























| thought yellow and green went togeth- 
er and blue and green went together. 


3. What strategy did you use 














































The words tell what goes 
next. 


We had the picture of the shells to 
show us. If it (the picture) wasn’t there, | 
would say, “Wait a minute, what?” Try- 
ing to make a pattern. That’s important. 


. What important informa- 
tion did the problem give 
you? 















I’m not sure what strategy | 
used. | looked at the shell to 
see what comes next. 


| thought, “Shell, shell, clam, crab, shell, 
shell, clam, crab, shell, shell,...” When 
| got to the end, | needed the next one, 
so | went back and saw that clam was 
after shell. | saw that two times in a row, 
so | knew clam was next. 


. What strategy did you use 
(what did you do) to solve 
the problem? 

















Look at what is before the 
rock. 


| would tell them to look for the pattern. 
If they still couldn't figure it out, | would 
show them that clam goes after these 
two shells and these two shells. Then | 
would ask them, “What goes after these 
two shells?” 


Yes; after | did this, | double-checked it 
by saying the pattern again and again. It 
was the same, so | knew it was right. 


. How would you tell 
someone else to solve the 
problem? 




















. Does your answer make Yes, because there is a shell. 


sense? Why or why not? 
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Two second-grade students’ interview responses 


Problem solved before the unit 

Lacy Ladybug is at the bottom of the plant, but her babies are at the top. Lacy has to crawl past 20 bugs 
on the plant to reach the top. She crawls past 14 bugs. Whoosh! A wind blows her down past 7 bugs. 
Lacy turns around and starts to crawl up the plant again. She crawls past 10 bugs. Where is Lacy now? 


(Goodnow and Hoogeboom 1987, Grade 2, P5) ; 
Before Five-Week Unit THINK Class Student's Regular Class Student’s 
Solution Solution 


_| 1. What does the problem want you to Where is the ladybug. Where she is. 
find? 
2. What important information did the How many times she crawled | It tells you where she is go- 
problem give you? up the tree. ing to be. 
3. What strategy did you use (what did | counted. | did what the problem said 
you do) to solve the problem? to do. 
4. How would you tell someone else to Count how many times she | would tell them to read the 
solve the problem? went up. problem. 
5. Does your answer make sense? Why __| Yes; | don’t know why. Yes; | don’t know why. 
or why not? 


Problem solved after the unit 

Secret Agent Buzzy looked carefully at the paper. “What is happening to the letters that were on this 
paper?” he wondered. When Buzzy found the paper at nine o'clock, there were 26 letters of the alphabet 
on it. After one hour there were only 22 letters on the paper. After two hours there were only 18 letters 
on the paper. After three hours there were only 14 letters left. Letters were disappearing every hour! How 
many letters would be left after five hours? (Goodnow and Hoogeboom 1987, Grade 2, P14) 


After Five-Week Unit THINK Class Student's Regular Class Student's 
Solution Solution 


. What does the problem want you to How many letters would How many letters are on the 
find? be left on the paper after 5 paper 5 hours later. 
hours. 



















—_ 





. What important information did the How many letters were left Letters were disappearing 
problem give you? after the 4th hour and that every hour. 
4 letters disappeared every 
hour. 


. What strategy did you use (what did | counted backwards by 4s. | figured out in my head how 
you do) to solve the problem? Took away, 14 - 4 is 10. many letters were on the 
paper every hour. 


. How would you tell someone else to I'd tell them to count back- | don’t know. 
solve the problem? ward 4 from 14 to see how 
many letters are left. 


. Does your answer make sense? Why No, because | found how Yes; | don’t know. 
or why not? many letters would be left 
after 4 hours, and | should 
have found how many letters 
would be left after 5 more 
hours. So | should have 
counted back by 4s from 14, 
five times 
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In contrast, the responses of the student in the reg- 
ular classroom were less complex. She did not use 
the word pattern as she explained what the problem 
wanted her to find, responding, “The thing that goes 
next.” To identify the important information given in 
the problem, she wrote, “The words tell what goes 
next”; to describe the strategy she used, she replied, 
“T’m not sure what strategy I used. I looked at the 
shell to see what comes next”; and to describe how 
she would tell someone else to solve the problem, 
she responded, “Look at what is before the rock.” 
Although both students correctly solved the prob- 
lem, the THINK classroom student was able to com- 
municate her reasoning and thinking in greater depth 
than the regular classroom student. 

After the unit, students in the THINK classrooms 
were more likely to find errors in their reasoning and 
calculations and to correct their incorrect solutions 
than were their peers in the regular classrooms. The 
second-grade student from the THINK classroom 
(see fig. 5) had initially produced an incorrect solu- 
tion to the problem. He explained how he solved the 
problem: “I counted backwards by 4s. Took away, 
14 — 4 is 10.” Through the process of communicat- 
ing with the interviewer, the student reasoned that 
his solution did not make sense and was able to 
communicate how he would change his solution. In 
response to the question “Does your answer make 
sense?” he said, “No, because I found how many 

‘ letters would be left after 4 hours, and I should have 
found how many letters would be left after 5 more 
hours. So I should have counted back by 4s from 
14, five times.” The student in the regular classroom 
also generated a correct solution; however, her 
responses were vague and she used little mathemati- 
cal language to reason or communicate her thinking. 
In response to the question “Does your answer make 
sense and why?” she said, “Yes; I don’t know.” 
When asked what strategy she used to solve the 
problem, she responded, “‘I figured out in my head 
how many letters were on the paper every hour.” 
Although this response does indicate that she solved 
the problem mentally, it does not articulate what she 
did to “figure” in her head. In response to the same 
question, the student from the THINK classroom 
said, “I counted backwards by 4s.” 

Similarly, after the unit the students at the sixth- 
grade level in THINK classrooms regularly used 
mathematical reasoning and language to express 
their thinking about problems. These students also 
recognized errors and made corrections more often 
than students in the regular classrooms. Figure 6 
shows students’ responses that illustrate the overall 
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difference in the two groups. The THINK student’s 
responses were more detailed, and she was able to 
explain the processes she used to solve the problem 
and how she would recommend that another stu- 
dent solve the problem, saying, “Make a graph to 
keep track of how many pizzas were sold for every 
6 cheese, multiply the other kinds by 5, and add the 
numbers together.’ The student from the regular 
classroom not only responded with vague explana- 
tions, such as “Read it, and find the problem and 
solve it,’ but also incorrectly solved the problem 
and did not reason mathematically about the appro- 
priateness of his solution. 


THINK Again 


The results of this research and work in class- 
rooms highlight several benefits of using a frame- 
work such as THINK as a metacognitive training 
tool to guide students’ interactions as they work 
cooperatively to solve problems. Working with 


-a group of peers to solve mathematics problems 


gives students an opportunity to develop problem- 
solving skills through discourse. Structuring group 
discourse using a metacognitive tool such as the 
THINK framework enhances students’ mathemati- 
cal reasoning behaviors. Participating in coop- 
erative-group problem solving with an emphasis on 
discourse about mathematical reasoning improves 
students’ ability to recognize important aspects of 
problems, identify effective solution strategies, and 
justify the solution using mathematical language. 
Students in the THINK classrooms enhanced their 
abilities to internalize and subsequently use the 
problem-solving processes. 

A future direction for research and classroom use 
of the interaction framework might be to include an 
individual precursor to the group conversation to 
stimulate individual students’ thinking about prob- 
lems. The framework could be modified to “I— 
THINK” by introducing “I—independent thinking” 
by individual students before they contribute to 
the group communication about problems. Adding 
this element might strengthen individual students’ 
ability to think independently about how to solve 
problems they encounter. 
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Two sixth-grade students’ interview responses 


Problem solved before the unit 

Saul is helping his brother, Jason, do carpentry and general repair jobs. Jason gave Saul some money 
for supplies. Saul bought some tools for $20.80 and then spent one-half of what was left for wood. He 
spent one-third of what was left after that on paint and another third on buckets and brushes. He returned 
with $13.20. How much money did Jason give Saul? (Goodnow and Hoogeboom 1987, Grade 6, P11) 


THINK Class Student's Regular Class Student's 
Solution 5 Solution 
How much money one per- How much money did Jason 
give Sal. 


son gave another. 
Spent $20.80, 1/2 of what To subtract, but | don’t know 
was left, 2/3 after that, re- what else. 


turned with $13.20. 


3. What strategy did you use (what did | subtracted from $100. | added and got $37.60. 
you do) to solve the problem? 

4. How would you tell someone else to Subtract from $100. Work it out. 
solve the problem? 

5. Does your answer make sense? Why _ | Yes, but I’m not sure why. No; | don’t know why. 
or why not? 


Problem solved after the unit 
The Square Table Pizza Palace sells cheese, plain, sausage, and mushroom pizzas. Marty found one 
Saturday night that for every 6 orders of cheese pizza, there were 10 orders of plain pizza, 7 orders of 

. sausage pizza, and 4 orders for mushroom pizza. If 30 cheese pizzas were ordered that night, how many 
pizzas did they sell altogether? (Goodnow and Hoogeboom 1987, Grade 6, P3) 


After Five-Week Unit THINK Class Student's Regular Class Student's 
Solution Solution 
1. What does the problem want you to The number of pizzas sold in| How many pizzas were sold 
find? the night. altogether. 


2. What important information did the For every 6 cheese pizzas How many pizzas there were. 
problem give you? sold, there are 7 sausage, 
4 mushroom, and 10 plain 
pizzas sold. The number of 
cheese pizzas sold was 30. 





Before Five-Week Unit 





















1. What does the problem want you to 
find? 


2. What important information did the 
problem give you? 















































































3. What strategy did you use (what did 
you do) to solve the problem? 


| made a graph. Because 
there were 5 groups of 6 
cheese pizzas in 30, | multi- 
plied the other kinds of pizza 
by 5 and added them all 
together. 


| added up all the numbers 
and got 57. Then | divided 

it by 5, and the answer was 
11 R2 
















4. How would you tell someone else to 
solve the problem? 


Make a graph to keep track of 
how many pizzas were sold 
for every 6 cheese, multiply 
the other kinds by 5, and add 
the numbers together. 


Read it, and find the problem 
and solve it. 





















5. Does your answer make sense? Why 
or why not? 


Yes, because 6 x 5 = 30, and 
so you know to multiply all 
the other kinds by 5. 


Yes; | don’t know. 
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Save Time: 


Submit Your Manuscripts Online 


Good news! NCTM has simplified the manuscript submission process. This new stream- 
lined process allows you to submit your material online and then, by accessing your 
personal Web page on the submission site, monitor it as the manuscript progresses through 

_ the steps of the review process. The process saves both time and mounds of paper while 
allowing you, the author, to get your accepted manuscript published much faster. 


Under Author Tasks, click on Author Instructions. After you 
have followed the step-by-step instructions and your manu- 
script is complete, you are ready for the last step. 


How to Start 


Step-by-step information for submitting manuscripts to Jeach- 


ing Children Mathematics (TCM) is given here. If you write for 
@ Click on 


more than one NCTM journal, you must register separately on Submit Manuscripts. 


each journal's site. 
Begin by accessing the TCM electronic submission Web 
site at tem.msubmit.net. 
Qos in to the site. (Note: The password is not the same 
password as used in the Members Only section of the 


You will upload your manuscript file to this site, and 
the process will begin. A red arrow will alert you to 
any information required or action you need take. An 
acknowledgment e-mail will be sent to you, explaining how to 
nctm.org site.) If you do not have a login name and pass- log back into the system and check the status of your article 
word for the manuscript submission site, click on New at any time. If you have questions, clicking on HELP in the top 
Users: Please register here. You need to register as a TCM bar will direct you to various question marks—noted as (2) 
author only once. Your registration information will be —spread throughout the site. If you have additional questions 
stored in the system, saving you even more time with sub- not answered by the site, e-mail Sandy Berger, managing 
sequent submissions. editor, at sberger@nctm.org. 
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Kristen Forrest, Denise Schnabel, and Margaret E. Williams 





MATH BY THE MONTH 


All a-Buzz about Math 


he “Math by the Month” activities are designed to engage students to think as mathemati- 

cians do. Students may work on the activities individually or in small groups, or the whole 

class may use them as problems of the week. In order to encourage students to look to 

themselves for mathematical justification and develop confidence to validate their own work, no 
solutions are suggested here. 

September is National Honey Month. This month’s problems help children learn about 
the fascinating world of honeybees and honey production as well as solve mathematics 
problems that relate to number sense and geometry. Honey facts came from the following Web sites: www. 
suebee.com/honey; www.umt.edu/biology/bees/trivia.htm; and www.honey.com/kids/triviaans.html#3a. A 








WEEKLY ACTIVITIES 
ALL A-BUZZ ABOUT MATH: K-2 SEPTEMBER 2006 


Making a beeline. To collect the amount of nectar needed to make 2 pounds of honey, bees must travel a distance 
that is approximately the same as circling the Earth 4 times. If we continue to compare distance in this way, how many 
times would the bees have to travel around the Earth in order to collect enough nectar to make 4 pounds of honey? 


The shape of things. Honey is stored in the beehive in a honeycomb, a structure of hexagon-shaped cells made 

of beeswax. Place a hexagon-shaped pattern block on a sheet of paper and trace around it. Study your tracing. How 
many sides does a hexagon have? Can you completely cover the hexagon using only red pattern blocks? (Don’t let 
any part of the red pattern blocks hang over the edge of the hexagon.) How many red pattern blocks did you use? Are 
there other pattern block shapes that will completely cover the hexagon? Are there some shapes that will not work? 
Use the pattern blocks to explore and find the answer. [Note to teachers: If pattern blocks are not readily available, 
students can construct the shapes by using the template from the PBS Mathline lesson “It’s a Perfect Fit, Part 2,” 
www.-tc.pbs.org/teachersource/mathline/lessonplans/esmp/perfectfit.pdf?mii=1. In addition, virtual pattern blocks can 
be found at arcytech.org/java/patterns/.] 


Sond 
ce 


ae) 


The eyes have it. Each honeybee has 5 eyes! Three honeybees are circling a flower. How many bee eyes are around 
the flower? Five honeybees are returning to the hive with nectar. How many bee eyes are returning to the hive? Now 
there is a total of 30 bee eyes in the flower garden. How many honeybees are in the garden? 


Go for it. When a bee is looking for nectar to make honey, it can travel about 1 mile in 4 minutes. How far can you 
travel in 4 minutes? Time yourself while running or walking in your school gym or on your school’s track. Use this data 
to determine how long it would take you to travel 1 mile. Ask an adult to help determine the distance you traveled. 


25 


Edited by Kristen Forrest, kristen.forrest@anoka.k12.mn.us, Denise Schnabel, denise.schnabel@anoka.k12.mn.us, and Margaret E. Williams, margaret. 
williams@anoka.k12.mn.us, teachers at Riverview Specialty School for Math and Environmental Science in Brooklyn Park, MN 55444. Readers are encouraged 
to submit problems to be considered for future “Math by the Month” columns to Margaret Williams. Receipt of problems will not be acknowledged; however, 
problems selected for publication will be credited to the author. 
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ALL A-BUZZ ABOUT MATH: 3-4 SEPTEMBER 2006 _ | 
The queen bee. A productive queen bee can lay 3,000 eggs in one day. How many eggs would that queen lay in 5 a 


days? In 10 days? In 27 days? How many days would it take the queen bee to lay 19,000 eggs? 


How strong are you? The hexagon shape of a honeycomb makes it extremely strong. A honeycomb can hold up to 
25 times its own weight. If a 50-pound girl could lift 25 times her body weight, how much would she be able to lift? 
How much weight would a seventy-five pound boy need to lift to equal 25 times his body weight? Observe the shapes 
that are used to construct buildings and bridges. Now make a list of the various shapes that are used to support these 
structures. 


i 


oo ae 


Speedy bees. Bees can fly 15 miles per hour. They must travel a 
total of about 55,000 miles just to collect enough nectar to make 1 
pound of honey! How many hours would a single bee have to fly to 
collect enough nectar to make 1 pound of honey? At this rate, how Res 
many hours would 10 bees have to fly to collect enough nectar to ‘ 


make 1 pound of honey? B 
a 


Busy bees. The distinctive buzzing noise that bees make comes 

from their wings beating. A bee’s wings beat about 11,400 times in a 
minute to create this buzz. How many times would its wings beat in 
1 second? How many times would its wings beat in 5 minutes? In 1 
hour? s 
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ALL A-BUZZ ABOUT MATH: 5-6 





SEPTEMBER 2006 


Tapping flowers. To collect the amount of nectar needed to make 1 pound of honey, bees must tap 2 million flowers. 
How much honey can they produce if they tap only 300,000 flowers? How much honey can they produce if they tap 
1,750,000 flowers? How many flowers do they need to tap to make 24.5 pounds of honey? 


Bees and candy. Nine bees are equal in weight to one regular-sized M&M plain chocolate candy. Find the weight ‘ % 
of one snack-size bag of M&Ms. How many bees would it take to equal the weight of one snack-size bag of M&Ms? oe 


A 1-pound bag? About how much does one bee weigh? 


Happy birthday! Bees require 1/3 ounce of 
honey to make the wax for a 2 1/4-inch birthday 
candle. How much honey would be required to 
make the number of birthday candles needed for 
your next birthday? For your parents’ 
next birthdays? For your grandparents’ 
next birthdays? 















Tired wings. If a bee’s wings beat 180 
times in 1 second, how many times do 
they beat in 1 hour? In 1 day? The life 
span of a worker bee ranges from 28 to 
35 days. On average, how many times 
does a worker bee flap its wings over 
its entire life span? 


pee. 
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Hummingbird Migration 


Have you ever seen a hummingbird? The ruby-throated hummingbird spends sum- 
mers in.the eastern United States and in southeastern Canada. If you live in the 
western part of the United States, you might have seen its look-alike relative, 
the black-chinned hummingbird. You may spot a hummingbird hovering 
near a flower or hummingbird feeder while it sips the nectar or sugar water 
it uses for food. In early September, large numbers of ruby-throated hum- 
mingbirds gather along the Texas Gulf Coast. When they have stored up 
enough energy in an extra layer of fat, they fly across the Gulf of Mexico 
to spend the winter on the Yucatan Peninsula. This trip is called a migra- 
tion. Their migration takes them 845 km (525 miles) across the Gulf of 
Mexico and up to another 1600 km (1000 miles) farther into Central Ameri- 
ca. Ruby-throated hummingbirds typically fly about 25 miles per hour—not 
bad for a tiny bird that weighs about 3 grams and measures about 8.5 cm (3.5 
inches) from end to end. 


A hummingbird beats its wings 60 to 80 times per second in normal flight. Predict how 
many times a hummingbird’s wings would beat on a migration from your house to Central 
America. Explain how you know whether or not your prediction is reasonable. 


While a hummingbird is at rest, its heart beats about 250 times per minute; while it is in 
flight, its heart beats about 1220 times per minute. About how many times does its heart 
beat during every wing beat of a typical flight? How many times would a hummingbird’s 
heart beat during a migration from your house to Central America? Describe how you 
found your answer. 


Gather more information about the relationship between the wingspan and body length of 


other migratory birds. You may also wish to compare the speed at which hummingbirds and 
other migratory birds fly to determine whether there appears to be a relationship between 
wingspan and speed. What other factors might influence the speed at which a bird flies? 


Extensions 


Do research to find corresponding information about other types of migratory birds that 
pass through your region. Does there appear to be a relationship between the size of the 
bird and the number of times its wings beat per minute or the number of times its heart 
beats per minute? 


Count your heart rate when you.are at rest and again after completing 25 jumping jacks. 
Compare both rates with a hummingbird’s heart rate. 


A typical female ruby-throated hummingbird measures 90 mm long from the tip of its 
bill to the tip of its tail, and its wingspan is about 43 mm. Measure your height and pre- 
dict what your “wingspan” (the distance from fingertip to fingertip when your arms are 
stretched out) would be if you were a hummingbird. How does your prediction compare 
with the actual measure of your “wingspan”? Why do you think this is so? 
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is to foster improved communication among 

teachers by posing one problem each month 
for teachers of grades K—6 to try with their students. 
Every teacher can become an author: Pose the prob- 
lem to your students, reflect on your students’ work, 
analyze the classroom dialogue, and submit the 
resulting insights to this department. Through contri- 
butions to the journal, every teacher can help us all 
better understand children’s capabilities and thinking 
about mathematics. Remember that even students’ 
misconceptions provide valuable information. 


ys goal of the “Problem Solvers” department 


Classroom Setup 


Spend time discussing this problem with your stu- 
dents but avoid giving too much guidance. Allow 
your students to work with a partner or in small 
groups. Encourage them to think about the quanti- 
ties in the problem and the ways the quantities are 
related. Challenge students to think of more than 
one way to solve the problems and ask them to use 
pictures, words, lists, or other methods to record 
their work and explain their solutions. 

Feel free to adapt the problem to fit the level and 
experience of your students and present it in a way 
that is most engaging and understandable to them. 
Younger students should find the original task both 
interesting and challenging. Older students might 
be more intrigued by the extensions. 

As a class, discuss the proposed solutions and 
‘the methods that the students used to determine 

the solutions. Have the students justify and explain 
their answers. Collect students’ work, make notes 
about interactions and discussions, and document 
the variety of student approaches. As you reflect on 
your experience with the problem, keep in mind the 
following questions: 


¢ What difficulties did students have in under- 
standing the problem? 

¢ What strategies did you see students using to 
solve the problem? 

¢ Were you surprised by any students’ responses 
or interpretations? 

¢ What methods did students use to record their 
work? 

¢ Did the students relate this problem to any oth- 
ers that they have investigated? 

_¢ What extensions to this problem did you or your 

students pose? 

¢ What did your students learn from investigating 
this problem? 
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This problem provides a context for students to explore multiplicative 
relationships. Rate problems and comparisons of wingspan and heart rate 
invite proportional reasoning, an important foundation for middle school 
work with concepts of slope, similarity, and probability. The hummingbird 
topic encourages a mathematics and science connection. 

Finding the total number of wing beats or heartbeats in a migration 
encourages a variety of strategies and generates some very large numbers. 
Be sure to discuss the assumptions students make about the number of 
wing beats per hour, the number of minutes per hour, and the distance 
traveled. The number of wing beats will be somewhat arbitrary, the num- 
ber of minutes per hour is fixed, and the distance traveled will depend on 
the location of the students’ houses and the source of information about 
distance. How will these assumptions influence the outcome? 

A comparison of students’ heart rate with a hummingbird’s heart rate 
may raise questions about the demands that flying makes on a heart. 
Locating information about other migratory birds may provide a basis for 
students to draw their own conclusions. 

In comparing wingspan with body length, some students may notice 
that a hummingbird’s beak makes up a large proportion of its length. They 
may conjecture that if they take the length of the hummingbird’s body, 
subtract the length of the beak, and compare the resulting figure with its 
wingspan, we might find a relationship closer to the roughly one-to-one 
ratio common when humans compare their height with their arm span. 
Students may speculate that a shorter wingspan may make it possible for 
hummingbirds to beat their wings more rapidly. 


Share Your Student Work 


We are interested in how your students responded 
to the problem and how they explained or justified 
their reasoning. Please send us your thoughts and 
reflections. Include information about how you 
posed the problem, samples of students’ work, and 
even photographs showing your problem solvers 
in action. Send your results with your name, grade 
level, and school by November 1, 2006, to Joyce 
Bishop, Department of Mathematics and Com- 
puter Science, 600 Lincoln Avenue, Charleston, IL 
61920. Selected submissions will be published in a 
subsequent issue of Teaching Children Mathemat- 
ics and acknowledged by name, grade level, and 
school unless otherwise indicated. 


Author’s note: The information in this problem 
and many other facts about ruby-throated hum- 
mingbirds can be found at www.rubythroat.org., 
a project of the Hilton Pond Center for Piedmont 
Natural History. A 


(Solutions to a previous problem 
begin on the next page.) 
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Solutions to the 
Miniature Zoo Problem 


he problem appearing in the September 2005 “Problem 
Solvers” section was stated as follows: 


The images of these small animal 
figurines are from the 1929-1930 
excavations of the Harappan civiliza- 
tion of the Indus Valley, 2800-1800 
BCE. When examining artifacts such 
as these that are about 4000 years 
old, it is certainly interesting to con- 
template the methods that people 
used to record concepts of number, 
identity, and place in the ancient 
world. Much speculation (and mys- 
tery) exists about what the various 
seals and bullae may have meant to 
the culture. The editor wishes to thank 
Kate Fitz Gibbon and Andrew Hale, 
owners of the Anahita Gallery, Inc., 
for permission to use the photograph. 





For more information, visit www 
-anahitagallery.com.—Ed. 


Photograph courtesy of Anahita Gallery, Inc., Santa Fe, NM, 


www.anahitagallery.com; all rights reserved 





Kim has a collection of miniature glass animals. The display case on her wall is a 4-by-6 rectangular array 
of 24 spaces in which she can exhibit the figurines. One figurine will fit in each space. She currently has 
18 animals, so she will have room in the display case to add a few more figurines as her collection grows. 
Meanwhile, she wants to make the display as attractive as possible with her 18 animals. If you were Kim, 
how would you arrange the 18 animals in the 4-by-6 array? 

Kim decides that she would like every row and every column in her display to have an even number of 
animals in it. Can she do this with 18 animals? If so, how? If not, explain why she will not be able to do it. 

_ Kim starts to get excited as she is moving her figurines around. She has been placing a few animals at 
a time to try to get the right configuration. She notices that sometimes she can get an even number in each 
row and column, and sometimes she cannot. Help Kim find a pattern that will describe which numbers of 
animals will work in her plan and which ones will not. 

After working on her display, Kim wonders what will happen if she gets another animal for her birthday. 
Will she be able to keep even rows and columns? If not, will she be able to make all odd rows and odd 
columns? What numbers of animals would she be able to fit into her 4-by-6 array with an odd number in 
each row and column? Could she do odd rows and columns with her current 18 animals? 
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Barbara Lemme, a second-grade teacher at 
Wawaloam Elementary School in Exeter, Rhode 
Island, was excited to have even and odd numbers 
in a problem-solving context. Working in pairs, her 
students diligently attended to the problem, using a 
variety of solution strategies. For those who wanted 
to explore the problem using manipulatives, she 
made dinosaur counters available to physically 
represent the animal figurines discussed in the 
problem. 

Lemme noted a variety of approaches among 
the students: 


Some placed all eighteen dinosaurs on the grid, 
then rearranged them on the squares to make 
even rows and columns. Others placed the dino- 
saurs one by one on the grid. Still others took 
an even number (usually 4) and placed them on 
each row, continuing until all the dinosaurs were 
placed. Most used a “guess and check” method 
to solve this problem. One student who chose 
to work alone got a correct layout within a few 
minutes. She told me that her strategy was to 
place the dinosaurs down “two at a time, since 
two is an even number.” 


The next day Lemme had the students try the 
problem again, still using 18 animals, but this time 
with the objective of finding solutions that used an 
‘odd number of animals in each row and column. 
Lemme reported that “the successful students all 
told me that they placed either 3 or 5 dinosaurs at 
a time in the rows, then rearranged until they got a 
solution.” 

The following day the students investigated the 
problem as a class by using an overhead projector. 
The children took turns rearranging the dinosaurs 
on the overhead platform while the rest of the class 
watched their actions on the screen. “This seemed 
to help many of the students who had been unsuc- 
cessful the day before. It was as if a big screen 
was more lifelike; they could ‘see’ where the grid 
needed to be changed.” 

Lemme was thrilled with the problem. “It was 
wonderful to see all students attack this problem, 
not give up, and use mathematical language,” 
she said. “They were eager, totally engaged, and 
reflective.” 

Fourth-graders in Mary Kay Varley’s class at 
Fort Worth Country Day School in Fort Worth, 
Texas, also tried the problem. The fourth graders 
used some additional, more sophisticated strategies 
than did the second graders. Varley introduced the 
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problem by having her students arrange 18 color 
tiles on a grid, helping “Kim” from the problem 
make an attractive display. Varley described the 
results: 


Some chose to do symmetrical arrangements, 
while others went with a stair step or even an 
asymmetrical pattern. Some were so unusual 
that I had them describe to me how to build it 
on the overhead [projector] as a means of help- 
ing them communicate what was represented on 
their paper. The class thought they had solved 
the problem, but I explained that we hadn’t even 
gotten to the tricky part of the problem yet. 





The students were then asked to solve the 
second paragraph of the problem: making sure 
that each row and column had an even number of 
animals in it. The students thought that this part of 
the problem would be easy, requiring just a simple 
rearrangement of the displays they had already 
created. They found that it was not as easy as it 
appeared. Varley paints a picture of what uapEned 
in the classroom: 


The second paragraph, with the directions of 
how to arrange the pieces with only even num- 
bers in the columns and rows, didn’t appear to 
worry the students. They looked at the arrange- 
ments they had made, and thought that with a 
few adjustments it would be easy to create an 
arrangement that would fit “Kim’s” require- 
ments. Many had their hand raised almost 
immediately. When I built the arrangement 
according to their directions, we began to see 
that some columns or rows would have odd 
numbers within them. After about 10 minutes 
of thinking, we had found an arrangement that 
worked and then realized once again that it 


Photograph by Barbara Lemme; all rights reserved 
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didn’t. Zane excitedly shouted out that he had 
done it. We were expecting another letdown, but 
this time he truly had done it. He started with a 
4 x 3 rectangle and then filled in the bottom row. 
To even out the other rows, he thought about the 
diagonals and placed his 3 leftover pieces along 
the diagonal. When we saw his arrangement, it 
became clear that in order.to comply with Kim’s 
requirements, our arrangements would probably 
not be symmetrical. The students were now 
willing to see whether there were other arrange- 
ments that worked. They were much more will- 
ing to try different combinations in the rows. 
Five students were able to create arrangements 
that worked in about 20 minutes. 


Figure 1 illustrates some of the patterns that 
Varley’s students created, including the one created 
using the “diagonal” strategy (fig. 1a). 

Varley asked the students to predict whether 
they would be able to place 19 figures on the grid 
with even rows and columns. They did not think it 
would be possible but planned to experiment with 
the problem. They thought it would be impossible 
because 19 is both prime and odd, and they did 
not think that the strategies they used for 18 would 
work for 19. Varley did not mention whether the 
students attempted to arrange the 18 figures into 


Fourth graders’ patterns for making an even number of rows and 
columns with 18 figurines 
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(c) A third possible strategy 


odd rows and columns. My conjecture is that they 
would have been very surprised to find that it is 
possible, given their reasons for believing that 
19 would not work. Whereas the second graders 
jumped right into the problem involving 19 figures 
in odd rows and columns, the fourth graders had a 
preconceived notion that 19 would not work. Actu- 
ally trying 19 and discovering that it does work 
reinforces the idea that conjectures are not always 
correct; they must be tested. When they are not 
correct, it is important to evaluate what actually 
happened and figure out what was wrong with the 
original idea. 

As mentioned in the “Where’s the Math?” por- 
tion of the presentation of this problem last Sep- 
tember, this problem is surprisingly deep. As a stu- 
dent explores whether he or she can make all even 
rows and columns or all odd rows and columns 
with various numbers of animal figures, surprising 
things happen. Have students think through what 
they think might happen before trying a solution. It 
is fascinating to watch them as they discover that 
they are unable to do either arrangement with an 
odd number of animals but that they are usually 
able to do both arrangements with an even number 
of animals. They should try to come up with an 
informal argument as to why this is the case. As 
they work through the various numbers, they may 
also find more efficient ways to test their theories. 
One is to realize that every time they solve one 
problem, they actually solve two—because the 
empty holes on the shelf also make an arrangement 
that solves the problem. 

This is one of those rare problems that seem to 
adapt itself to any age level. As Lemme showed, it 
can be solved by early elementary school students. 
Varley’s fourth-graders made more sophisticated 
conjectures and discoveries about what they were 
doing. The more work the students do on the prob- 
lem, the more interesting it becomes. Even as an 
adult, the author found it challenging and surpris- 
ing. If you haven’t had a chance to try it with your 
students yet, we highly recommend it! 


A special thanks to those teachers and students who 
made contributions: 


Barbara Lemme and her second-grade students at 
Wawaloam Elementary School in Exeter, Rhode 
Island 

Mary Kay Varley and her fourth-grade students at 
Fort Worth Country Day School in Fort Worth, 
Texas A 
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Conference events and programs are created by educators for educators 
d bring together respected speakers from around the country. 


NCTM 2007. Annual Meeting and Exposition 
Atlanta, Georgia ° March 21-24, 2007 


2006 Regional Conferences and Expositions 


Chicago, Illinois * September 20-22, 2006 
(Wed., Thurs., Fri.) 


Phoenix, Arizona * October 5-7, 2006 
Atlantic City, New Jersey * October 19-21, 2006 


For more information on NCTM’s events, visit 
www.nctm.org/meetings or call (800) 235-7566. 
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through Real-Life 


Situations in 


| umber sense is “a way of thinking that 
should permeate all aspects of mathematics 
teaching and learning” (Reys 1994, p. 114). 
NCTM (1989, 2000) states that the development of 
number sense should be connected with real-life 
situations. If children learn to apply numbers within 





Der-Ching Yang, dcyang@mail.ncyu.edu.tw, teaches undergraduate and graduate courses on 
mathematics education at National Chiayi University in Taiwan. He is interested in number 
sense, children’s mathematical thinking, and assessment on number sense. 
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real contexts, numbers will have significant meaning 
for them. Furthermore, Curriculum and Evaluation 
Standards for School Mathematics (NCTM 1989) 
stresses that “children with good number sense 
develop references for measuring common objects 
and situations in their environments” (p. 38). This 
statement reinforces the idea that children’s number 
sense can be developed through interaction with 
everyday objects in a realistic setting. This article 
shares a fourth-grade lesson from Taiwan in which 


number sense is developed through real classroom 
interactions. 
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The Setting 


The instructor for this lesson, Tony Hsu, has fourteen 
years of teaching experience. His fourth-grade class 
has thirty students. To promote the development of 
number sense, which Hsu feels is important and 
necessary, he has devised some challenging activi- 
ties to stimulate his students’ mathematical think- 
ing and problem-solving abilities. In an attempt to 
create an exciting and interesting learning environ- 
ment, he divides his students into small groups and 
asks them challenging questions. He encourages 
everyone to actively participate by discussing and 
sharing their ideas. After small-group discussions, 
he leads the whole class in discussion, encourag- 
ing students to explain their thinking, share their 
reasons, and defend their answers. Some highlights 
from one of his lessons are given here. 


The Activity 


Hsu presented the problem in figure 1 to his stu- 
dents and then gave them a chance to understand 
what they needed to do to solve the problem. 


Posing a challenging, real-life 
problem 
Teacher. Class, as you can see from these pictures, 
this is the school basketball court we visited this 
‘morning. Here is the problem I would like you to 
solve [see fig. 1]. Now, you need to carefully read 
through the problem, consider the statements, and 
discuss any relationships you can find between the 
information given and the numbers in the box. Next, 
select the numbers from the box to fill in the blanks 
so that the story makes sense. (Some students raise 
their hands and try to ask questions.) 
Keri. There are eight numbers in the box, but only six 
blanks, so there are two extra numbers. Am I right? 
After presenting the problem to the students, 
Hsu encouraged them to ask questions in order to 
make sure they understood the problem. By asking 
questions, students can gain relevant information, 
which helps not only themselves but also other 
students. The teacher can help in directing students’ 
questions by ensuring that they know what the 
problem is asking them to do. 


Encouraging students to query 
the problem 

Teacher. Yes! Good! Any more questions? (There 
are none.) Now please go into your small groups to 
discuss the problem. You have five minutes. 
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After Hsu was satisfied that the students under- 
stood what the problem entailed, he asked them to 
begin small-group discussion and come up with 
solutions. He asked the students in each group 
to write down their methods and ideas, while he 
walked around and observed their discussions. 


The Resulting Discussion 


Hsu asked the students in these small groups to dis- 
cuss the problem, decide on their answer, and be pre- 
pared to explain their answer. He moved among the 
groups for a few minutes, listening to their discus- 
sions and checking on their progress. Although this 
question was very different from those found in the 
textbooks the class used, Hsu was still a bit surprised 
to find that after ten minutes only two of the six 
groups had come up with all six correct answers. He 
decided it would be helpful to gather some feedback 
from a whole-class discussion. He began by asking, 
“Which group would like to go first?” 


Whole-class setting: Discussing 


students’ explanations 

Keri. We thought that the length and width should 
be 32 and 20. 

Teacher. Can you tell us why you think the length 
and width should be 32 and 20? 

Keri. Because 104 is too long, 12 is too short, 
and 640 is also too long. We think that 20 and 32 
matches our basketball court. 3, 10, and 8 is also 
too short for the length. 

When Keri presented the group’s answer, Hsu 
encouraged them to explain how they had arrived at it. 
Even though they had given the correct answer, with 
a reasonable explanation, he attempted to introduce 


Our School's Basketball Court problem 


Please choose, from the numbers in the box, 
the correct answers to fill in the blanks: 


104, 12, 640, 20, 32, 3, 10, 8 


Our school has a basketball court that is ___ 
meters long and ___ meters wide. Its length 

is ___ meters more than its width. The perim- 
eter of the court is___ meters, and the area of - 
the court is ____ square meters. The rim of the 
basket is___ meters from the floor. (Greenes, 
Schulman, and Spungin 1993) 
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Photograph by Ping Jui Chiang; all rights reserved 
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some doubt by accepting different answers in order to 
arrive at the correct answer and, in the process, help all 
the children make sense of the question. 


Expanding on students’ 
explanations and 

encouraging learning 

Teacher. Anyone have a question? 

Jack. Yes! We agree. We also think that the length is 
32 and the width is 20. 

Teacher. Why is that? 

Jack. It agrees with the answer to the third question. 
The difference between the length and the width is 
12. (Many other students voice their agreement.) 
Teacher. Do all of you agree? 

Ella. No! Our answer is different. We think that 
the length is 32 and width is 12, which makes the 
length 20 meters more than the width. . 

Hsu encouraged the students to figure out the 
answers for the first three blanks, not worrying 
whether they were right or wrong. This helped the 
students further clarify their thinking through dis- 
agreement and debate. 


Prompting students to give 
comprehensive explanations 
Teacher. Can you tell us why you think that this is 
the correct answer? 

Ella. Because 32 minus 12 equals 20; this also sat- 
isfies the first three blanks. 

Bill. We disagree! (Many other students also 
disagree.) We think that the length and the width 


should be 32 and 20, with the length being 12 
meters more than the width. 

Teacher. Why? Can you give us your reasons? 

Bill. Because you need to consider the following 
question: What is the perimeter of the court? The 
perimeter of the court is 104. 

Teacher. Can you tell us what the perimeter of a 
rectangle is and why you think the perimeter is 
104? 

Bill. The perimeter of a rectangle is equal to the 
length times 2 plus the width times 2. A rectangle, 
with four sides, has two lengths and two widths. 
The perimeter of a rectangle is, therefore, equal to 
32 x2 = 64 plus 20 x 2 = 40. 64 + 40 = 104. 

Tim. The perimeter of a rectangle is the distance 
from a point. Walk along the sides and go back to 
the starting point. 

Teacher. Do you all agree? (Many students answer, 
“Agree!”’) 

Through discussion of different answers and dif- 
ferent approaches, the children were able to clarify 
their thinking and strengthen their understanding. 
The following question was more challenging for 
these students. Although they had already dis- 
cussed how to find the area of a rectangle, using 
the formula / x w, they had not been taught how to 
multiply two digits by two digits; their experience 
of multiplication consisted only of multiplying two 
or three digits by one digit. Accordingly, this was a 
challenge for the students. 


Encouraging students to 
question, debate, and 

prove their solutions 

Teacher. Who can tell me what the area of the bas- 
ketball court is? 

Amy. 10 square meters. (Many students show sur- 
prise at this.) 

Teacher. Can you tell us how you came up with this 
answer? 

Amy. Because the numbers 32, 20, 12, and 104 
have already been used, they cannot be used 
again. Only four numbers are left. 640 is too 
large, 3 and 8 are too small; therefore, I think the 
answer is 10. 

Bill. We think the area of the basketball court is 
approximately double the area of our classroom. 
Therefore, if the area of the basketball court is 10 
square meters, this would mean that the area of the 
classroom is only about 5 square meters. That’s 
impossible! The area of the classroom must be 
more than 9 square meters, which would make the 
area of the basketball court double that size more 


Teaching Children Mathematics / September 2006 


than twice 9 square meters. 10 square meters is far 
too small. It is impossible! 

George. Excuse me, sir. The area of the court 
should be the length times the width. 

Teacher. So what do you think the area of the court 
should be? 

George. The area should be 640 square meters. 
(Students are surprised by this answer.) 

Bill. Disagree! 640 is too large. How can the court 
possibly be that size? We would need to walk for a 
long, long time to cover that distance. 

Teacher. Why? 

Bill. If 1 take a big step, it is about 1 meter. If I took 
640 steps, then I would be outside the school. How 
can this be the area of the court? 

Hsu understood that this group had some mis- 
conceptions about the definition of area. He knew 
some of the students had trouble knowing the dif- 
ference between area, perimeter, and length. He 
also knew that they needed clarification on exactly 
what area is. He therefore decided to lead some 
of the other students, by answering his carefully 
worded questions, to explain the concept of the area 
of a rectangle. 


Supporting students’ 
explanations, whether 

correct or incorrect 

Teacher. Does everyone agree? 

‘George. We are talking about the area, not the 
length. 

Teacher. Can you tell us what the area is? 

George. The area of the court implies that the 
ground is completely covered. If we look at the 
picture [in fig. 2], the area of the rectangle is shown 
by the shaded area. The area of the rectangle is 
equal to the length times the width. Hence the court 
is equal to 32 x 20. We think, therefore, that the 
answer is 640. 


George's depiction of area 


20 
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Teacher. Do you agree with George’s definition of 
area? (Many students say that they agree.) 

Several students had misunderstood the con- 
cepts of the area and the perimeter of a rectangle. 
Hsu led the discussion in helping them clarify the 
definitions of area and perimeter 
through the explanations of George, 
who had a better understanding of 
these things. 


Challenging students Teacher. So what do 

you think the area of the 
court should be? 

George. The area should 
bers remaining are 640, 3, 10, and 8, be 640 square meters. 
Bill. Disagree! 640 is too 
multiply 32 by 20? (Students say large. We would need to 
walk for a long, long time 
the students can suggest a way to to cover that distance. 


Keri. How do we know 32 times 20 
is equal to 640? 

Teacher. Good! A very good ques- 
tion! Can you tell us why? 

George. The numbers cannot be used 
more than once and since the num- 


only 640 is appropriate, because 3, 
10, and 8 are all too small. 
Teacher. Can anyone tell us how to 


softly that they have not yet learned 
how to multiply 32 x 20. None of 


do this.) 
The multiplication of two digits 
by two digits (e.g., 32 x 20) was a 
new topic for these students. Hsu 
thought that it might be difficult for 
his students to estimate 32 x 20, so 
he decided to leave this topic until later and con- 
tinue with the remaining questions. 


Assisting and leading the 
discussion when required 

Teacher. Let’s continue with the next question. 
What do you think is the distance from the ground 
to the rim of the basket? 

Ella. 8 meters. 

George. I disagree! It should be 3 meters. 

Teacher. Ella, can you tell us why you chose 8 
meters? 

Ella. We just think that’s the answer. 

George. 8 meters is so high! That’s impossible! 
Bill. My height is 138 centimeters. If I only con- 
sider 100 centimeters, then we would need 8 
people, standing on top of each other, to reach 
800 centimeters. This is so high; it’s impossible to 
throw a ball to such a height. 

George. The ceiling of our classroom is about the 
same height as the rim of the basket. It’s impossible 
for our classroom to be 8 meters high. 
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Different groups gave the two different answers. 
Hsu patiently listened to the students’ explanations 
and debate. He gave students the chance to discuss 
their thinking and explain their reasoning. He then 
decided to lead students through the problem to find 


the answer. 


Giving assistance and leading 
the discussion, when required 
Teacher. Good! Bill said that the height of the class- 
room is almost the same as the distance from the 


The teacher plays 
an important role 
in the creation of 
a good learning 
environment, 
which encourages 
exploration, 


communication, and 


reasoning. 


ground to the rim of the basket. What 
is the height of the classroom? 

Bill. 3 meters. 

Teacher. How did you come up with 
that number? (No students answer.) 
Do you know how tall I am? My 
height is about 178 cm. Now you 
can estimate the height of the class- 
room. 

Keri. I think the height of our class- 
room is about 3.5 meters, because it 
is about double your height. 
Teacher. Good! Now, what is the 
distance from the ground to the rim 
of the basket? 

Keri. 3 meters. 

Teacher. Do you agree? (The stu- 
dents say they do.) 

Hsu guided the students in find- 
ing the correct height through dis- 
cussion. The height of the classroom 
is almost the same as the distance 
from the ground to the rim of bas- 
ket; this allowed them to estimate 
the solution by using the teacher’s 
height as a benchmark. 


Encouraging children to 
present their conclusion 
Teacher. Good! Who can present the conclusion 


for us? 


Students (many answer). The length of the court is 
32 meters and the width is 20 meters; the length, 
therefore, is 12 meters more than its width. The 
perimeter is the distance a person walks around 
the rim of the court, starting at one point and 
returning to that original point. The perimeter is, 
therefore, the length times two (32 x 2) plus the 
width times two (20 x 2); this is 64 plus 40, which 


comes to 104. 


Teacher. Good! So the area will be how much? 
Alex. It is 32 x 20. It is 640. 
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Teacher. What is the answer for the distance from 
the ground to the rim of the basket—the height of 
the basketball hoop? 

Rebecca. It is 3 meters. 

Teacher. How do you know? 

Students (several answer). It is about the height of 
the classroom. 

Students (others respond). It is more than double 
our height. 

Teacher. Good! 


Before ending the class, Hsu asked his students 
to give their conclusion in order to review the 
problem and the solution. Again, this helped the 
students clarify and make sense of the problem. 

Hsu has asked his students to keep a mathemati- 
cal diary to record points covered in the daily les- 
sons. Their reflections have provided additional 
insight into what they are learning and their level of 
understanding. An examination of their diaries has 
demonstrated that this lesson had value, as revealed 
in the following entry: 


This activity is interesting and different from 
the lessons found in our textbooks. It gave me 
a chance to understand what the perimeter and 
the area are. Now I know that the perimeter is 
to go once around the court. The area represents 
the amount of ground covered by the court. The 
question of the distance from the ground to the 
rim of the basketball hoop is very interesting. 
Now I know that a height of about 3 meters is 
reasonable. When Lin stood under the rim, I 
could see that its height is about double Lin’s 
height and more. 


Teaching Reflections 


Even though these students did not learn how to 
multiply 32 by 20—they knew only how to multiply 
two or three digits by one digit—the teacher perhaps 
had underestimated the ability of these students. 
This would have been a good time to encourage the 
students to accept the challenge of developing the 
necessary skills to multiply two digits by two digits, 
based on their prior knowledge, especially because 
20 is an easy number to manipulate. 

We have suggested certain revisions to improve 
this activity. An additional number of 600 should 
be included in the selection, because when estimat- 
ing an appropriate answer for 32 x 20, it would be 
more challenging for students to have to select the 
answer from 600 or 640. 
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Some Things We Learned 


Students actively participated in discussions and 
enjoyed explaining their thinking. They enjoyed 
this kind of question because they could apply what 
they learned in their class to help them solve realis- 
tic problems. This activity showed how the teacher 
was able to lead and challenge students to commu- 
nicate, think, and reason. It also showed that small- 
group discussion resulted in valuable experiences 
and encouraged higher levels of mathematical 
thinking. More specifically, this lesson had some 
important pedagogical implications: 


1. Mathematical questions, when they relate to 
real-life situations, have higher student involve- 
ment. When students can apply and connect 
mathematical ideas to real-life situations, they 
understand the importance and usefulness of 
mathematics. At the same time, their understand- 
ing of mathematical ideas has more depth and is 
more lasting because they can connect mathemati- 
cal concepts from a real-life context. This supports 
the statement in Principles and Standards for 
School Mathematics (NCTM 2000) that instruc- 
tion “should enable all students to recognize and 
apply mathematics in contexts outside of math- 
ematics” (p. 64). 

2. The teacher plays an important role in the 
‘creation of a good learning environment, which 
encourages exploration, communication, and 
reasoning. A good teacher must offer mathemati- 
cal tasks that are worthwhile and of interest to 
students, while at the same time supporting them 
in a comfortable learning environment. Hsu not 
only encouraged exploration and discussion but 
also provided opportunities for children to share 
their thinking and reasoning skills. He challenged 
students to come up with clear and convincing 
explanations without solving the problem for 
them. He supported their reasoning by clarifying 
mathematical concepts and by assisting them in 
the development of a higher level of mathematical 
thinking. This reflects the assertion that “effective 
mathematics teaching requires understanding what 
students know and need to learn and then challeng- 
ing and supporting them to learn it well” (NCTM 
2000, p. 16). 

3. Students’ explanations help the teacher gain 
insight into their thinking and understanding about 
mathematics. Children are encouraged to partici- 
pate in meaningful learning and to develop number 
sense through problem solving. At the same time, 


Teaching Children Mathematics / September 2006 


children are able to develop a conceptual under- 
standing of mathematics through problems involy- 
ing real-life situations. This lesson demonstrated 
how the teacher can help students “recognize the 
importance of reflecting on their thinking and learn- 
ing from their mistakes” (NCTM 2000, p. 21). 

4. The teacher decides what to teach and how to 
teach it. Textbooks provide structure for the content 
of a mathematics course. It is the teacher, however, 
who decides what mathematical ideas or concepts 
are important and need to be emphasized. Hsu 
showed a strong self-confidence by focusing on 
an activity that differed from the mathematics cur- 
riculum in Taiwan. He knew that “the opportunity 
for students to experience mathematics in a context 
is important” (NCTM 2000, p. 66). Although he 
understood that his students were familiar with 
written computation and routine questions, he also 
realized that they were not necessarily developing 
good number sense. He realized that “conceptual 
understanding is an important component of profi- 
ciency” and “learning with understanding is essen- 
tial” (NCTM 2000, pp. 20-21). 


Conclusions 


This experience demonstrates that students’ num- 
ber sense can improve through flexible teaching 
and thinking about numbers, in a real-life con- 
text. The lesson shows how the teacher plays an 
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Fostering Relational Thinking while Negotiating 


*MVlea 





ning 





Equals Sign 


CTM’s Principles and Standards for School 

Mathematics (2000) recommends that alge- 

braic thinking be developed beginning in the 
elementary grades. Teachers can accomplish this 
goal while teaching other important components of 
the elementary curriculum by helping children at- 
tend to patterns, relations, and properties of opera- 
tions in all mathematics activities. True-false and 
open number sentences provide a good context for 
achieving this goal while also revealing informa- 
tion about students’ knowledge of operations and 
properties. In this article, we relate an experience 
in which we used number sentences to begin to de- 
velop students’ algebraic thinking. 

Integral to children’s work in algebra is an under- 
standing of the equals sign. Unfortunately, children 
often have serious misconceptions about the mean- 
ing of the equals sign (Behr, Erlwanger, and Nichols 
1980; Falkner, Levi, and Carpenter 1999; Saenz- 
Ludlow and Walgamuth 1998). Children tend to per- 
ceive the equals sign as a stimulus for an answer and 
react negatively to number sentences that challenge 
their conceptions of the equals sign. For example, 
children often change 3 + 2=2+3t03+2+2+3 
=10and8+4=  _+5to8+4=12+5 =17 for 
expressing a string of operations. Frequently, older 
students continue to have difficulty using the equals 
sign correctly (Mevarech and Yitschak 1983; Byers 
and Herscovics 1977). 

Understanding the equals sign is associated with 
what Carpenter, Franke, and Levi (2003) call rela- 
tional thinking. When students use relational think- 
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ing, they can solve number sentences by focusing 


on the relationships between the numbers in the 
equation instead of performing all the computa- 
tions. For example, in the sentence 27 + 48 — 48 = 
__, Students might recognize that adding and then 
subtracting 48 will leave 27 unaffected, therefore 
avoiding computation. This particular problem 
does not require a broad understanding of the 
equals sign, because all the computation takes place 
on the left of the sign. Other equations, such as 8 
+4=__ +5, can be solved only if students have 
a broad understanding of the equals sign. Students 
can solve this sentence using relational thinking by 
noticing that 5 is | more than 4, so the unknown 
number has to be | less than 8. This more sophis- 
ticated approach to solving number sentences has 
been observed in some elementary-grade students 
(Carpenter, Franke, and Levi 2003; Koehler 2004), 
but little evidence is available about the sequence 
of instructional activities that led to this thinking or 
how readily students developed it. 

Working with third graders, we set out to explore 
the following questions: 
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¢ How do students’ conceptions of the equals sign 
evolve when considering and discussing varied 
true-false number sentences? 

¢ Do students develop relational thinking while 
the class negotiates the meaning of the equals 
sign? 

e Do students retain the new interpretation of the 
equals sign over time? 


We worked with eighteen students over five ses- 
sions that took place during the students’ regular 
school time (see table 1 for schedule of activi- 
ties). The class was ethnically and linguistically 
diverse. Five students spoke a second language, 
and two of them had significant difficulty under- 
standing English. During the preceding months, 
we, as guest teachers, had worked with the class 
on a weekly basis doing a variety of mathematics 
activities. The classroom teacher was always pres- 
ent and sometimes collaborated with us in helping 
the students. 


Session 1: What do students understand about 
the use of the equals sign? 

We began by giving the students an individual 
assessment with some open number sentences to 
determine their understanding of the equals sign. 
All but the second sentence could easily be solved 
using relational thinking by looking across the 
equals sign to compare the numbers. None involved 


Table 1 


computation that would be challenging for most 
third-grade children. The students had difficulty 
interpreting these open number sentences. No stu- 
dent gave more than one correct answer, revealing 
that they all held the misconception that the equals 
sign is a stimulus for an answer (see table 2). 

After the students handed in their answers, we 
discussed two of the problems. All the students 
thought that the answer to 8+4=__ + 5 was 
12. We told them that “mathematicians” would 
disagree. When we spotlighted the presence of 5 
on the right side, they suggested the answer 17, 
attained by adding all the numbers. Then, when 
we said that mathematicians would still disagree, 
a student proposed that we modify the sequence to 
5 +8+4 = 12. Finally, we explained that math- 
ematicians use the equals sign to show that the 
whole expression on one side is equal to the whole 
expression on the other side. A student then gave 
the answer 7. Our discussion of the second prob- 
lem, 14+ __ = 13 + 4, reflected a similar pattern 
in student thinking. 

The use of the equals sign in these sentences 
seemed unnatural to the students. We discussed the 


' fact that they probably had never seen sentences 


like this before. One student specifically asked why 
the equals sign was in the middle of the sentences. 
Through this discussion, we emphasized mathema- 
ticians’ interpretation of the equals sign to establish 
it as a convention. 
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Session 2: How do students’ conceptions of the 
equals sign evolve when considering and dis- 
cussing varied true-false number sentences? 
Two months later, we assessed the students to 
determine how many of them had adopted the 
mathematicians’ interpretation of the equals 
sign. We chose true-false sentences to challenge 
students to first analyze problems rather than 
immediately. jump to computation. When stu- 
dents saw an operation sign, they wanted to com- 
plete that operation even before looking at the 
right-hand side of the equals sign. Having them 
consider true-false sentences was a good way to 
force them to look at the whole sentences while 
challenging their conceptions of the equals sign. 
Our resource for these sentences was Carpenter, 
Franke, and Levi (2003). We asked students to 
correct false number sentences to provide us with 
further information about their interpretation of 
the equals sign. 

Table 3 shows the number of correct responses 
for each sentence. Three students responded 
appropriately to all the sentences except the first 
two, and when correcting false sentences they 
wrote sentences of the form a + b =c + d. We 
inferred that these three students had remembered 
and understood our previous discussion. Six stu- 
dents had begun accepting “backward” sentences 
(for example, 10 = 4 + 6) but not sentences in the 
form a + b=c +d. The assessment showed that 
two-thirds of the class continued to have a miscon- 
ception about the equals sign despite our previous 
discussion. 

We had assumed that pointing out their mis- 
conceptions might be enough to change the 
students’ minds about the equals sign. Clearly 
it was not. The students needed opportunities to 
come to their own understanding of mathemati- 
cians’ uses of the equals sign by sharing their 
thinking with one another. We used the assess- 
ment questions to spark discussion and began by 
asking students the meaning of the equals sign. 
Students’ responses included “It is like if you 
have a scale and you have to put the same amount 
of both, on each side, for it to be equal” and “It 
means equal to, the same amount.” We continued 
to negotiate the meaning of the equals sign with 
the students by discussing opposite opinions 
about each sentence and different ways of fixing 
the false sentences. For example, when discuss- 
ing the sentence 2 + 2+ 2 =3 +3, some students 
affirmed it was true, and one explained, “It is true 
because 2 + 2 + 2 does equal 6 and so does 3 + 
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Table 2 


Analysis of Student Responses to Open Number Sentences 
Sentences on 
Incorrect 


Correct Other Answers 
Day 1 Answer 
Answer 


t= 25 2 3a(3) 7 (2) Br /, ten Z0eZ5 nob 
6. 2 (0 









Most Common 













8a" 


Note: The numbers in parentheses indicate the number of students who gave 
each response (N = 13). 













3.” Other students said that they thought it was 
false and explained, “I thought it should be 2 + 3 
= 5” or “I thought it was false because it has the 


equals sign in the middle.” 


During the discussion a student said that “34 = 
34 + 12 is false because 34 + 12 would be more than 
34.” The student did not report adding the numbers 
to decide whether the sentence was true or false 
but instead had compared both quantities, 34 and 
34 + 12, showing the beginning of relational think- 
ing. We could see the students struggling to make 
sense of some of the sentences. Such comments 
as “They want to trick you!” indicated that we had 
successfully created dissonance, from which learn- 
ing might result. 


Table 3 


Analysis of Student Responses to False Number Sentences 


Sentences on Correct Number of Students Responding 
Day 2 Answer 
24+2+2=34+3 















Note: The number of students who responded correctly is highlighted (N = 15). 
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Student equations to produce true 
sentences 
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Student equations using the identity property 


To further assess and stimulate students’ concep- 
tion of the equals sign, we asked them to write true 
sentences of the following forms: 





These templates might confuse students who 
interpret the underline as a variable and assume 
that the same number must go in each blank. This 
format did not cause a problem for our students. 
Writing number sentences was a good activity 
for helping them clarify and consolidate their 
understanding. All but two of the students were 
able to write sentences of this form, although we 
helped four of them get started because they were 
writing sentences of the forma +b=c. 
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In this activity, students could generate sentences 
that were more difficult or less difficult, depending 
on their own choice. The students used multiplica- 
tion and division as well as addition and subtrac- 
tion in their sentences (see figs. 1 and 2). In many 
instances, as in the examples in figure 2, students 
multiplied or divided by 1; in other instances, they 
added 0. Students’ choices of these easy ways to 
generate number sentences gave us insight into 
their knowledge of the identity properties. Although 
such sentences showed understanding of the equals 
sign, they did not show relational thinking. In con- 
trast, some students’ sentences did show relational 
thinking. A few sentences took the form a + b = 
(a—1)+(b+ 1), asin 51 +51 =50+ 52. One student 
used relational thinking to decompose addends in 
changing 90 to a string of addends (see fig. 3). 

One of the students showed a tendency to write 
the answer of the operation in the middle of the 
sentence, thereby separating both sides (see fig. 4). 
We also observed this pattern in another student’s 
work on day 2. This format seems to show a neces- 
sity to have the “answer” in the equation and could 
be the bridge between the more familiar form a + 
b= c and the less familiar form a+ b=c+d. 


Session 3: Do students develop relational think- 
ing while the class negotiates the meaning of the 
equals sign? 
Because we wanted to promote relational thinking 
and because we realized that the students’ under- 
standing of the equals sign was still fragile, two 
weeks later we planned a discussion of some true- 
false sentences (see fig. 5), some of them previously 
written by the students. In an attempt to promote 
the use and verbalization of relational thinking, we 
asked the students whether they could solve the 
sentences without doing the arithmetic. The stu- 
dents were engaged in sharing their thinking. 
When discussing the first sentence, 20 + 20 = 
20 + 20, most students claimed, “It is true because 
they are the same numbers” and “You don’t need to 
write the answer.” One student stated, however, “It 
is false because the equals sign is in the middle”; 
this comment reminded us that not all students had 
adopted the mathematicians’ interpretation of the 
equals sign. In the sentence 7 + 15 = 100 + 100, all 
the students were sure it was false. They explained, 
“It is false because 7 + 15 is small and 100 + 100 
is 200” and “7 + 15 is not even 100.” Students also 
evidenced steps toward relational thinking in their 
comments about other sentences, showing the kind 
of thinking we were hoping to foster. They also 
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Student equations produced by decomposing addends 


200+2 00=#400-—o 


201 +300 =860 +! 


40 + 200= 200+/0 +10 #20 +20{20 


explained that “[51 + 51 = 50 + 52] is true because 
if you take the 1 from the 51 to the other 51, you get 
50 + 52” and that “[15 +2 = 15 + 3] is false because 
3 is bigger than 2.” 

We observed a significant growth in students’ 
understanding. They used the equals sign with a 
broader interpretation when correcting the false 
number sentences, proposing such sentences as 
7 + 193 = 100 + 100, 10-7 =7-4, and 15+3= 
15 + 3. 

The discussion of the last sentence, 3 + 3 +3 = 
9 + 2 = 11, was especially interesting. We tried 
to challenge the students’ understanding of the 
equals sign by playing the devil’s advocate. One 
student claimed, “I think it is false because 3 + 3 + 
3 = 9 and 9 + 2 = 11,” to which we responded, 
“Isn’t that what it said there?” Regardless of our 
attempts to cause confusion about the incorrect- 
ness of the sentence, some students’ knowledge of 
the equals sign was now firm enough to maintain 
their opinion about the statement’s incorrectness, 
and they defended their opinion throughout the 
discussion. One said, “3 + 3 + 3 does not equal 11.” 
Other students became confused, saying, “I am not 
sure. . . . It is in part true, and it also seems false” 
and “It is true because 3 + 3 +3 =9 and9+2= 
11.” Because a difference of opinion persisted, we 
finally explained that mathematicians would say it 
was false because 3 + 3 + 3 does not equal 9 + 2. 

Our final activity on this day was to assess stu- 
dents’ understanding of the equals sign with some 
written questions (see fig. 6). Twelve of the eigh- 
teen students solved at least five of the six items 
correctly. Three students continued to have the mis- 
conception of the equals sign as a stimulus to give 
an answer but showed acceptance of “backward” 
sentences (c = a + b). Another three students did 
not successfully perform the assessment activity. 
As a result of our discussion and activity on day 
2 and this discussion on day 3, nine more students 
seemed to have constructed a broader understand- 
ing of the equals sign. 
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Student equations introducing the answer at midsentence 


lO+I-Q1-2O +) 100100 


2x2 =7=212 


20t1030= 30-030 


Session 4: Once students correctly interpret the 
equals sign, do they use relational thinking to 
evaluate number sentences? 
Two weeks later we had a discussion to elicit 
relational thinking and consolidate students’ under- 
standing of the equals sign. We discussed true-false 
sentences (see fig. 7), and more students verbalized 
relational thinking. In all but one of the sentences 
(34 + 28 = 30 + 20 + 4 + 8), students gave expla- 
nations based on relational thinking, stating, for 
example, that “[27 + 48 — 48 = 27] is true because 
there is a plus 48 and a minus 48 [and] that’s going 
to be zero”; or that “[103 + 205 = 105 + 203] is true 
because 5 + 3 = 8 and there are two eights match- 
ing, so they are both the same”’; or that “[12 —7 = 13 
— 8] is true because they added 1 to the 7 and they 
added | to the 12.” In these examples students did 
not compute to determine their response; yet some 
students gave justifications based on the computa- 
tion of the operations on each side, showing that 
they were not exclusively using relational thinking. 
During this discussion seven of the students’ 
contributions to the discussion displayed relational 
thinking. Only one comment evidenced some 
remaining misconception about the use of the 
equals sign. From the previous days we knew that 
this student tended to consider the equals sign as a 
stimulus for an answer, and during the discussions 
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True-false number sentences for the dis- 
cussion on day 3 


F 
I 
I 


120 + 20 = 20 + 20 6265-4 
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112+ 11= 114 12 “She 1=7=-1 r 
15221943 34+3+3=9+2=11 | 

1 

1 


1. Fill the blank with a number that makes the 
; number sentence true. ‘ 
Bi eee 2 : 
: 44 _-=24+2+2 ‘ 
! __+0=30-10 ' 
12. Decide whether the number sentence is ' 
! true or false. ' 
: 9=5+4 sleet ' 
; 3+7=10+6 y oF ' 
; 8=8 ieee ' 
'3. Write a number sentence that is true. \ 
1 I 


he did not seem to become aware of a broader 
conception. 


Session 5: Do students retain the new interpreta- 
tion of the equals sign over time? 
To determine the durability of students’ understand- 
ing of the equals sign, two months later we gave 
students an assessment in which six open number 
sentences were presented in the same format as 
those on the initial assessment but with different 
numbers. We also included an additional item with 
larger numbers. Twelve of the fifteen students cor- 
rectly answered five of the seven sentences, show- 
ing that they understood the meaning of the equals 
sign. Another two students exhibited the miscon- 
ception of the equals sign as a stimulus to give 
an answer but showed acceptance of “backward” 
sentences (c = a + b). One student did not solve 
the assessment correctly and did not show a clear 
conception of the equals sign. 

We included one additional item, 238+49= 
+ 40 + 9, to assess the use of relational thinking, 
asking for an explanation. Four students did not 
have time to complete the problem. Seven of the 
fifteen students successfully solved the problem, 
four of whom provided clear explanations reflec- 


tive of relational thinking. One wrote, “Because 40 
+9 = 49, then you add 238, then it makes the same 
answer.” Another wrote, “You split 49 in 40 and 9 
and it’s the same.” Other successful students pro- 
vided explanations that were more difficult to inter- 
pret. We believed that these students used relational 
thinking, because they recorded no computation on 
their papers. In addition to these seven students who 
were successful with the 238 + 49 item, four other 
students verbalized their relational thinking on day 
4. Thus, eleven students had begun to use relational 
thinking in their analysis of the equations. 

We observed that two of the students regressed 
in their understanding of the equals sign between 
day 3 and day 5, answering incorrectly at least five 
of the seven sentences on day 5 by considering the 
equals sign as a stimulus for an answer. Three other 
students improved in their understanding of the 
equals sign from day 3 to day 5, correctly solving 
most of the sentences in the assessment on day 5. 
The rest of the students showed a stable perfor- 
mance from day 3 to day 5. 


Conclusions 


We successfully helped the students broaden their 
conceptions of the equals sign through the differ- 
ent tasks assigned. Students’ conceptions evolved 
from perceiving the equals sign as a “stimulus for 
an answer,” to accepting its use in “backward” sen- 
tences, to understanding it as an indicator of equal- 
ity of expressions. The variety of sentences that we 
presented challenged students’ understanding and 
forced them to think in new ways about the symbol. 
Asking the students to write their own sentences 
was particularly beneficial in helping students 
assimilate new information and consolidate their 
broadened conceptions, because they had to use 
the sign themselves rather than evaluate someone 
else’s use of it. 

We were only partially successful in initiating 
relational thinking. Getting students to step back and 
look at the whole equation is a challenge because 
they are used to focusing on computation and pro- 
ceeding from left to right as they read number sen- - 
tences. Understanding equations requires consider- 
ing the whole sentence, beginning at the equals sign 
and then looking to both sides of it. We observed that 
some sentences, such as 11 +3=4+4 __, forced 
the students to step back and try to make sense of 
the whole sentence because they knew that 11 + 3 
= 14. In the future we plan to use more sentences of 
this form to stimulate relational thinking. Discussion 
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True-false sentences for the discussion on 
day 4 


1 37 + 23 = 142 
1 27 + 48 — 48 = 27 

1 34+ 28=30+20+4+8 
1 76=50-14 
Paxc=54+5+544 
120+ 15=20+10+5 

‘ 103 + 205 = 105 + 203 
112-7=13-8 


is crucial to fostering relational thinking, because it 
removes the emphasis from computing answers and 
places it on noticing patterns. 

Because all the students in our class held the 
“stimulus for an answer” interpretation of the 
equals sign, we chose to introduce the mathemati- 
cal convention for it. Our initial explanation was 
sufficient for only a few of the students to adopt 
the convention. More students acquired an under- 
standing of the equals sign after they engaged in 
more discussion and had more experience with it. 
We hypothesize that they benefited a great deal 
from hearing how their peers explained their inter- 
pretations. A few students went back and forth 
between their original conception and their newer 
conception, suggesting that developing a robust 
understanding of the equals sign can take consider- 
able time. 

We are convinced by our foray into true-false 
and open number sentences that they are a fruitful 
way to initiate algebraic thinking. The beauty of 
these tasks is that they have multiple entry points. In 
solving them, students can use computation or can 
begin to consider relationships between numbers 
and operations. These multiple approaches provide 
necessary ingredients for successful discussion. We 
conclude that negotiating new interpretations of the 
equals sign by exposing students to such unfamiliar 
number sentences is an important first step on the 
road to students’ attainment of algebraic thinking. 
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Ana C. Stephens and Crystal L. Lamers 


Assessment Design: 
Helping Preservice 
Teachers Focus 
on Student Thinking 


ncreased calls for student, teacher, and school 
“accountability” have placed a greater emphasis 
on the need to assess what students know. While 
the focus of the calls for accountability is often on 
high-stakes testing, there are other important forms 
and purposes of assessment that deserve attention. 
In Principles and Standards for School Mathemat- 
ics, the National Council of Teachers of Mathemat- 
ics (2000) asserts, “Assessment should be more than 
merely a test at the end of instruction to see how 
students perform under special conditions; rather, it 
should be an integral part of instruction that informs 
and guides teachers as they make instructional de- 
cisions. Assessment should not merely be done to 
students; rather, it should also be done for students, 
to guide and enhance their learning” (p. 22). 
Several challenges exist in developing preser- 
vice and in-service teachers’ awareness of issues 
surrounding assessment; one in particular concerns 
the purposes of assessment. Assessments can be 
used to monitor students’ progress, evaluate stu- 
dents’ achievement, and—on a larger scale—evalu- 
ate programs of study (NCTM 1995). These pur- 
poses are generally familiar to teachers and have a 
rather summative quality. In addition to these pur- 
poses, NCTM as well as Black and Wiliam (1998) 
argue, formative assessment should be conducted 
to gather information about students’ learning, and 
this information can be used to inform teachers’ 
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practices. This purpose of assessment is not given 
the attention it deserves; instead, “the collection 
of marks to fill in records is [often] given higher 
priority than the analysis of pupils’ work to discern 
learning needs” (Black and Wiliam 1998, p. 142). 
Rather than viewing teaching as a transmission 
of knowledge that can be carried out regardless 
of students’ progress and difficulties, Black and 
Wiliam argue that teachers must develop a more 
interactive view of teaching and learning and that 
appropriate assessment practices can provide the 
necessary link. 

This article introduces an assignment that Ana 
Stephens implemented in an elementary-level 
mathematics methods course designed to encour- 
age preservice teachers to consider, first, the care- 
ful planning that must precede the implementation 
of an assessment whose purpose is to gain insight 
into student thinking and, second, what insight 
well-designed assessments can provide about stu- 
dent thinking. The assignment was intended to help 


_ narrow the current divide that often exists between 


teaching and learning and to encourage the more 
interactive view that Black and Wiliam (1998) 
promote. Crystal Lamers was a preservice teacher 
in this class; her experiences with the assignment 
are described in detail to provide an example of its 
potential to engage preservice teachers with these 
issues. 

Before beginning the assessment project, preser- 
vice teachers discussed professional articles high- 
lighting the important role of assessment (NCTM 
2000), features to consider when designing assess- 
ment tasks (Sanchez and Ice 2004; Stylianou et 
al. 2000), and teaching and learning mathematics 
with understanding (Hiebert et al. 1997). These 
discussions encouraged preservice teachers to view 
mathematics as a subject that could and should 
make sense to students. 
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The Assessment Project 


Each preservice teacher began by selecting a Content 
Standard from NCTM’s Principles and Standards for 
School Mathematics (2000) on which to focus. This 
was an individual choice based on what the students 
in the practicum classrooms would be working on in 
the coming weeks. They read NCTM’s discussions of 
the selected standard across all four grade bands (Pre- 
K-2, 3-5, 6-8, and 9-12) to understand where their 
students were with their learning of this content and 
where they would be headed. 

Next, the preservice teachers developed a first- 
draft assessment pertaining to this content area to 
be implemented in their practicum classrooms. The 
purpose of this assessment was to gain insight into 
students’ conceptions and possible misconceptions 
in this content area. The preservice teachers were to 
examine not simply whether students understood or 
did not understand the content but rather how they 
were thinking about this content. Their assessments 
could consist of a set of take-home problems, an 
in-class problem to be completed individually or 
in groups, a group project, a quiz, a test, or another 
form of assessment. The teachers were asked to take 
into account what they learned through their reading 
of the content standard as well as what they knew 
about their own students in designing the assess- 
ment. In addition, they were asked to consider the 
following questions: 


* Does the task specifically assess your chosen 
content area? 

* Does the task assess conceptual understanding 
rather than merely procedural skill? 

* Does the task elicit different representations or 
strategies? 
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* Will students’ responses to this task provide you 
with valuable feedback about their thinking? 


The preservice teachers then shared their first 
drafts in small groups. Piloting their assessments 
with adults proved helpful for providing insight 
into how young students might interpret the assess- 
ment and what problem-solving strategies they 
might come up with. The teachers were asked to 
keep these questions in mind when asking for and 
providing feedback in their groups. 

Finally, using the feedback from their groups and 
at the same time keeping in mind their students and 
how they might respond, the preservice teachers 
revised their assessments. They then implemented 
these assessments in their classrooms. Afterward, 
they wrote about their experiences in response to 
the following questions: 


* Describe the thinking that went into the design of 
the first draft of your assessment. How did you 
use information from Principles and Standards 
for School Mathematics? How did you use what 
you know about your own students? 

* Describe what you learned from implementing 
your assessment in the small group. What revi- 
sions did you make and why? 

* Describe what happened when you actually 
implemented the assessment. How did students 
respond? As you expected, or were there some 
surprises? 

¢ Describe what the assessment allowed you to 
learn about your students’ understanding in your 
chosen content area. 


Crystal Lamers’s experience with this project 
illustrates what preservice teachers can learn when 
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asked to think deeply about designing, implement- 
ing, and reflecting on the results of mathematics 
assessments. 


Crystal’s Experience 


Crystal was completing a practicum teaching expe- 
rience in a third-grade classroom. She described 
her cooperating teacher as one who wanted her 
students to compute efficiently using the four 
operations and also understand which operations 
would be appropriate to use in given situations. She 
decided, then, to design her assessment with this 
overarching goal in mind. 


Developing the assessment 
Crystal selected the Number and Operations Stan- 
dard when creating her set of assessment tasks. In 
describing the thinking that went into designing the 
first draft of her assessment, she referred to Prin- 
ciples and Standards: 


The NCTM stresses the importance of children 
facing problem situations because learning math 
in a rote manner does not ensure understand- 
ing. I tried to keep this in mind when design- 
ing my own assessment. I could have created 
my assessment with straightforward problems 
involving the operations, such as 8 + 7 or 10 — 
4. However, I wanted to assess whether or not 
the students were able to decide which operation 
they should use in a given situation. If I gave 
students straightforward problems dealing with 
operations and they were able to answer most of 
them correctly, I think that I might have a false 
sense of security about what my students under- 
stood. Just because they answered the problems 
correctly would not necessarily mean that they 
understood the operations well enough to use 
them in real-life situations. 


Crystal's first draft of her assessment assignment 


1. Carey has 10 dogs. He sold 4 of them. How many dogs does Carey have 


now? 


2. Susan has 3 books to read. Each book has 9 pages. How many pages does 


Susan have to read? 


3. A teacher has 8 stickers. How can she divide them among 2 students so 
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that each student gets the same amount? 


Crystal thus wrote three story problems (fig. 1) that 
involved the four operations—addition, subtraction, 
multiplication, and division—and that she planned 
to ask her students to solve individually. She used 
small numbers so she could focus on her students’ 
strategies rather than their computational fluency. 

Sharing her assessment with a group of her peers led 
Crystal to make some important changes. “One of the 
biggest issues brought to my attention,” she wrote, “was 
the fact that I had three problems that were basically 
structured in the same way (result unknown). My peers 
suggested that I add some different types of problems. 
By doing this, I would be able to see which students 
had trouble with result-unknown problems and which 
students had trouble with start-unknown problems.” 
Previously in class the preservice teachers had dis- 
cussed result-unknown problems (problems of the form 
a+b={[ ]) and start-unknown problems (problems of 
the form [ ] + b = c) along with strategies and difficul- 
ties often demonstrated by students working on these 
problem types. 

Crystal’s classmates pointed out that she could 
learn more about her students’ thinking by offering 
them a wider range of problems to solve. They also 
helped her consider the meaning of addition and sub- 
traction in different contexts. At first, Crystal seemed 
to view addition and subtraction as strictly problem 
types rather than as strategies students might use in 
problem solving. That is, “subtraction problems” 
(such as the first problem on Crystal’s first-draft 
assessment) would be solved using subtraction and 
would provide insight into students’ understanding of 
this operation only. The second problem on Crystal’s 
revised assessment (fig. 2), on the other hand, while 
classified as a joining problem, might lead some 
students to use addition and some to use subtraction. 
Thus what can be assessed is not necessarily “whether 
or not the students [are] able to decide which opera- 
tion they should use in a given situation,” as Crystal’s 
goal was originally stated, but rather how students 
think about these problems with respect to the four 
operations. 

Crystal’s peers also suggested adding an equal- 
sharing problem, a type of problem also previously 
discussed in class (e.g., Empson 1995). “I thought that 
putting this kind of division problem into my assess- 
ment would be interesting,’ Crystal wrote, “because 
it would allow me to see if there were students who 
could do the first division problem, where one num- 
ber fit evenly into another, but [who] could not do the 
second problem.” These changes led to an assessment 
that better offered Crystal the ability to learn about her 
students’ thinking across a range of problem types. 
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Analyzing student thinking 
Crystal found that her revised assessment did in 
fact shed light on her students’ thinking about the 
four operations. She reported that all 15 students 
solved the first problem correctly but that only 9 of 
the 15 solved the second one correctly. 


This helped me zoom in on exactly where stu- 
dents were having trouble. A few students tried 
to solve the second problem by adding the 10 
and the 50 [fig. 3]. These were students who had 
solved the first problem correctly using addition 
or subtraction. This showed me that perhaps 
the students were not so much having trouble 
adding and subtracting in general as they were 
working with start-unknown problems. Had I not 
had both start- and result-unknown problems in 
the assessment, I would not have received very 
helpful information. Without knowing which 
situations students found problematic, it would 
have been hard to help them. 


Such comments show that Crystal was thinking 
deeply about what a teacher hopes to learn about 
his or her students when designing an assessment. 
They also show an appreciation of assessment as 
more than a summative activity. 

Crystal’s assessment also helped her learn what 
her students were thinking about division. “Even 
though they could not put the numbers into a stan- 
dard algorithm,” she reported, “they drew pictures 
of the problems” (fig. 4). She observed that in 
general picture drawing became more common as 
the problems increased in difficulty and that this 
strategy was often associated with sense making. 
Regarding the student whose work is pictured in 
figure 3, Crystal noted, “Instead of recognizing 
the situation as x + 10 = 50, he tried to add the two 
numbers he was given and got 60 for his answer.” 
The student whose work is pictured in figure 5, 
on the other hand, drew a picture representing the 
problem. “By drawing a picture,” Crystal wrote, 
“she showed me that she understood the problem 
and was able to arrive at the correct answer.” 

Furthermore, Crystal connected this experience 
to arguments for reform in mathematics education: 


This is an excellent example of why the NCTM 
advocates the. use of problem situations in 
teaching math rather than rote procedures. The 
first student was simply trying to apply a rote 
procedure in order to come to an answer, which 
did not promote his understanding. The second 
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Crystal's final draft of her assessment assignment 


1. Carey has 10 dogs. He sold 4 of them. How many dogs does Carey have 
now? 


NO 


. John has some money. After his Grandparents give him $10 for his birth- 
day, he has a total of $50. How much money did John begin with? 


Ww 


. Susan has 3 books to read. Each book has 9 pages. How many pages does 
Susan have to read? 


4. A teacher has 8 stickers. How can she divide them among 2 students so 
that each student gets the same amount? 


5. There are 5 children in a family. If the family only has three candy bars, 
how much will each child get so that they each get the same amount? 


A student's incorrect solution strategy for problem no. 2 


2. John has some money. After his Grandparents give him $10 for his birth- 
day, he has a total of $50. How much money did John begin with? 


lOtSO 550.00 


student was not trying to approach the problem 
in a rote kind of way but rather tried to attack it 
as a real-life kind of problem, which prompted 
her to use a method that made sense to her. 


Although this analysis highlights Crystal’s 
attention to the importance of sense making in 
mathematics classrooms, it is important to note 
that alternative conclusions are possible. The first 
student, for example, could have misinterpreted the 
word problem and operated under the assumption 
that John’s grandparents gave him $10 after he 
already had the $50, while the second student could 
have been rotely following a technique modeled in 
class. These possibilities point to the limitations 
of a written assessment and suggest that further 
exploration (e.g., one-on-one interviews) would 
be needed to make such definitive statements 
about the students’ thinking. Also highlighted is 
the importance of discussing the limitations of 
particular assessments—or of any single assess- 
ment—with preservice teachers. 


Conclusion 


Crystal summed up her experience with the assess- 
ment assignment this way: “I think my assessment 
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A student's sense-making division strategies for 
problems no. 4 and no. 5 


4. A teacher has 8 stickers. How can she divide them 
among 2 students so that each student gets the 
same amount? 


4 stickers each. 





5. There are 5 children in a family. If the family only 
has three candy bars, how much will each child 
get so that they each get the same amount? 





They will $F From 
each candy bar, 


A student's sense-making addition strategy for 
problem no. 2 


2. John has some money. After his Grandparents give 
him $10 for his birthday, he has a total of $50. How 
much money did John begin with? 


10 20 Bo 4o Grandp 


Exv-3) 
= $50 ee Cee} 
UO he Started with, 
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was strong in that it helped give me greater insight 
into my students’ thinking about math and opera- 
tions. Having students do this assessment taught 
me so much more about their understanding than 
simple fill-in-the-blank questions would have.” 

Obviously, Crystal learned about the importance 
of careful assessment design when investigating stu- 
dents’ mathematical thinking, as reflected in her 
first- to final-draft assessments. Her analysis of her 
students’ written work also shows attention to much 
more than correct versus incorrect answers. Neverthe- 
less, Crystal’s experience highlights a few areas that 
deserve the continued attention of teacher educators 
working with preservice teachers on assessment. 

First, teacher educators must address whether 
assessments align with their intended purposes. 
Crystal hoped her assessment would tell her 
whether students could “decide which operation 
they should use in a given situation,” but what it 
actually did was provide insight into their thinking 
about various problem types. The distinction is a 
subtle but important one. 

Second, teacher educators must help preservice 
teachers consider the limitations of a single assess- 
ment. A multiple-choice test, for example, cannot 
provide insight into how students are making sense 
of mathematics; at the same time, written assess- 
ments completed by individual students, no matter 
how in-depth, cannot shed light on what a student 
can do with the help of others. NCTM (1995) calls 
for “using evidence from a variety of assessment 
formats and contexts for determining the effective- 
ness of instruction and away from relying on any 
one source of information” (p. 45). 

Finally, teacher educators must emphasize the 
fact that assessments can serve various purposes 
in the mathematics classroom. In addition to grade 
assignment, assessments can offer insight into stu- 
dents’ conceptions and misconceptions and inform 
future teaching procedures. Crystal should be 
encouraged to think, for example, about how she 
might use what she learned from the assessment 
she designed to guide her instruction. 

In conclusion, the assignment discussed in this 
article can encourage preservice teachers to reflect 
on the thoughtful attention that must accompany 
the design and analysis of an assessment aimed 
at shedding light on students’ thinking. It is by 
no means sufficient for addressing the wide range 
of issues related to assessment, but it is a good 
start. We encourage teacher educators to consider 
implementing such an assignment with their own 
preservice or in-service teachers. 
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Mathematics Assessment Sampler, Grades 3-5: 
Items Aligned with NCTM?’s Principles and 
Standards, Marthe Craig, Mary Eich, Kim Morris, 
Karen Payne Aguilar, 2005. 231 pp., $38.95 paper. 
ISBN 0-87353-579-0. Stock #12937. National 
Council of Teachers of Mathematics; (800) 235- 
7566; www.ncim.org. 


The Mathematics Assessment Sampler series pre- 
sents student assessment items aligned with the 
tenets set forth in Principles and Stan- 
dards for School Mathematics (NCTM 
2000). The items reflect the mathematics 
that all students in grades Pre-K—2, 3-5, 
6—8, and 9-12 should know and be able 
to do and also focus on students’ con- 
ceptual knowledge and procedural skills. 
These formative assessments help teach- 
ers learn how their students think, how 
they communicate their understanding 
of mathematics, and how their answers 
can be used to guide classroom instruc- 
tion. The book contains multiple-choice, 
short-response, and extended-response 
questions compiled from many sources, including 
NAEP, Nova Scotia Elementary Mathematics Pro- 
gram Assessment, and the New Standards Project 
_as well as some state released assessment tests. Stu- 
dents are asked to justify their solutions to multiple- 
choice questions as well as performance tasks. The 
solutions include an explanation of the mathematics 
involved, which are especially helpful to teachers 
new to education. The questions are presented not in 
isolation but in a problem-solving situation. 





I shared some of the assessment questions with 
teachers and students in three different elemen- 
tary schools. Teachers found it helpful that the 
items are sorted according to the five mathematics 
strands—number and operations, algebra, geom- 
etry, measurement, and data analysis and prob- 
ability—each of which has thirty to fifty rich, 
complex questions. As part of a grade-level team 
exercise, teachers examined an extended-response 
question from the number and operations strand. 
They first reviewed the student work samples and 
discussed what constitutes a correct response, a 
satisfactory response, a partially correct response, 
and an incorrect or off-task response. The teach- 
ers then gave the exact question from the sampler 
to their own students, who gave some of the same 
responses as in the sample responses. After some 
team discussion, the teachers discovered that they 
themselves score more consistently when they 
discuss and work together. They also customized 
the given rubrics to align with the state’s rubrics to 
score students’ papers. Through the use of rubrics, 
students know what is expected of them and how 
their answers will be evaluated, and this knowledge 
better prepares them for the state assessment. 

The book also contains a section on professional 
development that can be used with teachers to 
examine student work. The student examples give 
teachers an opportunity to gain valuable insights 
into students’ thinking, which can influence their 
instructional practice. 

This book is recommended to all intermediate 
teachers as a resource to help enhance their stu- 
dents’ achievement and overall student learning. — 
Carol Newman, mathematics curriculum specialist, 
Broward County, Ft. Lauderdale, FL 33301. 


Results and Interpretations of the 1990-2000 
Math Assessments of the National Assessment 
of Educational Progress, Peter Kloosterman and 
Frank K. Lester Jr, 2004. 446 pp., $48.95 paper. 
ISBN 0-87353-564-2. Stock #12784. National Coun- 
cil of Teachers of Mathematics; (800) 235-7566; 
www.ncim.org. 


This monograph provides background and perspec- 
tives on the mathematics-content data from the 
2000 National Assessment of Educational Progress 
(NAEP). Like the NAEP itself, this monograph 
provides results and interpretations at three grade 


Prices on software, books, and materials are subject to change. Consult the suppliers for cur-— 


rent prices. The comments reflect the reviewers’ opinions and do not imply endorsement by i levels—fourth, eighth, and twelfth—and in all 
the National Council of Teachers of Mathematics. : . glee 


‘ mathematics strands. Information is also presented 
Sta e bo : ‘ (Se i Se regarding longitudinal data from the NAEP; find- 
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ings from the 2000 NAEP regarding teachers’ 
preparedness, affect, and efficacy in teaching math- 
ematics; and findings regarding race, ethnicity, and 
gender and students’ mathematics achievement. 
Additional chapters present evaluations of students’ 
ability to respond to constructed-response items 
and reason with data. The authors present evidence 
that overall student achievement in mathematics in 
the United States is improving, although much is 
left to be done. 

This book pro- 
vides accessible 
and important infor- 
mation for a wide 
range of audiences. 
Beyond the inter- 
pretation of © the 
NAEP data, which 
is of interest to edu- 
cational research- 
ers, the monograph 
contains informa- 
tion for parents, 
educational policy- 
makers, teachers, and students preparing to become 
teachers. The chapters, all written by prominent 
educational researchers, are readable, clear, and 
concise. 

This is a critical document for those with an 
interest in mathematics education in the United 
States. Because state NAEP scores will be used 
to assess individual states’ progress toward meet- 
ing the goals of federal No Child Left Behind 
legislation, it is important to connect the math- 
ematics curriculum frameworks of individual 
states with the NAEP measurements. Also note- 
worthy is the information about who is teaching 
mathematics in this country. Are we adequately 
providing all teachers, including elementary 
school teachers, with sufficient knowledge and 
skills to be competent mathematics teachers? 
The comparisons between students’ scores on 
other subject areas tested by the NAEP and their 
scores in mathematics are also important to note, 
especially in content that parallels mathematics 
concepts, such as graphing, measurement, and 
problem solving. 

This monograph need not be read straight 
through. Readers can focus their reading on spe- 
cific mathematics topics or grade levels and still 
come away with a clear sense of what the data 
interpretations have to tell us. Reflecting on these 
analyses will only add to our ability to provide 
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high-quality mathematics education for all our stu- 
dents.—Judith E. Gilson, University of San Fran- 
cisco, School of Education, Teacher-Education 
Department, San Francisco, CA 94117-1071. 


From Other Publishers 


“Vm Older Than You. I’m Five!” Math in 
the Preschool Classroom, Ann S. Epstein and 
Suzanne Gainsley, 2004. 179 pp., $25.95 paper. 
ISBN 1-57379-221-7. High/Scope Press; (800) 
407-7377; www.highscope.org. 


This resource book is designed for use in a 


preschool classroom. It is divided into six chap- 


ters: “The High/Scope Approach to Preschool 
Mathematics,” “Classification,” “Seriation,’ “Num- 
ber,’ “Space,” and “Time.” In each chapter, the 
author includes hands-on, easy-to-follow activities 
organized by beginning, middle, end, variations, 
follow-up, and materials needed. The activities are 
also aligned with NCTM’s standards. 

’ One of my favorite activities is “Chunky Cray- 
ons,” included in the “Classification” chapter. The 
teacher provides a recipe for chunky crayons, the 
students make the crayons, and then the teacher 
reinforces the steps in the recipe and the mathe- 
matical language (“‘first,’ “second,” “third,” “last’’). 
Students also practice classification when they 
are sorting the crayons before making the chunky 
crayons. 

I would recommend this book to preschool 
teachers who are looking for some hands-on activi- 
ties to reinforce mathematics concepts. The lessons 
are fun, easy to follow, and engaging, and the mate- 
rials required are not difficult to find. Preschool 
students would definitely enjoy them while learn- 
ing mathematical language and concepts.—Sarah 
Olague, primary school teacher, Oak Park, IL 
60302. 


Mathematical Development in Young Children: 
Exploring Notations, Barbara M. Brizuela and 
Richard Lehrer, 2004. 144 pp., $24.95 paper. ISBN 
0-8077-4451-4. Teachers College Press; (800) 
575-6566; www.teacherscollegepress.com. 


Through case studies and clinical interviews, Bri- 
zuela and Lehrer depict children learning to rep- 
resent their mathematical thinking and using their 
developing notations to understand the mathemat- 
ics they are doing. The examples range from three 
kindergartners—George, Paula, and Thomas—who 
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are wrestling with the basics of number notation, 
tens and ones, place value, and commas and peri- 
ods, to third graders like Sara, who is making sense 
of fractions, and Jennifer, Nathan, and Jeffery, who 
are attempting to understand a “best deal” situation 
by using and contrasting graphs and tables. 

Throughout the book Brizuela and Lehrer dem- 
onstrate the necessity of respecting children’s 
notations, which, as they struggle with difficult 
concepts such as place value and fractions, are 
reasonable and make sense to them. Her message 
seems to be not to dismiss “strange” notations as 
unreasonable (compared with conventional ones) 
but explore with the students their thinking behind 
the invented notation in order to understand their 
mathematical development and illumine their path 
to using conventional notation. 

This book is not easy to read. A classroom 
teacher like myself needs to take a piece at a time, 
read carefully, reflect on its message and truths, 
and then perhaps begin to incorporate some of the 
ideas about invented notation strengths into every- 
day work. The insights into children’s development 
of mathematical thought are very rich and deserve 
to be pondered carefully. Any teacher who wishes 
to develop more understanding of their students’ 
mathematical thinking should read and reflect on 
this book.—Alison Claus, mathematics specialist 
(retired), Vernon Hills, IL 60061. 


The Numbers Dance: A Counting Comedy, Jose- 
phine Nobisso, 2005. 32 pp., $16.95 cloth. ISBN 
0-940112-11-6. Gingerbread House; (631) 288- 
5119; www. gingerbreadbooks.com. 


This colorful counting book, which integrates 
dance terms throughout its pages, tells a tale about 
the numerals one to ten, which dance in classical, 
boogie, and western styles. Each numeral wants its 
own style to dominate but eventually learns toler- 
ance for the other styles. 

Each numeral is illustrated in a distinct font: 
the classical numerals are delicate and curvy, the 
boogie numerals are bold, and the western numer- 
als have traditional colors. The numerals’ colors, 
size, and shape might make it difficult for begin- 
ner numeral recognizers to distinguish them. Set- 
ting a counting tale in the world of dance provides 
a vehicle for introducing vocabulary and, perhaps, 
the dances themselves. Throughout the book, the 
right margin of the text features a number band in 
which each numeral is printed in a separate space 
with the corresponding quantity of dots, creating 


a continuous illustration of the numerals, their 
quantities, and their sequence. The book focuses 
on forward counting, although occasionally two 
numerals are out of order, thus providing a limited 
view of the counting sequence. The kindergart- 
ners with whom I shared the book had lukewarm 
reactions. Although a couple of them participate 
in ballet lessons, they did not make connections 
to this story and dance. Because they were not 
familiar with the context, they did not find the 
story funny. | 

This book integrates dance with the number | 
sequence, an unusual combination. If your stu- 
dents understand the dance-related vocabulary, 
they might find the book humorous; if not, it could 
serve as a basic counting book.—Mary Ellen Bard- 
sley, College of Education, Niagara University, 
Lewiston, NY 14109. 


Save, Spend, or Donate? A Book about Manag- 
ing Money, Nancy Loewen, 2005. 24 pp., $16.95 
cloth. ISBN 1-4048-0952-XW. Ups and Downs: 
A Book about the Stock Market, Nancy Loewen, 
2005. 24 pp., $16.95 cloth. ISBN 1-4048-0954-6W. 
Picture Window Books; (877) 845-8392; www 
.picturewindowbooks.com. 


Fun additions to any upper elementary school 
teacher’s life skills or economics library, these two 
titles in this bright picture book series—Money 
Matters, a set of eight titles for grades 1-3— follow 
children on their adventures as they learn about 
money, investing, and saving. A wise piggy bank 
banker sits in the corner of many pages, briefly 
explaining the more technical aspects of economics 
as children are immersed in learning through their 
own experiences with money. 

In Save, Spend, or Donate? a trip to the store 
leads Sam and Josie to think about saving and 
spending and whether, at the end of the day, they 
will have any money to give away. Ups and Downs 
tells about Shannon, who receives a: gift of one 
share of stock from her uncle, and her exposure 
to how the stock market works; a helpful, student- 
friendly graphic at the end of the book shows the 
different parts of the stock market page commonly 
found in newspapers. 

Each book includes a graphic that explains a 
facet of the book as well as provides fun facts and 
a brief glossary of terms. In addition, the author 
provides information about where students and 
teachers can go to learn more about the topic, both 
at the library and on the Web. Written in collabo- 
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ration with an economics professor and literacy 
educator, these books are both accurate and reader 
friendly, and the vibrant, digital illustrations are 
visually appealing. These books can be used to 
quickly introduce new topics and spark discussions 
or can be read alone by students.—Wendy Schud- 
mak, Alexandria City Public Schools, Alexandria, 
VA 22302. 


Etcetera 


Climbing the Word Problem Trails, 2005. 
$21.95, game. Order number W-MM4324. World 
Class Learning Materials; (800) 638-6470; www. 
wclm.com. 


This board game is for students in grades 2—3. They 
determine operations, create equations, and solve 
one- and two-step word problems while traveling 
along “trails” to reach a “cabin,” thereby winning 
the game. Four players can choose between four 
levels of difficulty. Question Cards provide oppor- 
tunities for students to decide which operation, 
equation, or solution fits the word problem on each 
card. This visually stimulating game board has six 
different “trails” with three different paths that stu- 
dents travel. Math “Flip-Card Boards” are part of 
the management process and help students stay on 
the correct path. 

My students chose the highest level of problem 
cards involving all four operations. Reading the 
problems went smoothly, but some of the two-step 
problems required extra time. Directions for using 
the Flip-Cards were confusing and very detailed. 
A student helped set up the game board and Flip- 
Card Boards, allowing for more playing time. 
The students expressed that the game was fun and 
competitive and said they would play it again. Both 
girls and boys felt the game was fair to all players, 
even with the frustrating longer “trails.” The make- 
believe “week in the cabin” as a prize did not seem 
as enticing as a real prize. 

Teachers will need to read the directions care- 
fully and allow at least forty-five minutes to an 
hour to complete the game. A second variation of 
the game requires students to work sequentially 
through a problem to a final solution. This variation 
could actually be a stand-alone activity without 
the board. Problems for both games were age- and 
grade-appropriate and were challenging for all 
levels of ability within a second- or third-grade 
class.—Mary Kay Varley, Fort Worth Country Day 
School, Fort Worth, TX 76006. 
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Family Math Night: Math Standards in Action, 
Jennifer Taylor-Cox, 2005. 150 pp., $25.95 paper. 
ISBN 1-930556-99-3. Eye on Education; (888) 
299-5350; www.eyeoneducation.com. 


Have you ever wanted to host a family math night 
at your school but weren’t sure how to begin? 
Then Family Math Night is just the book for 
you. This little volume is jampacked 


with ideas and techniques for plan- Family Math Night 
é ~ . [2 : ¢ 
ning and implementing a successful Math Standards in Action 
math event at your school. The author Jennifer Taylr-Co, PhD 


gives clear and concise directions for 
each activity. Most of the math centers 
and games can be easily created, as 
many call for manipulatives that most 
teachers have in their classrooms. The 
math stations are divided into three 
categories; primary, intermediate, and 
general prekindergarten through fifth 
grade. Several activities are linked to 
mathematics-inspired children’s liter- 
ature. The author also gives examples of math night 
invitations, journal covers, evaluation forms, and 
ways to extend each activity. Even if your school 
has already had such an event, you would glean 
new insight from this book. It is a valuable time- 
saver for new teachers as well as veterans.—Jane 
Jackson, Centerville-Abington Elementary School, 
Centerville, IN 47330. 


Kid Friendly Computation, Sarah Morgan Major, 
2002. $29.95 each, paper. Addition and Subtrac- 
tion, 224 pp. ISBN 1-56976-199-X. Place Value, 
192 pp. ISBN 1-56976-200-7. Independent Publish- 
ers Group; (800) 888-4741; www.ipgbook.com. 


For the child who is a visual and kinesthetic learner 
and who may be struggling with standard instruc- 
tion in computation, this set of strategies and stories 
makes early learning concrete and practical. The 
focus is only on computation. The strategies move 
from building number concepts to seeing number 
patterns by using concrete materials and then, as 
the students become more proficient, transition to 
symbolic understandings. Embedded in the texts 
are teaching strategies, organizational recommen- 
dations, and a variety of assessment tools. 

The first book lays the groundwork, with empha- 
sis on creating a sense of number and computation 
to ten. An ongoing story about a small village is 
introduced and used as a learning tool. This same 
story format is used in the second book as students 
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explore place value and its meaning for computa- 
tion at all levels. There is a strong emphasis on 
seeing patterns, making connections, and using 
prior knowledge. Both books include a generous 
collection of support material that is referenced in 
the text. 

This collection of strategies appears to be most 
useful when used individually or in small groups 
for remediation with primary-age children. It pro- 
vides an alternative and support for classroom 
curriculum that gives learners another avenue to 
develop basic understandings and confidence in 
computation.—Katy Ping, Indian Hill Primary 
School, University of Cincinnati, Cincinnati, OH 
45242. 


Kid Friendly Computation: Multiplication 
and Division, Sarah Morgan Major, 2005. 224 
pp., $29.95 paper. ISBN 1-56976-196-5. Chicago 
Review Press; (800) 888-4741; www.chicago 
reviewpress.com. : 


This teacher resource discusses various teaching 
strategies for multiplication and division with 
a focus on the following concepts: place value, 
multidigit computation, number patterns, number 
sense, number families, and word. problems. The 
author provides detailed goals, instructions, and 
visuals for the teacher’s understanding of each 
activity. As the title implies, this book focuses 
on struggling upper elementary school students 
who require visual stimulation and also need to be 
actively engaged in the mathematical process. 
How many times have we found that traditional 
teaching methods fail to reach all our students? 
This resource provides numerous strategies that 
will engage and encourage students of all ability 
levels to understand (not memorize) mathemati- 
cal concepts. The book contains not only in-depth 
teacher directions but also student masters. The 
masters are clear and written in large print. A final 
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appendix includes teacher assessments and over- 
head transparencies. 

I recommend this resource to upper elementary 
school teachers who are searching for strategies 
that will reach and motivate students with different 
learning styles.—Cecilia Harkey, elementary AIG 
teacher, Lincoln County Schools, Rock Springs, 
Denver, NC 28037. 


The Marilyn Burns Classroom Math Library: 
Grade 3 Collection, Marilyn Burns, 2005. $239. 
Library includes a teacher handbook, twenty-five 
student books described in the teacher handbook, 
and a classroom display unit. Scholastic; (S00) 
724-6527; www.scholastic.com. 


This collection is one of five “libraries” designed 
for kindergarten, grade 1, grade 2, grade 3, and 
grades 4—6. Each collection includes 25 children’s 
books; for five of these books, five copies each are 
provided for use with small groups of students. 
The books in each set were especially selected for 
the age identified and are not duplicated in other 
collections. A teacher handbook by Burns provides 
instructional information for each of the 25 books. 
The two-page review for each book includes infor- 
mation about the book, a lesson summary, math- 
ematical connections in the lesson description, and 
follow-up activities. A more detailed examination 
of the type of mathematical thinking the books are 
intended to foster is provided for one book. A book 
display is included with the library. 

The organization of this library is key to its 
appeal. Specific information ties each book to 
mathematics standards, topics, and activities, so 
teachers should have little trouble knowing when 
and how to use these books. The instructional tasks 
are uniformly well designed to encourage meaning- 
ful opportunities for students to engage in math- 
ematical reasoning. The majority of the books in 
this library lead students to tasks that develop num- 
ber sense. Most of these appear to be appropriate 
for what is generally addressed in the third-grade 
curriculum, such as multiplication, division, place 
value, and making sense of large numbers. In the 
collection I reviewed, the book choices for examin- 
ing the concept of fractions and proportions seem 
to be a bit more basic than the other selections, but 
the tasks do encourage a higher level of thinking. 
Classroom teachers are likely to find this a resource 
they can easily use to support their mathematics 
instruction.—Wayne Gable, Austin Independent 
School District, Austin, Texas, 78704. A 
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in Teaching Children Mathematics! 


The Editorial Panel of Teaching Children Mathematics wants to 
publish your great teaching ideas in TCM. To write for the journal, 
start with these easy steps: 


@ Choose a topic that you know well and feel passionately 
about. 


@ Set goals for the manuscript. What do you want the reader to 
know and be able to do after reading your article? 


®@ Write clearly and succinctly. Your article should be easy to 
read and understand. 


@ You may wish to include— 
* research to substantiate the effectiveness of your topic; 
* photographs of children at work; or 


* photographs or other illustrations that clarify your ideas for 
readers. 


When we review your manuscript, we will be scoring it using 


the following criteria: 


@ importance of topic 

@ quality of ideas 

® quality of writing 

® contribution to a reader’s professional growth 
@ consistency with good teaching practices 


Submit a manuscript to Teaching Children Mathematics soon 


and share your great practices with teachers around the country. 
Manuscripts should not exceed ten double-spaced typed pages 
of text; this page limit does not include tables and figures. For 
additional information regarding manuscript preparation, visit 
my.nctm.org/eresources/contributors.asp. Submit completed 
manuscripts by accessing tem.msubmit.net. 
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Teaching and Learning 
Measurement 


Ad easurement, the Forgotten Strand” 
MI was the title of a presentation given 
by Glenda Lappan, past president of 
the National Council of Teachers of Mathematics, 
at the 79th Annual Meeting in Orlando in April 
2001. What an apt title! Measurement is a concept 
that, if not completely forgotten, is often taken for 
granted. Yet measurement is an integral part of all 
mathematics content as well as the content of most 
other subjects. Measurement is central in geometry 
lessons as well as in science. Despite their wide 
application, however, measurement lessons are 
often found at the end of traditional textbooks—in 
chapters that most teachers do not have time to 
teach or are insufficiently addressed. This fact is 
troubling when we stop to consider how completely 
measurement is integrated into our lives. 

Measurement encompasses time, length and 
width, volume, and temperature. We use measure- 
ment of time to schedule activities, prepare food, 
and plan our days. Our clothes are measured and 
sized so that they fit. We use measurement of vol- 
ume to prepare our food and help us pack lunch 
boxes, backpacks, briefcases, and suitcases. Mea- 
surement of temperature allows us to plan appro- 
priate clothing and activities. This need for more 
attention to measurement is one reason for select- 
ing this strand as the theme for the 2006 focus issue 
of Teaching Children Mathematics. 

Reading and reviewing manuscripts submitted 
for this issue have made us more aware of some 
of the exciting classroom activities that revolve 
around measurement. This process has made us 
better teachers, and we hope the articles we have 
selected will do the same for you. We believe that 
TCM readers will discover similar insights and 
ideas when they read this issue. 

“Understanding the Development of Students’ 
Thinking about Length,” by Michael T. Battista 
(page 140), outlines the levels of children’s devel- 
opment as they learn to measure. “Etty Wanda 
and the Have a Heart Problem,” by Susan L. 
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Addington (page 148), is a mathematical fairy 
tale that explores the difference between area and 
perimeter and emphasizes the importance of the 
process. Constance Kamii’s article “Measurement 
of Length: How Can We Teach It Better?” (page 
154) focuses on the implications of children’s 
development in classroom instruction and presents 
some interesting ideas about teaching standard and 
nonstandard units. Classroom instruction is also the 
focus of “This about Covers It! Strategies for Find- 
ing Area,” by Tutita M. Casa, Ann Marie Spinelli, 
and M. Katherine Gavin (page 168). “Bird Station 
Investigation,’ by Julie Poth (page 174), follows a 
class of third graders as they apply measurement 
across the curriculum. 

Some departments in this issue also reflect 
the measurement focus. In the “Problem Solv- 
ers” department, this month’s problem, “Making 
Brownies,” by Sheryl Stump (page 162), gives 
students the opportunity to link measurement with 
cooking as they explore adapting a brownie recipe 
and using different-sized pans. Taking a look back 
at the solution to the problem introduced in the 
October 2005 issue of TCM, “Build a Better Box” 
by Carla Tayeh (page 164), we see how students 
redesigned the shape and size of a cereal box. This 
month’s “From the Classroom”—“Converting 
Customary Units: Multiply or Divide?” by Anna 
Klamik (page 188)—shows how the author reacted 
to her students’ need for efficient procedures for 
converting customary units for volume. 

Our call for articles about teaching and learn- 
ing measurement has provided us with a wealth of 
ideas that we plan to implement in our own class- 
rooms. As you read and investigate the articles in 
this issue, we hope that you are also inspired by the 
instruction and learning that takes place from the 
teacher’s as well as the student’s perspective. After 
all, each of us is both a teacher and a learner. 

On behalf of the TCM Editorial Panel, 
Cathie Lewis and Brian Schad 
TCM Focus Issue Editors 
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Fostering Communication 
about Measuring Area in a 


Transitional Language Class 


here seems to be little agreement in the lit- 

erature on how best to order instruction to 

develop conceptual understanding of measure- 
ment. However, there is clear consensus regarding 
the importance of avoiding an overreliance on pro- 
cedural skills. One way to emphasize conceptual 
understanding while deemphasizing procedural 
knowledge is to focus on students’ explanations, 
justifications, and representations (Lehrer 2003). 
The following account of a fourth-grade class’s 
development of invented strategies for measuring 
areas of irregular polygons supports both a goal for 
students—to “be challenged to develop measure- 
ment techniques as needed in order to measure 
complex figures” (NCTM 2000, p. 173)—and a 
goal for teachers—to encourage students to support 
their findings with mathematically based justifica- 
tions (Artzt and Yaloz-Femia 1999; McClain et 
al. 1999). The value of providing explanations to 
Support invented strategies that became evident 
during this study was underscored by the fact that 
this fourth-grade class consisted of students in a 
transitional language class in which most students 
were limited English proficient (LEP). 

The fourth-grade teacher was part of a school- 
based professional development program support- 
ing teachers’ development of knowledge of both 
mathematics content and mathematics pedagogy. 
During a workshop, this fourth-grade teacher 
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expressed concern that, because her students were 
LEP, she was not sure how to engage them in effec- 
tively communicating explanations of their math- 
ematical thinking. She invited the workshop leaders 
to her class to teach a set of lessons presented at a 
workshop on measuring area. The lessons described 
here were taught in the fourth-grade class by one of 
the workshop leaders and supported by another 
workshop leader and the classroom teacher, each 
of whom contributed to the development of the les- 
sons and the writing of this article. 


Lesson 1: Introducing the 
Four Square Units Problem 


The investigation began with the following 
challenge: 


Using the geoboard, find as many polygons as 
possible that have an area of four square units. 
Record each new polygon on geoboard dot 
paper. Be ready to justify why each of your poly- 
gons is four square units. 


This problem was designed to stimulate flexible 
reasoning about area in terms of square units. Many 
students have difficulty thinking about measuring 
area of irregular shapes in square units because 
these shapes do not look as if they could be filled 
completely with squares without overlaps or gaps 
(Lehrer 2003). We reasoned that students might be 
more apt to make meaning of partial units if they 
were confined to exploring ways to manipulate a 
small number of units to form interesting shapes. 
The geoboard is a particularly supportive tool for 
this goal because it allows students to easily explore 
and adjust shapes; after they find the solutions, 
permanent records of ideas exist only if they have 
been transferred to geoboard dot paper. Because of 
the numerous possible responses, we also expected 
that this problem would motivate students of vary- 
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Establishing square units on a geoboard 
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a. One square unit 


b. Two square units 


Confronting misconceptions: What is the area 
of this polygon? 











Reasoning about half-square units 











ing levels of mathematical proficiency and English 
mastery to find multiple solutions and use language 
to explain their solutions to peers and teachers. 
Before setting the students to work, we worked 
together to unpack the important information in 
the task. First, the class generated a list of the 
characteristics of polygons, noting that they are 
flat, closed shapes with at least three sides and that 
they do not have lines that curve or cross. Then 


we discussed the idea of area and the meaning of 
square units. On an overhead geoboard, we placed 
a rubber band so that it defined one square unit of 
space (see fig. 1a) and discussed how square units 
can be used to describe the amount of space inside a 
region defined by a rubber band but not the distance 
between the pegs. Then we asked the students how 
they could change the rubber band so that the space 
inside would measure two square units. A student 
adjusted the rubber band to show a two-square-unit 
rectangle (see fig. 1b). The class readily accepted 
this solution and justified it by partitioning the 
space into two individual squares, each the size and 
shape of the initial square unit. 

Next, we challenged the students to determine the 
number of square units in the square shown in figure 
2. They generated a range of answers that allowed 
us to confront some of their misconceptions before 
actually beginning work on the Four Square Units 
problem. The students conjectured that the area was 
one square unit because there was one square show- 
ing. For some students, language difficulties made it 
hard to distinguish the difference between two ways 
of using the word square. Both shapes were squares, 
but one had been designated as the square unit. Work 
with other types of units for measuring areas, such 
as triangular units, may have helped clarify this dis- 
tinction in language regarding measurement. Other 
students reasoned that the area was one square unit 
because the length of one side of the square extended 
between two pegs, so it was one unit of length. Using 
the side of a sheet of paper, we compared the length 
of a side of the original one-square-unit square to a 
side of this new square. We concluded that the two 
squares could not be the same size because their 
sides were of different lengths. 

Soon a student suggested that we divide the 
square into four parts. He said that each part was 
half a square unit, so the whole square was two 
square units. Many students readily agreed, but it 
took another few minutes for the class to justify this 
conjecture. We encouraged the students to reflect 
on the claim and reason through why it was true. 
In the end, the class reasoned that each quarter of 
the square was half a square unit because we could 
place a second rubber band showing one square unit 
so that the long part (hypotenuse) of the triangle cut 
the one square unit in half (see fig. 3). 

For the remainder of the class, the students 
worked on generating solutions to the Four Square 
Units problem. Although the students worked indi- 
vidually on their own geoboards and recorded on 
their own sheets of geoboard dot paper, they spon- 
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Alba’s “rocket” polygon 





Shared writing on the overhead about Alba’s 
“rocket” polygon 


First we Counted the 
yellow port, It was 

2 square units. Next 
we figured out the 
top. + was t ond £, 
so thot port is 1. Then 
the bottom part also 
has band £ , soitis 1. 
Z+1 +1 = 4 square units. 


Ta 


Bernardo’s 






wide diamond” polygon 





taneously shared and compared solutions with their 
peers. Teachers circulated among the table groups 
and prompted students to justify their solutions, 
often requesting the help of other students at the table 
in evaluating the solutions of peers. With minimal 
prompting, the students worked together in English 
and Spanish to generate and rehearse mathematical 
explanations and arguments. This opportunity to 
work cooperatively with other students to formulate 
and rehearse verbal explanations and justifications 
for mathematical solutions is especially important 
for LEP students because it provides a supportive 
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environment for trying out new vocabulary and for- 
mulating organized ideas (Lee and Jung 2004). At 
the end of the class, we asked students to circle their 
“most interesting” polygon; we planned to start the 
next lesson by sharing these. 


Lesson 2: Sharing and 
Justifying Solutions 


The primary focus of the second lesson was using 
whole-group discussion to support students in synthe- 
sizing and extending the mathematical ideas gener- 
ated through the previous exploration. A secondary 
goal was to engage the students in formulating written 
justifications. To meet this second goal, we decided 
that class discussion of a given solution would be 
followed by a shared writing experience to develop 
a written justification for the solution. Through this 
shared writing process, we aimed to demonstrate tech- 
niques that would be helpful in the next lesson. 

This lesson began with the class reviewing the 
Four Square Units problem parameters and the 


‘students rebuilding their “most interesting” poly- 


gons from the previous lesson. Next, we asked the 
students to share and justify their four-square-unit 
polygons with the other students at their tables, thus 
allowing them to reconnect with our work from the 
previous day and giving each one practice in justi- 
fying his or her mathematical solution. In reflecting 
on the previous lesson, we realized that most stu- 
dents in the class were working comfortably with 
developing justifications for polygons involving 
half-square units but that they were less comfort- 
able reasoning about the size of pieces that were part 
of a square unit but not exactly half (“nonhalf partial 
units”). In fact, few students had recorded polygons 
that included such units. As a result, we decided to 
focus the class discussion on moving the students 
toward reasoning about these nonhalf partial units. 

The class discussion focused on reasoning about 
three solutions to the Four Square Units problem. We 
started with the “rocket” polygon because its partial 
units were all half-square units (see fig. 4). Therefore, 
we predicted that the students would quickly make 
sense of the solution and that we could use this oppor- 
tunity to focus on setting expectations for our class 
discussion. Students in this class were not accustomed 
to discussing their solutions as a whole group, so it 
was important to make their roles as active partici- 
pants as explicit as possible. 

We began by having Alba, the student who created 
the rocket polygon, build it on the overhead geoboard. 
Then we asked the other students to construct the 
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Students’ strategies for finding the area of the 
“wide diamond” polygon 


a. Two “combining parts” strategies 




















Lia 


José’s “tall triangle” polygon 





solution on their own geoboards. After giving them 
a few moments to study the solution, we asked them 
how they thought Alba determined that this polygon 
was four square units. As some of the students shared 
their ideas, we reminded the others that it was their 
job to be listening and thinking about what their class- 
mates were saying and asking themselves, “Do I agree 
or disagree?” and “Do I have any questions?” Next, 
we asked Alba to explain how she had thought about 
the solution. The rest of the class was to listen to her 
explanation and determine whether it was the same as 
or different from other students’ conjectures. Finally, 
we asked the class to summarize step by step what 
Alba had shared, and we recorded their comments on 
the overhead geoboard (see fig. 5). 

Next we discussed Bernardo’s “wide diamond” (see 
fig. 6). We focused on this solution because it loosely 
resembled the square we had talked about in the first 
lesson but also involved nonhalf partial units. In addi- 
tion, Bernardo had confidently explained this solution 
to a teacher in the previous lesson, and we hoped that 
he would introduce his strategy—the rectangle strat- 
egy—into our class discourse. We asked the students 
to build this solution on their geoboards and study it. 
Although the students had quickly determined that the 
rocket polygon was four square units, most students did 
not readily know how to figure out whether the wide 
diamond was four square units. When few students 
raised their hands to share ideas about Bernardo’s solu- 
tion, we directed the table groups to talk about possible 
area-finding strategies. Each table group would report 
to the class whether or not the group thought the wide 
diamond was four square units and why. 

After several minutes, two strategies emerged for 
considering the area of the wide diamond (see fig. 7). 
Most table groups had partitioned the wide diamond 
into four equal parts, similar to what we had done 
with the square in the first lesson, and proposed that 
each fourth of the diamond was one square unit. At 
some tables, students justified this solution by using 
a “combining parts” strategy, reasoning that a partial 
square from one region could fit like a puzzle piece 
with another partial square to form a whole square 
unit. The second strategy—Bernardo’s rectangle strat- 
egy—was discussed among the students at his table 
group. This group looked for a way to construct a rect- 
angle that would be exactly twice as big as the original 
triangle that they were trying to find the area of. Then 
the area of the original triangle would be exactly half 
the area of the rectangle. 

We wanted to make sure that the students could use 
Bernardo’s more complex rectangle strategy, because 
this strategy can be generalized to determine the area 
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of any nonrectangular polygon. We asked Bernardo 
to explain his rectangle strategy and demonstrate his 
work on the overhead geoboard. Next we asked four 

other students to come up and explain Bernardo’s 
reasoning. As they attempted to explain the rectangle 
strategy, we encouraged the rest of the class to agree 
or disagree. Through this process of interactive class 
negotiation, we wrestled with the conceptual basis 
of Bernardo’s rectangle strategy. Then, as before, we 
engaged in shared writing on the overhead to summa- 
rize the solution strategy. 

The last solution we discussed as a class was 
José’s “tall triangle” (see fig. 8). We discussed this 
polygon at this point because we conjectured that 
students would deepen their understanding of the 
rectangle strategy by applying it in a new context. On 
the previous day, José was struggling to find a way to 
prove that this tall triangle had an area of four square 
units. Because he was not sure of his own reasoning, 
he was reluctant to share his solution with the class. 
For this reason, we displayed José’s tall triangle on 
the overhead geoboard and asked the class to help us 
determine whether or not this triangle was four square 
units. After giving the class a few minutes to wrestle 
with the problem, José was put in charge of calling on 
students to share their ideas. By the time we set out to 
write about our group solution (see fig. 9), José was 
able to explain with confidence why the tall triangle 
was four square units. 

_ To finish the lesson, we provided students with 
two additional polygons on the geoboard (with total 
areas different from four square units) and directed 
them to use what they had learned to find the area of 
each polygon. Both polygons involved nonhalf partial 
units, so this task helped us assess the extent to which 
the students had integrated new strategies for finding 
area into their mathematics repertoire. 


Lesson 3: Writing about 
Area-Finding Strategies 

The primary goal of this final lesson was for the stu- 
dents to use what they had learned in the previous les- 
sons to write about their strategies for finding the area 
of a geoboard polygon. We also wanted to provide an 
experience that would allow them to both synthesize 
and celebrate their learning. To accomplish these 
goals, we had the students create “What’s My Area?” 
puzzle cards. 

After a brief discussion of students’ strategies for 
finding the area of polygons introduced at the end of 
the second lesson, we shared a model of a ““What’s 
My Area?” puzzle card (see fig. 10) and outlined what 
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Shared writing on the overhead about José’s “tall triangle” polygon 


First we put the red 
rectangic. Itis 4 
square units. The 
yellow is half of the 
rectangle , so it is 
2 squore units. The 
other side is the 
some and 2+2 = 4 
Square wit. 





Nancy's “What’s My Area?” puzzle card 


a. Front 





b. Back 


The area of my polygon is Jf square units. 
My solution strategy: 

El- ama yiv0 i 
£02 @€\ VYrimedol. 





English translation of text: “The yellow was the first that | counted 
and there was 6. Afterwards | counted the pink and there was 1.” 
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the students would be doing in this lesson. On the 
front of the cards, on an enlarged square of geoboard 
dot paper, the students were to draw the outline of an 
interesting polygon of any area. On the back of the 
card, they would provide a written explanation (in 
English or Spanish) about how they found the area 
of this polygon. We reasoned that the puzzle card 
task would provide a motivating context for writing 
about mathematics because the writing would be 
purposeful and would have a clear audience—their 
fellow students. Furthermore, exchanging puzzle 
cards with other students would provide an authen- 
tic context for students to continue applying strate- 
gies for finding area. 

We directed the students to design and find the 
area of three interesting polygons and then pick 
one of these to make into a puzzle card. Before 
making the puzzle card, each student was required 
to explain his or her area-finding strategy to at 
least two people. We reasoned that talking about 
strategies before writing would be a supportive 
prewriting activity, especially for LEP students. 
The students completed their cards at varying rates; 
those who finished quickly solved others’ puzzle 
cards and helped the other students. 

As anticipated, the students were eager to design 
and solve the “What’s My Area?” puzzle cards. As 
they wrote about their area-finding strategies, they 
reflected on what they had learned and made the 
knowledge their own. 


Hindsight and Insight 


Overall, we felt that this series of lessons accom- 
plished our established goals. There was evidence 
to suggest that the students developed a more 
sophisticated understanding of measuring area in 
terms of square units, and they actively participated 
in communicating mathematical ideas. However, on 
reflection, we identified two ways in which we will 
modify this instructional sequence in the future. 

First, when the students worked at designing 
new polygons in the third lesson, we anticipated 
that they would continue to use the rectangle strat- 
egy they developed and used in the class discus- 
sions. To our surprise, they seemed to avoid design- 
ing polygons that lent themselves to the use of this 
strategy. We took this as an indication that they 
needed additional practice in using the rectangle 
strategy to find the area of polygons before moving 
to the culminating project. 

Second, we realized that we had unintentionally 
deemphasized the “combining parts” strategy that 


had surfaced during our discussion of Bernardo’s 
wide diamond solution in.the second lesson. By 
doing so, we may have limited the ways in which 
we encouraged students to find solutions. Further- 
more, the combining parts strategy can be quite 
useful for studying the relationships among rect- 
angles, parallelograms, and triangles and therefore 
would be a helpful strategy to develop in light of 
future instructional goals. 


Final Thoughts 


We were invited to this fourth-grade transitional 
language classroom because the teacher was unsure 
about how to engage her LEP students in effectively 
communicating about mathematics. In this and other 
instructional settings, we have found that mathemati- 
cal tasks that promote communication often have 
multiple entry points for mathematically and linguis- 
tically diverse students as well as multiple solution 
possibilities. When naturally enticed to compare 
solutions, the students are motivated to explain their 
mathematical thinking and understand the thinking 
of others. As they begin to communicate verbally 
and in writing about their mathematical ideas, they 
not only reflect on and clarify those ideas but also 
begin to become a community of learners who 
explore difficult mathematical ideas together. 
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major challenge in teaching mathematics 

is helping students make genuine sense of 

mathematical ideas. One proven way to meet 
this challenge is to base teaching on research of stu- 
dents’ mathematical thinking (Bransford, Brown, 
and Cocking 1999; Fennema et al. 1996). In fact, 
to produce genuine understanding and powerful 
mathematical reasoning in students, teaching must 
be guided by detailed research-based knowledge 
about the ways that students think about particular 
mathematical ideas. Such knowledge is critical in 
selecting and creating instructional tasks, asking 
appropriate questions, guiding classroom discus- 
sions, adapting instruction to students’ needs, un- 
derstanding students’ reasoning, assessing students’ 
learning progress, and diagnosing and remediating 
students’ learning difficulties. 

This article describes assessment tasks and a 
conceptual framework that can be used to under- 
stand elementary students’ thinking about the 
concept of length. The tasks and framework were 
created in a project in which numerous elementary 
school students were interviewed to investigate 
their understanding of various topics in elementary 
school mathematics. This project—called Cogni- 
tion Based Assessment (CBA)—has created sets 
of assessment tasks and research-based conceptual 
frameworks for describing students’ reasoning 


about core ideas in elementary school mathematics 


(Battista 2001, 2004). 





Thinking about Length 


The Concept of Length: 
Critically Important, 
Deceptively Complicated 


The concept of length is critically important in both 
daily life and formal geometry. In everyday life, we 
use length to describe how big objects are and how 
far we travel. In geometry, we use length to add 
precision to descriptions of shapes. For example, 
we define a square by saying that it is a quadrilateral 
with four right angles and four sides of equal length. 
Without the concept of length, many descriptions of 
the spatial world become vague and imprecise. 

Despite its importance and apparent simplicity, 
however, the concept of length can be very diffi- 
cult for children to understand. One reason for this 
difficulty is that everyday use of the word length 
is often inconsistent with mathematical use. For 
instance, the Oxford English Dictionary (OED) 
defines /ength as “the linear magnitude of any thing 
as measured from end to end.” The difficulty with 
this definition is that it is ambiguous. Mathemati- 
cally, the length of the “wire” shown in figure 1 
is the distance traveled as a point moves along the 
wire from point A to point B. But the OED defini- 
tion suggests that the length of the wire might be 
taken as the straight-line distance from point A 
to point B. In fact, in some circumstances, this 
straight-line distance is what should be attended to. 
For instance, if this wire had to be placed inside a 
rectangular box, we would probably examine the 
distance between A and B. 

Complicating the situation further is the fact that 
many words used to describe length are also used to 
describe time. For instance, we might ask, “Will it 
take Jonger to ride the elevator or climb the stairs?” 
And in many contexts, time and length are intercon- 
nected. For example, determining which route from 
home to school takes longer is a problem concern- 
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Illustration showing that /ength is not 
necessarily a straight-line distance from 
point A to point B 


A B 


ing time, but the amount of time depends, in part, 
on the lengths of the routes (as well as speed limits 
and traffic). Thus, in some contexts, it is difficult 
for young students to disentangle the concepts of 
length and time. 

Finally, the fact that objects can have various 
spatial magnitudes associated with them can make 
constructing meaning for the concept of length dif- 
ficult for students. For instance, when an adult who 
understands the concept of length is asked to think 
about the length of a long narrow box, he or she 
knows what spatial aspect of the box to focus on. 
But a child who does not understand the concept of 
length may have difficulty knowing exactly which 
spatial magnitude of the box to attend to—the 
longest linear extent, a horizontal or vertical linear 
magnitude, the room inside, the area of a face, a 
diagonal length, or just a vague notion of overall 
size. Thus, to “see” length requires a conceptual- 
ization of length. So the critical question is, How 
do children develop conceptualizations of length? 
The answer to this question emerges from careful 
examination of students’ thinking. 


Levels of Sophistication in 
Students’ Reasoning about 
Length 


There are two fundamentally different types of 
reasoning about length. Nonmeasurement reason- 
ing does not use numbers. Instead, it involves 
using visual judgments, direct comparisons, cor- 
respondences between parts, and transformations. 
For instance, students might compare the lengths 
of objects by placing them next to one another— 
whichever object appears to extend farther is 
judged the longest. 

Measurement reasoning involves determining 
the number of unit lengths that fit end to end along 
an object, with no gaps or overlaps. The process of 
repeating a unit length end to end along an object is 
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called unit-length iteration. The unit length serves as 
the unit, or “one,” to be counted. It is assumed that 
this unit stays constant throughout the measurement 
process. Measurement reasoning involves not only 
iterating unit lengths and using measuring instruments 
but also mentally operating on numerical measure- 
ments—for example, adding side lengths to find the 
perimeter of a rectangle or inferring that opposite 
sides of a rectangle have equal lengths. 

Although students typically start developing 
nonmeasurement reasoning before measurement 
reasoning, nonmeasurement reasoning continues to 
develop even after measurement reasoning appears. 
Furthermore, the most sophisticated reasoning 
about length involves the integration of nonmea- 
surement and measurement reasoning. 

I now describe levels of sophistication in stu- 
dents’ development of nonmeasurement and mea- 
surement reasoning about length. These levels, 
outlined in table 1, describe cognitive plateaus 
reached by students in moving from informal, 
pre-instructional reasoning to formal mathematical 
reasoning about length. 


Nonmeasurement Reasoning 
about Length 


Nonmeasurement level 0: 
Holistic visual comparison 
Students’ reasoning about length is appearance 
based and holistic. It is appearance based because 
students focus strictly on appearance, or how 
things look. It is holistic because students focus 
on whole shapes or objects, not systematically on 
parts within shapes. Students’ strategies are impre- 
cise and often vague. Frequently, the vagueness is 


Table 1 


Levels of Sophistication in Students’ Reasoning about Length 


Nonmeasurement Measurement 


MoO. Use of numbers unconnected 
to unit iteration 





NO. Holistic visual comparison 














N1. Comparison by decomposing 
or recomposing 





M1. 








1.1 Rearranging parts for direct 
comparison 












1.2 One-to-one matching of 
pieces 


N2. Comparison by property-based 
transformations 


Incorrect unit iteration 





M2. Correct unit iteration 
M3. Operating on iterations 


M4. Operating on numerical 
measurements 


Level NO: Holistic visual comparisons 


Task 3. To compare the lengths of the paths, Juan 
(grade 2) drew segments joining the left endpoints 
and the right endpoints of the two paths and said, “| 


think they are pretty much the same.” 


Task 3. Cary (grade 4) said that the paths would be thé same length because If the 
top path were straightened, it would be “perfectly in line” with the bottom path. 


ome | 
Vola (a 


Task 4, Heather (grade 5) said that the bottom path 
would be longer, “because [tracing the path with a fin- 


ger) ... like when it gets to these parts here [tracing along 


the first square indentation in the bottom path] it has 


bigger squares, so it would take longer to get through.” 


Note: Tasks referred to in all figures are shown in the appendix (page 146). 


Level N1, 1.1: Rearranging parts for direct comparison 


Task 1. As indicated by the arrows, Carl : . 
(grade 5) explained how to straighten the 
oo ; 


paths piece by piece—* Put this one here; 
this one here...”—showing where each © 
segment was to be moved. He missed one 


segment in the bottom path and concluded that the top path is longer. 


Figure 4 


Level N1, 1.2: One-to-one matching of pieces 


Task 1. Ariana (grade 3) claimed that the two 

wires were the same length. She used her | 
hands to match segments in the bottom wire 

with segments in the top wire (the arrows | 
show her pairs of matching segments). For 


each match, she said, “This [segment] is the same as this [segment].” 


Level N2: Comparison by property-based transformations 


Task 11. Comparing the perimeter of the figure at the 
right with that of a rectangle congruent to rectangle 
WXYZ, Melissa (grade 8) said: “| think that these two 
[shapes A and B] have the same perimeter. Because if 
you kinda just moved this over [draws an arrow from 


segment p], this [segment p] is the same length as this 

here [draws segment q]. And if you squiggle that out [scribbles out segment 
rand draws segment s to form a rectangle], then it will go like that [points to 
shape A]. And that’s [shape B] like the same as that [shape A].” 
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due to the fact that students have not yet separated 
the length concept from other concepts that occur 
while dealing with length-related experiences. For 
instance, students might judge path lengths on the 
basis of the amount of time or effort they imagine it 
would take to walk such paths. 

As students begin attending to length, they use 
a variety of visual-holistic strategies. In direct 
comparison, students compare the lengths of two 
objects by placing them next to each other. Some- 
what more sophisticated is indirect comparison, in 
which two objects that cannot be compared directly 
are compared using a third object (such as a string 
or finger span) to “record” one of the two original 
lengths and compare it directly to the other original 
length. Other strategies that students use at this level 
are comparing the lengths of straight objects by 
examining only one set of endpoints of the objects; 
looking only at the endpoints of nonstraight objects 
and ignoring what occurs between the endpoints; 
and trying to visualize how long an object, such as a 
wire, would be if straightened. (See examples in fig. 
2; tasks are shown in the appendix on page 146.) 


Nonmeasurement level 1: 
Comparison by decomposing or 
recomposing 
1.1. Rearrangement of path pieces to make new 
paths that can be directly compared. Students 
rearrange—physically, by drawing, or in imagina- 
tion—some or all path pieces and then directly com- 
pare the rearranged paths as wholes. (See fig. 3.) 
1.2. One-to-one matching of pieces. Students 
compare two paths by matching, one by one, pairs 
of pieces that they think are the same length; they 
do not transform one path into another. Level 1.2 
is more sophisticated than level 1.1 because in 
level 1.1 students rely on visual manipulation and 
comparison, whereas in level 1.2 students infer that 
if the pieces in two paths are the same, then the 
lengths of the paths are the same. (See fig. 4.) 


Nonmeasurement level 2: 
Comparison by property-based 
transformations 

Students compare path lengths by sliding, turning, 
and flipping shape parts in ways that allow them to 
infer, on the basis of shape properties, that one trans- 
formed shape is congruent to another. (Two figures 
are congruent if they have exactly the same shape and 
size.) Students generally do not mention shape proper- 
ties or the names of transformations (such as “slide,” 
“flip,” or “turn’), but it is clear that their reasoning is 
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Level MO: Use of numbers unconnected to unit-length iteration 


Task 9. When asked how she knew a rectangle she drew was 40 units around, Jan (grade 
2) drew irregularly spaced dots along its inside edge, stopping when her count reached 40. 
There was no indication that Jan used dots as indicators of iterations of a fixed unit length. 


Task 3. Mike (grade 4) said that the paths would be the same length 


because they each have 6 dots. 


consistent with such properties and transformations. 
Note that the slide, turn, and flip transformations are 
special because they preserve length and congru- 
ence—they keep the size and shape of moved objects 
the same. In particular, when you slide, flip, or turn a 
4-cm segment, you get a 4-cm segment. 

In figure 5, although Melissa’s reasoning is not 
completely explicit, carefully examining it shows 
its sophistication. Melissa’s “move” of segment p 
to make segment q is actually a slide that not only 
preserves the length of segment p but also keeps 
segment q parallel to side WZ. Because this slide 
preserves length, parallelism, and perpendicularity, 
Melissa can validly infer that segment g, together 
with the vertical segment directly above it, makes 
segment XY, which is the right side of rectangle 
WXYZ. Similarly, she validly infers that sliding r 
to s makes segment ZY, the bottom of rectangle 
WXYZ. Such reasoning usually does not emerge 
until students have spent a considerable amount of 
time studying the properties of shapes. 


Measurement Reasoning 
about Length 


Measurement level 0: 

Use of numbers unconnected 

to unit-length iteration 

Students use counting to find lengths; however, their 
counting does not represent the iteration of a fixed 
unit length. For instance, students might recite num- 
bers as they continuously move their fingers along a 
path. Or they might count dots along a path but not as 
true indicators of unit lengths. (See fig. 6.) 


Measurement level 1: 

Incorrect unit iteration 

Students attempt to iterate what they consider to 
be a unit length along an object or path. However, 


Teaching Children Mathematics / October 2006 








Figure 7 
Level M1: Incorrect unit iteration 


Task 7. Jan (grade 1) drew and counted “rods” all the 





way around the rectangle as shown, getting 21 for her 
answer. Note that she drew the correct numbers of units 
on the top and left side (which had hash marks indicating 
units) but incorrect numbers of units on the bottom and right side (which did not 
have hash marks). Her failure to maintain the unit length is striking. 


Task 5. Asked how many black rods are 
needed to cover the gray rod, Sue (grade 
2) drew a vertical segment from the right 
end of the black rod to the third hash mark 
on the gray rod and said that the black rod “takes 3 hash marks.” Moving from 
left to right, Sue then counted “1, 2, 3” for the fourth, fifth, and sixth hash marks, 
marked the sixth hash mark, and said, “have one.” She counted “1, 2, 3” on the 
seventh, eighth, and ninth hash marks and said, “have one.” She returned to the 





beginning of the gray rod, pointed to each section she created, and counted “1, 2, 
3.” In this task, Sue made a common student error. Initially, she focused on hash 
marks as related to the unit length (the black rod). However, in her subsequent 
attempt to iterate the length unit by counting hash marks, she focused only on the 
hash marks, losing track of the length unit. 


Task 7. Jon (grade 2) drew segments all the way around the | 
rectangle, making and counting 15 segments. Although he 1b | 
iterated unit lengths, he was unable to sufficiently coordinate | 
the units with one another to maintain a fixed unit length. 














Task 2. Asked which path from home to 
school is shorter, Sharon (grade 4) counted 
squares 1-14 along the gray path, then 1-15 
along the dotted path. She then said, “So 
the gray line is shorter because it has less 
squares.” As evidenced by her counting 
around corners, Sharon was counting not 
unit lengths in the paths but squares that 
appeared along the paths. She did not use 




















squares as representations of unit lengths. 
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Levels M1 and M2: Unit counting 














a. Level 1 b. Level 2 


Level M2: Correct unit iteration 


Task 6. Mary (grade 4) 
drew small rectangles 
around the perimeter of 
the large rectangle while 
counting 1 through 

16. Each rectangle she ; : 
drew had the same length and had endpoints 
that matched the given dots on the rectangle. 
When asked how she got 16, she responded, 
thought of this one [motioning along the given 
rod], and | tried to measure it as much as that 
one was.” 





4 


Task 6. Heather (grade 
3) said, “This [black 
rod] is about as long 
as between these two 
[dots] here.” She then 
drew a path around 
the rectangle, one equal segment at a time, 
each between two equally spaced dots. She ig- 
nored the extra dots on the top and right side. 
Heather counted and labeled the segments as 
she drew them, getting an answer of 16. 


aol tie me 


Level M3: Logical operations (making 
inferences) 





Task 6. Marat: “Because 
if it was 5 on the top 

it would be 5 on the 
bottom because it is the 
same length....” 


Teacher: “What made 
you think they were going to be the same?” 


Marat: “It wouldn't really be like a rectangle if 
they weren't the same length.” 


because they do not really know what a length unit 
is or do not properly coordinate iterated units with 
one another, their iterations contain gaps, overlaps, 
or units of different lengths. Students often lose 
track of the size of a unit length while enumerat- 
ing it. 

At this level, students iterate two different 
types of units. The first type is a shape such as 
square, rectangle, or cube. Quite often students 
iterate such a shape without understanding how 
it corresponds to a unit length. At other times, 
students may “see” a unit length in a shape, but 
they have not sufficiently abstracted the unit 
length to be able to think of it without the shape. 
The second type of unit that students iterate is a 
line segment representing a unit length. In this 
case, students have sufficiently abstracted and 
isolated length units so that they can explicitly 
iterate those units, not squares or rectangles or 
rods. (See fig. 7.) 


Measurement level 2: 
Correct unit iteration 
As students iterate unit lengths along an object, 
they properly coordinate the position of each unit 
length with the position of the unit that precedes 
it so that gaps, overlaps, and variations in unit 
lengths are eliminated. As in the previous level, 
students iterate two types of units. In the first 
and more sophisticated type, students have suf- 
ficiently abstracted and isolated units so that they 
can explicitly iterate those units. When iterating 
units, then, they draw line segments, not squares, 
rectangles, or rods. In the second and less sophis- 
ticated type, students use shapes such as squares, 
rectangles, or cubes. However, in contrast with 
what happens in the previous level, at level 2 stu- 
dents clearly match these shapes to unit lengths. 
To illustrate the difference between using 
squares to measure length at levels 1 and 2, con- 
sider the unit counting shown in figure 8. On the 
left, and typical of level 1 reasoning, is an example 
of counting squares as squares. The squares that 
are counted do not properly correspond to the 
unit lengths that make the path. In contrast, on the 
right, and typical of level 2 reasoning, the counted 
squares correspond precisely to the unit lengths that 
make the path (the arrows point to the unit lengths 
that correspond to the squares). In fact, because stu- 
dents who are reasoning at level 2 focus specifically 
on length—not, say, on squares as squares—they 
do not consistently make errors as they count units 
around corners. (See fig. 9.) 
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Measurement level 3: 

Operating on iterations 

Students determine some length measurements 
without explicitly iterating every unit length. They 
start by iterating and counting length units and then 
operate on the results of their unit-length iterations 
numerically or logically. 

Logical operations (making inferences). On 
task 6, Marat, a second grader, drew 5 rectangular 
units along the top of a rectangle, then pointed to 
the bottom side of the rectangle and said, “10 so 
far.” The teacher asked Marat why he did not count 
anything on the bottom. (See fig. 10.) Significantly, 
Marat created meaning for the bottom side mea- 
surement not by iterating units but by inferring 
what would happen if he iterated units on the basis 
of properties of a rectangle (that opposite sides 
have equal lengths). He replaced iteration with 
inference. 

Numerical operations (adding, subtracting, 
multiplying, dividing iterated or inferred mea- 
surements). Continuing with this problem, after 
Marat determined the lengths of all sides of the 
rectangle—3, 3, 5, and S—he numerically operated 
on the numbers by adding them together to find the 
perimeter. (Fig. 11 shows another student’s work.) 


Measurement level 4: 

Operating on numerical 
measurements 

‘Students numerically or inferentially operate 
on length measurements without iterating unit 
lengths. They make complex, property-based 
visual inferences about measurements, often 
by making transformations or by using proper- 
ties of geometric shapes. At this highest level of 
measurement reasoning, students fully integrate 
and apply the processes from nonmeasurement 
level 2 with their measurement reasoning. The 
difference between nonmeasurement level 2 and 
measurement level 4 is that in measurement level 
4 students make inferences about numerical mea- 
surements of objects, not the objects themselves. 
At this level, iteration seems to have fallen in 
the background. It is as if iteration is considered 
already completed. (See fig. 12.) 


Conclusion 


The levels-of-sophistication framework presented 
in this article provides a conceptually sound, 
research-based method to make sense of students’ 
thinking about length. Once we “locate” where 
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Level M3: Numerical operations (adding) 
Task 8. With 4 yellow rods on a long diagonal 
segment, Mike (grade 2) drew 5 little segments 
_ beside the first yellow rod and said, “Five in 
each one,” thereby indicating the yellow rod 
is 5 centimeters long. He took the first yellow 
rod off the paper, drew one more segment next 
to the second yellow rod, then took off all the 
rods. He said, “Twenty, just like | thought.” 
When asked how he got 20, he said, “These 
[the yellow rods] are 5, and there are 4 of them; 
four 5s equals 20.” After Mike iterated 5 unit 
lengths in the first yellow rod, he inferred that 
similar iterations of the remaining rods would 
result in 5 units in each. He then numerically 
operated on these inferred measurements by 
multiplying 5 by 4. 


Level M4: Operating on numerical measurements 
Task 10. Fred (grade 5): “The width across here is 20 plus 40 equals 60 [adding 


the lengths of the top 2 hori- 20 
zontal sides]. And the bottom 

down here is 10 plus 20 [adding 20 
the labeled bottom horizontal 

sides]. So the missing side is 

60 - 30, equals 30.” Fred made Lie 
inferences drawn from proper- 





10 


ties of the shape; he numerically 20 
operated on measurements using addition and subtraction. 


Task 8. Katy (grade 3): “| think 20 ... because it takes 4 yellow rods to fill up 
this entire line and there’s 5 centimeters in each rod. And 5 times 4 is 20.” Katy 


used inference and multiplication but no unit iteration. 


students are in the levels framework—in their con- 
structive itineraries for length—we have a much 
better idea about how their learning of length—and 
consequently instruction—should proceed. The 
levels also help us better understand the difficulties 
students encounter as they try to make sense of the 
concept of length and the small steps that many 
of them must make in achieving mastery of this 
critical concept. Thus, the levels framework is an 
important tool for improving instruction and forma- 
tive assessment as well as effectively diagnosing 
and remediating students’ difficulties in learning 
about length. 
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Appendix 
Tasks Relating to Length 


Task 1. |f these were wires and | 
straightened them, which would be 
longer, or would they be the same? 
Each segment between dots is the 


= 
=e 


Task 4. |f an ant 





had to crawl along 
these paths, which 
path would be 

longer for the ant, 
or would they be the same? Why? 


aia 


Task 10. Find the missing side lengths. 


Task 7. How many 
black rods does it 
take to go all the 
way around the 
gray rectangle? 


20 
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Task 2. Which path 
from home to school 
is shortest—the gray 
path or the dotted 
path? 














Task 5. How many black rods does it 
take to cover the gray rod? 


areal (ieee ceaeee  ciamas leat  oeeer iat a al 


Task 8. This segment is one centi- 
meter long [point to 1 cm segment]. 
This rod is 5 centimeters long [show 
yellow rod]. The line below is 4 rods 
long. [Show 4 rods on segment, then 
remove.] How many centimeters 
long is the line? 


Task 3. If an ant had to crawl along 
these paths, which path would be 
longer for the ant, or would they be 
the same? Why? 


py 





Task 6. How 
many black rods 
does it take to 
cover around 
the gray 
rectangle? 


Task 9. Give the lengths of the sides 
of a rectangle that has a total dis- 
tance around of 40 units. 





Task 11. Which figure has greater perimeter, 
or do they have the same perimeter? 


Ct 
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BRIDGES IN MATHEMATICS 


Class Notes #2 


“One student wanted to 
cancel spring break so we 


terials from edHelper.com| | | couiskeep doing math. 


was astounded.” 
Daily math practice , Grade 3 Teacher 


Find out more — 


D Test prep review www.gotomic.org/bridges 
bs And sO much more! Visit us online where you'll find free 


sample lessons, correlations to 
standards, and more. 





Buy a school license: 
Only $19.99 per teacher 
for a full year! e ao a CENTER 
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Vote Today! 


"Your 2006 NCTM Board of Directors ballot arrives this month. 
Don’t delay...return your ballot today or vote online! 


“Learning is important to teachers at every level. We are all on a path where we must learn— 
every day. However, leadership and learning are critical companions. Leadership in NCTM is 
our shared responsibility. NCTM’s annual election provides an important opportunity and 
responsibility for every member. Your vote for the next NCTM President and four new members 
of the NCTM Board of Directors will help shape our future. The individuals included on this 
year’s ballot have all demonstrated a high degree of leadership in mathematics education and 
a commitment toward our goal of a high-quality mathematics education for every student. 
After you have voted, please consider nominating an NCTM member who is an outstanding 
leader to be considered for next year’s election. It is only with your ongoing assistance that we 
can continue to have an energetic, committed Board of Directors reflecting the diversity of the 
students, teachers, and institutions we represent. Thank you so much for being part of this 
great organization and for demonstrating your own leadership commitment by returning your 
completed ballot today.” 

—Francis (Skip) Fennell, NCTM President (2006-2008) 


Vote online at https://www.escvote.com/nctm or return your ballot by mail. 
Ballots must be received by October 31, 2006. 


Election results will be announced in November on the NCTM Web site 
www.nctm.org/about/elections/ and in the January/February 2007 NCTM News Bulletin. 


7 
CX fy | NATIONAL COUNCIL OF 
NCTM | TEACHERS OF MATHEMATICS 
1906 ASSOCIATION DRIVE | RESTON, VA 20191-1502 
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Etty Wanda and the 






Susan Addington, susan.addington@earthlink.net, is professor of mathematics at California 
State University, San Bernardino, CA 92407. She has worked in teacher education for many 
years and is writing a textbook for the course Math for Elementary Teachers. 
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nce upon a time, in a town not far from 

where you live, there was an evil sorceress 

named Mrs. Grey. She claimed to be a real 
estate agent, but nobody had ever heard of her selling 
any house in town. Mrs. Grey had big hair, drove a big 
SUV, and owned a big house with a high, iron-spiked 
fence around it. The windows of her SUV were tinted 
dark so nobody could see into it, but once, when she 
opened the back hatch, someone had seen a cage and 
heard a scary growling, snarling noise before she 
slammed the hatch shut. 

One day Mrs. Grey announced that her real estate 
company would hold a mathematics contest for the 
sixth-grade students in the town. The schools were to 
select their best students, who would visit Mrs. Grey 
at her house and try to answer a challenging math 
question. The prize was $100. 

The day came for the first student to visit. Mrs. 
Grey sat in her perfect living room, gloating over her 
special contest question. “I found it in a math teachers’ 
magazine. They’ll never get it right!” she chuckled 
evilly. 

The intercom at the front gate buzzed. “I’m Tay- 
lor, from the sixth grade at the Math Magnet Middle 
School.” Mrs. Grey buzzed him in and waited for him 
to walk up the long drive to the front door. 

Taylor was a tall boy with carefully styled hair, He 
held out his hand to shake Mrs. Grey’s. “I’m the best 
math student in the sixth grade at my school. I’m sure 
I can handle any problem you give me.” 

Mrs. Grey smiled sweetly. She led him into the liv- 
ing room. “Just sit at that table. If you need any more 
materials, I can probably get them for you. You have 
thirty minutes to solve the problem.” 
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On the table were a sheet of paper with the problem 
typed on it, a stack of scratch paper, assorted graph 
_ paper with two sizes of squares (one-inch squares 
and one-centimeter squares), some string, a pair of 
scissors, a ruler with both inches and centimeters, a 
compass, a protractor, several pencils, and a calcula- 
tor. This is the problem: 


Which is bigger, the area or the perimeter of this 
heart? Explain your reasoning. (See fig. 1.) 


Taylor sat down and read the problem. He thought 
for a while and then got busy with the graph paper, 
scissors, string, and ruler. After a while he checked his 
work and then announced, “I’m done.” 

Mrs. Grey checked her watch. “Excellent! Done 
with four minutes to spare! Tell me your answer and 
explain your reasoning.” 

“Well.” Taylor began confidently, “first, I measured 
this graph paper to make sure it was in square inches. 
I cut up the heart, and it definitely fit into fewer than 
6 square inches. The perimeter is about 10 inches. I 
found that out by measuring the perimeter with string, 
and then I measured the string with the ruler. I knew I 
needed to use inches for length because I used square 
inches for area. The perimeter is so much bigger than 
the area that I knew that I didn’t have to measure any 
more carefully.” (See fig. 2.) 

“Well done, Taylor!” 

Taylor smiled broadly in anticipation of his $100 
prize. 

‘However, there’s a slight problem. You’re 
wrong.” 

Taylor insisted, “I explained how my estimations 
might be a little off, but the perimeter is still bigger.” 

“No, you’re completely and absolutely wrong! The 
area is bigger than the perimeter! See, I’ve done it 
using this software program.” Mrs. Grey whipped out 
a laptop computer. “As you can see, the area is 32.626 
square centimeters, and the perimeter is 25.710 centi- 
meters—to the nearest thousandth. I assure you that 
this is the latest version of the software, and it has not 
been altered in any way. You can see that the heart on 
the screen is exactly the same shape and size as the 
one on your paper.” (See fig. 3.) 

“T measured them right! I could have used centime- 
ters. [know how to convert them, but it wouldn’t make 
any difference to the answer.’ 

“Centimeters are so much more scientific. And you 
can’t argue with a computer! I’m sorry. Not only do 
you not win the $100, but you also have to feed my 
little pet, Abplanalp.” 

“That’s not fair!” Taylor shouted as he jumped 
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The heart, composed of an equilateral triangle 
with side lengths of 7.2 cm and two semicircles 
with a radius of 1.8 cm 





Note: The heart in figure 1 is drawn to scale; however, 
the hearts in figures 2, 3, 4, and 6 are not drawn to 
scale. 


Taylor’s work 
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Figure 4 


Cecelia’s sketch 


Mrs. Grey's answer to Taylor 


(Area ABC ) + (Area CDE ) + (Area A ser) = 32.626 cm? 


= ~, - — 
(Length ABC ) + (Length CDE) + m FE += m AF = 25.710 cm 


eee ce D 
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up. But he didn’t jump fast enough. Mrs. Grey had 
pressed a secret button. A trapdoor opened in the 
floor beneath him, and he slid down a chute. After a 
few minutes there was silence. 

“That boy wasn’t as smart as he thought,” sniffed 
Mrs. Grey. “We’ll see how the next one does.” 

Just then the buzzer at the front gate sounded 
again. 

“Hello, ma’am. It’s Cecelia from Midland Elemen- 
tary School.” 

“Come up the drive, and I’ll meet you at the front 
door.” 


Cecelia was a small, quiet girl. She had been taught 
not to speak unless spoken to: 

“Well, Cecelia, because this contest is for sixth 
graders, that must make you the smartest math student 
at your school.” 

Cecelia smiled proudly. “Yes, ma’am.” 

“Let’s get started, then. Sit at that table. You may 
use those materials, or if you need something else, just 
ask.” Mrs. Grey had tidied away the paper Taylor had 
used and had put out a fresh problem sheet. “You have 
half an hour.” 

Cecelia thought for a while. Then she used the 
compass and the ruler. She did some calculations 
on paper, sometimes using the calculator. After she 
checked her work, she said, “I’m finished.” 

Mrs. Grey checked her watch. “My, my, twenty 
minutes. You are a math whiz! Shall I read what you’ve 
written, or would you like to explain it to me?” 

“T wrote down the correct solution, with all the 
steps. I didn’t write down the measuring steps. I 
checked with a compass to make sure the top part 
was two semicircles. Together they make a full circle. 
I measured the radius and used that to get the area 
and the circumference. Then I measured the base and 
height of the triangle part for the area. One side of the 
triangle isn’t part of the perimeter, but the other two 
sides are the same as the base.” (See fig. 4.) 

Mrs. Grey continued, reading from Cecelia’s 
paper. “You used the formula for the area of a 
complete circle and the formula for the area of a 
triangle. It looks like you used the calculator and 
then got the total area. Then you used the formula 
for the circumference of a circle and added to that 
the two sides of the triangle. You concluded that the 
area was bigger than the perimeter.” 

“I rounded everything to the nearest tenth, 
but really you only need the whole numbers. It’s 
obvious that the area is much bigger than the 
perimeter.” (See fig. 5.) 

“Nice work, Cecelia, but you are totally and 
utterly wrong!” 

Cecelia looked upset. “That can’t be. I checked 
my work.” 

Mrs. Grey took out the laptop again. She 
changed the units in the preferences panel to inches 
and showed Cecelia the answer (see fig. 6). 

“But wouldn’t the area still be bigger, even if 
you used inches? I could have given my answer in 
inches if you had asked me.” Cecelia reached for 
the calculator to recalculate her answers. 

“Sorry, Cecelia, you said you were finished. You 
should have checked that in your extra ten minutes. 
And, besides, you won’t need that calculator where 
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you're going, because you are going to feed my 
dear little pet, Abplanalp. He’s still a little hungry 
after his last snack.” At that, she pushed the secret 
button, and Cecelia slid down the chute. 

“That last one might have figured it out, but she 
had her chance,’ Mrs. Grey muttered. The buzzer 
buzzed for the third time that afternoon. 

“Tm Etty Wanda from Torkelson Middle 
School.” 

“Come right in, dear, and walk up the drive.” 

Etty Wanda was short and wiry and dressed in a 
T-shirt and jeans. “Nobody else at my school was 
interested. The teachers don’t think I’m the best 
math student, but they let me come because they 
had to send someone.” 

Mrs. Grey looked displeased. “Are you sure 
you’re up to it? This math problem is a difficult one, 
and two students from other schools have already 
failed to answer it correctly.” 

“T’ll try it. I might not be the best student, but I 
like thinking about problems, as long as they’re not 
long division.” 

In fact, Etty Wanda was known to the math 
teachers at Torkelson Middle School as a trou- 
blemaker. She had spent more than a few math 
periods in the principal’s office for pointing out 
bogus math problems—she called them “bogos- 
ities”—that her teacher gave out. For example, 
Etty Wanda had refused to find the perimeter of 
one shape (see fig. 7) because she insisted that 
it was impossible for the shape to have those 
measurements. 

Mrs. Grey explained the problem and materials. 
Etty Wanda sat down and started to think. As she 
thought, she talked to herself. She picked up the 
ruler and murmured, “Inches or centimeters? Does 
it make a difference?” 

[Readers: As Etty Wanda works, take some time 
to solve the problem for yourself. What would be 
your answer to Mrs. Grey?] 

Thirty minutes later Mrs. Grey declared, 
“Time’s up!” Etty Wanda was still drawing shapes 
on scratch paper. 

“If you don’t have an answer in the time allotted, 
you’ll have to face the consequences.” 

“I do have an answer,’ replied Etty Wanda. “I 
have three answers.” 

“Math problems always have one correct 
answer,” snapped Mrs. Grey. 

“Not this one,” persisted Etty Wanda. “See, if 
you use inches, like on the graph paper and ruler 
here, the perimeter is bigger than the area. But you 
didn’t say what units to use.” 
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Cecelia’s work 






radius of circle =1.8 cm 
area of circle = mr* = 3.14 x 1.8? = 10.1736 cm’ 
base of triangle = 7.2 cm 

height of triangle = 6.2 cm 





area of triangle = woh =(.5)x7.2x6.2=22.3e cm 





total area = 10.2 + 22.3 = 32.5 cm* 


circumference of circle = 2mr=2x 3.14 «1.8 =11.304 cm 
length of 2 sides of triangle = 2x 7.2=14.4 cm 
total perimeter = 11.3+14.4=25.7 cm 






Smoke started to come out of Mrs. Grey’s ears, 
and she snarled menacingly. 

“I did it twice, once with inches and once with 
centimeters. If you use centimeters, the area is 


bigger.” 


“You have to give one answer,’ demanded Mrs. 
Grey. “Which is bigger?” 

“Tt depends! At the end, I had just about figured 
out a unit to use so that the area would equal the 
perimeter. If you measure with centimeters, the 
area is bigger, and if you measure with inches, the 


Mrs. Grey’s answer to Cecelia 
= = 
(Area ABC) + (Area CDE) + (Area AaeF) = 5,057 in? 
= oN — — 
(Length ABC) + (Length DE) + m FE+ =m AF = 10.122 in 


(in = inches) 
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The impossible perimeter problem—the 
“bogosity”—that Etty Wanda refused to 
try to solve 


10 





perimeter is bigger. So there’s got to be a unit some- 
where between a centimeter and an inch that would 
make them equal. Anyhow, the. problem doesn’t 
make sense. You can’t ask whether a length is big- 
ger than an area. Your problem is a bogosity!” 

Mrs. Grey’s grimacing face was turning green, 
and now smoke was coming out her nose and 
mouth, too. 

“Here are some problems for you!” shouted Etty 
Wanda. “What’s bigger—the amount of juice in a 
bottle or its price?” 

Mrs. Grey’s head started to puff up. 

“Which is more—the time it takes to solve a 
math problem or the amount of paper you use?” 

Smoke was now coming out all the openings of 
Mrs. Grey’s clothes. 


Reflect and Discuss: Etty Wanda and the Have a Heart Problem 


Reflective teaching is a process of self-observation and self-evaluation. It means looking at your classroom practice, thinking about 
what you do and why you do it, and then evaluating whether what you do works. By collecting information about what goes on in our 
classrooms and then analyzing and evaluating this information, we identify and explore our own practices and underlying beliefs. 


The following questions related to “Etty Wanda and the Have a Heart Problem,” by Susan L. Addington, are suggested prompts 


to aid you in reflecting on the article and on how the author’s idea might benefit your own classroom practice. You are encouraged 
to reflect on the article independently as well as discuss it with your colleagues. 


Mrs. Grey’s paradoxical question was possible only because she ignored a fundamental physical fact: different quanti- 
ties measured in different units (here, length and area) cannot be compared. Often, a physical way of doing a math- 
ematical task changes the way you think about it. Did you use a physical strategy to help you solve this problem? How 
could physical activities help students understand this tricky idea? 

Scaling is the process of making something larger or smaller while retaining the same proportions. This process can 

be applied to geometric objects—for example, running a picture through the copier on “enlarge” or making a scale 

model—as well as numerical situations—for example, adapting a recipe to feed more people. 
o Is this a small square measured in units of 1/8 inch, or is it a 1-foot square measured 
in inches and scaled to fit conveniently on the page? 
o How are scaling and change of unit related? How does scaling affect perimeter (with- 
out a change of unit)? How does scaling affect area? 

* Haveyou ever found any bogosities in your textbook or in other teaching materials? Have 
you ever inadvertently made one up? How can you train your students (and yourself) to 
detect bogosities? 

* Addington used the Etty Wanda fairy tale as a device to bring a subtle error to the 
forefront. How can you and your students make up stories for other hard-to-teach 
concepts? 























You are invited to tell us how you used “Reflect and Discuss” as part of your professional develop- 


ment. The Editorial Panel appreciates the interest and values the views of those who take the time to send us their comments. Letters 

may be submitted to Teaching Children Mathematics at tem@nctm.org. Please include “Readers’ Exchange” in the subject line. 

Because of space limitations, letters and rejoinders from authors beyond the 250-word limit may be subject to abridgement. Letters . 
are also edited for style and content. 
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“Which is greater—your meanness or your 
ignorance?” 

At this last impossible question, Mrs. Grey 
exploded in a shower of green ash and flame. 
Etty Wanda raced for the door, flames chasing 
her down the hall. She just managed to get out 
the front gate when the entire house burst into a 
ball of flame. 

Afterward, when her friends asked about 
the math contest, Etty Wanda simply replied, 
“It was a bogus contest. I didn’t even get the 


$100.” 


In the Classroom 


One traditional function of a story is to impart 
a moral lesson. This story has a mathematical 
moral. The evil Mrs. Grey makes it clear that 
something is very wrong with the Have a Heart 
problem. What is the mathematical moral of 
this story? 


¢ It does not make sense to compare measure- 
ments of different quantities, such as length 
and area. 

e When numbers are used to measure a 
quantity, the number describing the amount 
depends on the size of the unit you use. 

e The way the numbers change when you 
use units of different lengths is different 
from the way the numbers change for 
square (area) units. 


Mathematics curricula characteristically 
expect students to work numerically with for- 
mulas and unit conversions, somehow assuming 
that they have had enough experience measur- 
ing lengths and areas physically. The Have a 
Heart problem shows the pitfalls of working 
numerically without the proper conceptual 
foundations. 
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easurement of length is taught repeatedly 

starting in kindergarten and continuing in 

grades 1, 2, and beyond. However, during 
the past twenty-five years, according to the National 
Assessment of Educational Progress (NAEP), the 
outcome of this instruction has been disappoint- 
ing. As can be seen in table 1, only 14 percent of 
the third graders and half (49 percent) of the sev- 
enth graders gave the correct answer—5 cm—to 
a question on the 1985-1986 NAEP (Lindquist 
and Kouba 1989). Similar items included in other 
NAEPs before and after this one have produced 
similar findings. 

What is so hard about measurement of length? 
Table 1 is informative because it reveals the incor- 
rect answers the students gave. Thirty-seven per- 
cent of the seventh graders gave the answer 6 cm, 
evidently determined by counting the numerals 3, 
4,5, 6, 7, and 8. This answer indicates that more 
than a third of the seventh graders did not know 
what a unit of length was, especially the segment 
measuring 1 cm. About a third (31 percent) of the 
third graders made the same error, and another third 
(30 percent) chose the answer 8 cm, obviously pay- 
ing attention only to the end of the line. 

The purpose of this article is to explain, on the 
basis of research, why instruction has been inef- 
fective and to suggest a better approach to teach- 
ing. Following the model of Piaget, Inhelder, and 
Szeminska (1960), I individually interviewed and 
videotaped 383 children in grades 1-5 in two public 
schools in a low-to-middle-income neighborhood 


Constance Kamii, ckamii@uab.edu, is professor of early childhood education at the University 
of Alabama at Birmingham. She studied under Jean Piaget off and on for fifteen years and 
has been using his theory to improve mathematics education in kindergarten and the early 


grades. 
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in the South (Kamii and Clark 1997). Each child 
was given a sheet of paper (11 by 17 inches) with an 
inverted T photocopied on it (see fig. 1). Although 
the vertical line appeared longer—the result of a 
perceptual illusion—both lines were 8 inches long. 
This task was designed to find out how the child 
went about comparing two lines that could not be 
compared directly. Because the lines could not be 
moved and placed side by side, the child had to use 
an object such as a ruler or a strip of paper to make 
an indirect comparison. 

The interview procedure consisted of the follow- 
ing four steps: 

1. Perceptual judgment. Presenting the child 
with the figure of the inverted T (fig. 1), the inter- 
viewer asked, “Do you think this line (line A) is as 
long as this line (line B), or is this one (A) longer, 
or is this one (B) longer?” The purpose of these 
questions was to spur the child’s involvement in the 
task and give him or her reasons for answering the 
subsequent questions. 

2. Transitivity (first attempt). With a tagboard strip 
(12 by 0.5 inches) in hand, the interviewer asked, 
“Can you use this to prove (or show) that this line (A) 
is longer than the other line [or whatever the child 
had just said]?” This question was asked to find out 
if the child could demonstrate transitive reasoning by 
using the strip. Transitive reasoning refers to the abil- 
ity to reason logically that if A is equal to the length 
indicated on the strip and the length indicated on the 
strip is equal to B, then A and B can be inferred to be 
equal. Piaget et al. (1960) had shown that children 
are not able to make this logical inference before the 
age of seven or eight; younger children said that the 
only way to compare the two lengths was to put them 
side by side for direct comparison. 

3. Unit iteration. Offering a small block (1.75 
by 0.88 by 0.25 inches) to the child, the interviewer 
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asked, “Can you use this to prove (or show) that 
this line (A) is as long as the other one [or what- 
ever the child had just said]?” The purpose of this 
question was to find out if the child was able to 
compare the two lengths by using the small block 
as a unit to iterate. (The child had to make a mark 
on the paper to indicate the top of the block and 
then move the block up without any gap or overlap 
between the units. The 8-inch lines were about 4.5 
blocks long.) The strip was used to find out if the 
child could compare whole lengths, but the block 
was used to determine if the child could think about 
the 1.75-inch length as a part to iterate within the 
whole length. 

4. Transitivity (second attempt). This question 
was posed only to those children who were unsuc- 
cessful with the strip used in the second step. Four 
additional blocks of the same size were given to 
the child, and he or she was asked, “Can you use 
these to prove (or show) that this line (A) is as long 
as the other one [or whatever the child had just 
said]?” This question was asked to find out if the 
child could demonstrate transitive reasoning when 
offered a second chance. 

Table 2 shows the findings from these interviews. 
The percentages of students who demonstrated 
transitive reasoning can be seen in the third, fourth, 
and fifth columns, labeled “Transitive reasoning.” 
The third column (titled “With strip”) presents the 
percentages who demonstrated transitive reasoning 
with the strip, and the fourth column (titled “With 
blocks’) shows those who demonstrated it with five 
blocks (but not with the strip). The total percent- 
ages who demonstrated transitive reasoning can 
be seen in the fifth column, labeled “With strip or 
blocks.” The percentages in this column indicate 
that most children (72 percent) construct transitive 
reasoning by second grade. These findings support 
the age reported by Piaget et al. (1960). 

The last column of table 2 shows that unit 
iteration develops gradually and that most children 
(76 percent) construct it by fourth grade. Each 
interview was reviewed to find out if anyone dem- 
onstrated unit iteration before transitive reasoning, 
and no such case was found. Our research thus 
supported Piaget’s statement that children construct 
unit iteration out of transitive reasoning. 


Why Has Instruction Been 
So Ineffective? 


Children’s development of logic can be used to 
explain some of the poor results reported by NAEP. 


Teaching Children Mathematics / October 2006 


Percentages of Students in Grades 3 and 7 Responding to an Item of 


the National Assessment of Educational Progress 





Table 5.3 
Rulers 


Item 


1 2 3 4 5 6 ae 8 9 10 


Percent Responding? 
Grade3 Grade7 


diliat 2 





How long is this line segment?> 

3cm 

5 cm * 

6cm 

8cm 

11cm 

| don’t know. 
@ The response rate was .80 for grade 3 and .97 for grade 7. 
5 An actual centimeter ruler was pictured. 


* Indicates correct response. 


Table 2 


14 
31 
30 


15 


Percentages of Students Who Demonstrated Transitive Reasoning 


and Unit Iteration 





Because unit iteration was not demonstrated by 
the majority of students before fourth grade (see 
table 2), it is not surprising that, as shown in table 
1, only 14 percent of the third graders got the cor- 
rect answer—5 cm—because it involved units. 
However, the answer 8 cm, which 30 percent of 
the third graders gave, cannot be explained by the 
data in table 2. Because 72 percent of the second 
graders demonstrated transitive reasoning, most of 
the third graders should have been able to relate the 
whole length of the line to the corresponding part 
of the ruler. The low-level response given by so 
many third graders must be attributed to ineffective 
teaching. In seventh grade, the major problem was 
that 37 percent did not understand units of length 
and gave the answer 6 cm. 


Unit 
iteration 
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An inverted T used in the indirect 
comparison task 





Two aspects of instruction explain why so many 
seventh graders did not understand units of length 
and why so many third graders paid attention only 
to one end of the line. First, teachers almost always 
ask students to produce a number about single 
objects rather than asking for a comparison of two 
(or more) objects. For example, young children are 
often asked to line up paper clips from one end of a 
pencil to the other end and then asked, “How many 
paper clips long is the pencil?” In such a situation, 
because there is no need to measure the pencil, 
children can feel the need to produce a number 
only because the teacher wants a number. Second, 
instruction teaches empirical procedures without 
logical reasoning. Lining up paper clips and count- 
ing them is an empirical procedure requiring no 
logical thinking. Asking children to move a yard- 
stick across the chalkboard is likewise the teaching 
of a mere empirical procedure. Each of these short- 
comings of instruction is elaborated here. 


Comparing Two or More 
Objects Indirectly 


Measurement is unnecessary when we are dealing 
with only one object or when two objects can be 
compared directly. To compare the length of two 
pencils directly, for example, all we have to do is 
hold them side by side. Measurement becomes 
necessary when we want to compare two or more 
objects indirectly. This is why the following two 
kinds of activities are better than those typically 
found in textbooks—for example, questions such 
as “How wide is your desk?” and “How long is the 
chalkboard?” 

1. Asking for indirect comparisons for a purpose. 
Children can be asked exactly how much paper they 


need to bring from another room to cover the bul- 
letin board. In this situation, children have to think 
of a tool to use to make an indirect comparison. 
Students are likely to think about a piece of string, a 
paper strip, a stick, a book, a yardstick, or a 12-inch 
ruler. Debate about the quantity of paper to bring, 
without wasting any, will motivate students to think 
logically about the length and width of the paper 
they need to bring. 

When students are asked if a doorway is wide 
enough for a certain table to go through or if a 
certain space is big enough to put a large carton in, 
they also have to make an indirect comparison. The 
problems in figure 2 also require indirect compari- 
sons, and students can be asked to make drawings 
that are twice the size of a photocopied model to 
take home and amuse their families. 

One day one teacher commented to another that 
the fourth graders had larger desks than the third 
graders, but the second teacher disagreed. This was 
an excellent opportunity for students to make indi- 
rect comparisons for a purpose. The students began 
by disagreeing about the size of the desks in their 
own classroom! Debating to convince one another 
is an excellent way to develop children’s logic. 
Their logic develops when they are encouraged to 
think hard. 

2. Measuring out. Measuring is what we do 
when we do not know the exact length of an object. 
Measuring out is what we do when we know the 
number of units but cannot imagine what 100 feet 
looks or feels like, for example. Children may be 
encouraged to produce various lengths when they 
read that a whale or dinosaur was so many feet 
long or that the Mayflower was so many feet long. 
This activity involves only one object but is use- 
ful because children want to know how large the 
object is. We must be aware that transitive reason- 
ing is only implicitly involved in these activities. 
If children are not bothered by gaps or overlaps 
between the “units” they measure out, this behavior 
is evidence that they are not thinking about them as 
parts of a whole length. Correcting their behavior in 
such a situation is not helpful if the child does not 
feel the logical necessity of iterating the unit with- 
out any gaps or overlaps. (Unit iteration generally 
occurs around fourth grade.) 

Children like to make things, and measuring 
out is necessary when the teacher suggests projects 
such as making spring flower baskets with paper, 
beanbags with cloth, or kites with dowel rods, 
cloth, string, and a small metal washer. Many books 
can be found with “recipes” detailing simple or 
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complex measurement involving whole numbers 
or fractions and decimals. These activities are good 
because children are motivated to make things, and 
they often notice their own errors when their mea- 
surement is inaccurate. 

Making a kite involves measuring out, but many 
other science activities can involve measuring. For 
example, in studying evaporation, children can be 
asked to measure the size of a container and the 
depth of the water in it to answer questions such as 
these: Does evaporation depend on the size of the 
container? Does it depend on the size of the surface 
area? How do you measure evaporation anyway? 
Many other science activities should be reviewed 
not only from the standpoint of measurement but 
also from the viewpoint of children’s development 
of logic and motivation. 

It was pointed out earlier that the third graders’ 
answer—8 cm—and the seventh graders’ answer— 
6 cm—shown in table 1 are results of ineffective 
instruction. In comparing two objects indirectly, 
children will have to think about the whole length 
of each object or the units within each length. In 
measuring out for a purpose, too, they will have to 
think about the whole length in question and the 
units within each whole. 


Empirical Procedures vs. 
Reasoning 


Teachers’ guides often say that if children do not 
align the edge of a ruler with the edge of the object 
to be measured, the teacher should tell them to 
align the two edges. This is an example of teaching 
an empirical procedure to correct a surface behay- 
ior. If children do not align the two edges on their 
own, this is evidence of the absence of transitive 
reasoning. If 30 percent of the third graders looked 
only at the end of the line to be measured, this may 
well be the result of having learned only empirical 
procedures. 

As stated earlier, 37 percent of seventh graders 
(see table 1) did not know what a unit of length 
was, particularly the unit between 0 and 1. This is 
a truly shocking finding in view of the fact that 76 
percent of fourth graders (see table 2) could reason 
about units. The measuring-out activities described 
earlier are likely to make children think about units 
within a whole length. 

To clarify what empiricist teaching is and why it 
is undesirable, it is necessary to review the funda- 
mental distinction Piaget made among three kinds 
of knowledge according to their ultimate sources: 
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Equal lengths that produce the illusion of © 
being unequal 


>: aaa 
aaa 


Which horizontal line is longer? 


Or are they the same in length? 


ee) 


PE IS 
Sie he eos 


Is the body (horizontal line) shorter than the 
neck? 


physical knowledge, logico-mathematical knowl- 
edge, and social-conventional knowledge. Physical 
knowledge is knowledge of objects in the external 
world. Our knowledge of the weight and the color 
of a pencil is an example of physical knowledge. 
The fact that a pencil is made of wood while a paper 
clip is made of metal is also an example of physi- 
cal knowledge. Examples of social-conventional 
knowledge are our knowing that Americans use 
inches while Canadians use centimeters and that a 
pencil is inappropriate for a signature in a contract. 
Social knowledge has its source in conventions 
made by people, but physical knowledge has its 
source in objects. 

Logico-mathematical knowledge consists of 
mental relationships and originates in each indi- 
vidual’s mind. For example, if we are presented 
with two unsharpened pencils, one yellow and one 
white, we can say that they are different. “Differ- 
ent” is a mental relationship that is not observable 
with our eyes. The pencils are observable (physi- 
cal knowledge), but the difference between them 
(logico-mathematical knowledge) is not. The proof 
is that if we decide to ignore color, we can say that 
the two pencils are similar or that they are the same 
in length or weight. A fifth mental relationship we 
can make is about the numerical relationship “two” 
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Two types of rulers 





a. Common ruler where the 0 (starting point) is implicit atthe edge 
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b. Engineering or scientific ruler where the 0 (starting point) is implicit and 
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itself. “Different,” “similar,’ “the same in length,” 
“the same in weight,” and “two” are all mental 
relationships that have their source inside each 
individual’s head. Logico-mathematical knowledge 
thus consists of mental relationships, which are 
not empirically observable. It is possible to see 
empirically that paper clips have been lined up end 
to end, but it is not possible to see only units with 
our eyes. 

With respect to units, teachers’ guides often 
say that nonconventional units should be taught 
before conventional units. However, once a child 
has the logico-mathematical knowledge of units, 
conventional units can be used as easily as uncon- 
ventional units. If centimeters are hard to teach, 
unconventional units are equally hard for children 
who do not have the logico-mathematical know]l- 
edge of units. 

A few words about the 12-inch rulers that most 
children use in school: These rulers look like the 
one in figure 3a. Because the 0 is only implicit on 
this ruler, children do not have to think about the 
unit between 0 and 1, especially if they are told 
to align the edge of the ruler with the edge of the 
object to be measured. This problem may in part 
explain the answer 6 cm that 37 percent of the 
seventh graders gave in table 1. Figure 3b shows 
the kind of ruler that engineers use, which has an 
implicit 0 away from the edge. Because this kind of 
ruler is more expensive, teachers may want to white 
out all the numbers on the inexpensive rulers so 
that students will have to think about units. Another 
possibility is to ask students to make their own rul- 
ers and yardsticks. If children make their own rulers 
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and use the inches and centimeters marked on these 
to make toys, such as a race.car made from a milk 
container, they will be motivated to think about 
units more. thoughtfully than when they are asked 
how long a pencil is. 

Principles and Standards for School Mathemat- 
ics (National Council of Teachers of Mathematics 
2000) defines measurement as “the assignment of 
a numerical value to an attribute of an object, such 
as the length of a pencil” (p. 44). When Principles 
and Standards later presents an anecdote, the out- 
come of this conception of measurement becomes 
evident. A teacher had given her class a list of 
things to measure. One of the students, Mari, had a 
pencil that was obviously shorter than her book but 
wrote that both objects were 12 inches long. When 
the teacher tactfully commented on these numbers, 
Mari replied, “You’re right.... The book is longer, 
but they are both twelve inches” (p. 106). If Mari 
had been asked to compare two objects that could 
not be compared directly, she would not have made 
such a nonsensical statement. 

Measurement was invented by our ancestors for 
the purpose of making indirect comparisons. There 
is a parallel between humankind’s construction of 
measurement and each individual’s construction of 
measurement. Lengths can be compared either by 
comparing whole lengths (with transitive reasoning) 
or by comparing the number of units within each 
whole. Piaget et al. (1960) showed that unit iteration 
grows out of transitive reasoning. The time has come 
for educators to rethink the notion that “measurement 
is the assignment of a numerical value to an attribute 
of an object, such as the length of a pencil” (NCTM 
2000, p. 44). If we improve the way we teach mea- 
surement, results of future National Assessments of 
Educational Progress should also improve. 
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ERS OF MATHEMATICS, 


Curriculum Focal Points for 
Pre-K—Grade 8 Mathematics: 


A Quest for Coherence 


On April 24, 2006, the National Council of Teachers of Mathematics (NCTM) Board of : 
Directors approved “Curriculum Focal Points for Prekindergarten through Grade 8 Math- 
ematics: A Quest for Coherence.” The Curriculum Focal Points are specifically designed : 
to provide leadership in the discussion about important mathematical topics at the pre- : 
K-8 level. This introduction will define, identify the need for, and place in perspective the 
: Nor do they offer recommendations for tools to use in teaching mathematics. They do not 
: include recommendations for professional development in content or pedagogy, they can- 
Why is there a need for Curriculum Focal Points? Over the years, NCTM has been 
responsive to the needs of teachers and those charged with curricular responsibilities. This : 
goes back to An Agenda for Action (1980), and includes the Curriculum and Evaluation Stan- ; 
dards for Schoo! Mathematics (1989), the Professional Standards for Teaching Mathematics : 
(1991), the Assessment Standards for School Mathematics (1995), and Principles and : 
Standards for School Mathematics (2000). Once again, NCTM is responding to a need about 
what students should know and know deeply and how well should they know it. What is : 
really important mathematically in any given year? In a very real sense, the Curriculum Focal: 
Points are intended to generate a dialogue about what is important mathematically—at 
each grade level and across grade levels. Principles and Standards (NCTM 2000) notes that : 
a well-articulated curriculum gives teachers guidance about important mathematical ideas: 
that should be taught. Such a curriculum also gives guidance as to the depth of study at par- 
ticular times and when closure on a topic is expected. The Curriculum Focal Points provides : 
one possible framework as to how to organize curriculum goals or expectations within a : 
coherent, focused curriculum, building on important mathematical content and connections 
: toward content. The mathematical processes should be addressed in the implemented 
: curriculum through an accompanying instructional design that requires students to dis- 
What are Curriculum Focal Points? Curriculum Focal Points are important topics in 
mathematics. These are instructional targets, with an emphasis on a deep understand- : 
ing of the elements of each focal point, at each grade level. As instruction is organized: 
around focal points, students will gain in-depth understanding of these concepts and 
skills. Organizing instruction around focal points builds on the assumption that math- : 
ematics learning is cumulative and that what is learned at earlier grades can be devel- ; 
relative to national, state, and local school district learning expectations, pre-K—8. We hope 
: that this work will prompt mathematics leaders, at every level, to use the focal points, and, 
How should Curriculum Focal Points be used? The audience for the Curriculum Focal 
Points is those who are responsible for the development and articulation of the math- : 
ematics curriculum standards and related assessments at the national, state, and local : 
levels. This includes state directors of mathematics and publishers of textbooks and 
assessments. It is important to note that the audience also includes school district math-  : 
ematics supervisors and leaders, building-based department chairs, and mathematics : 
specialists at every level. Those who use the Curriculum Focal Points should recognize 
that this publication presents an example from which the next generation of curriculum : 


use of the focal points. 


identified for each grade level, pre-K-8. 


oped in later grades, without constant repetition and inefficient reteaching. 


documents might be built. 


As noted, the Curriculum Focal Points provide grade-level targets for important : 
mathematics content in a way that builds connected and integrated mathematical un- : 
derstanding. Each grade level provides three focal points that are linked to one of the 
five Content Standards within Principles and Standards (Number and Operation, Algebra, : 
Geometry, Measurement, or Data Analysis and Probability). In addition, connections to : 
the focal points are provided for each grade level. These connections are also linked to 
the content standards of Principles and Standards and are provided to identify the need : 
for introductory and continuing experiences related to focal points that may be identified: 
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at other grade levels and to identify ways in which one grade level’s focal points can 
be used to support learning in relation to content strands that are not focal points at a 
particular grade level. 

It should be noted that the Curriculum Focal Points do not provide instructional guide- 
lines or suggestions for the implementation of the focal points or the related connections. 


not be used as stand-alone lesson plans, and they definitely are not activities to answer 
the “What can | do tomorrow?” kinds of questions. So although the Curriculum Focal 
Points may change your state or local curriculum and may impact textbooks and assess- 
ments, they are not a teacher’s quick remedy for tomorrow’s lesson. 


How are the Curriculum Focal Points related to Principles and Standards for School 
Mathematics ? Principles and Standards (NCTM 2000) describes the mathematical ideas 
from which the Curriculum Focal Points are developed and toward which the Curriculum 
Focal Points direct student learning. NCTM provides this set of Curriculum Focal Points 
and connections for prekindergarten through grade 8 mathematics as a next step in 
developing resources to support the development of a coherent curriculum. Principles 
and Standards includes a thorough discussion of the necessity for learning mathematical 
content through processes such as problem solving, reasoning and proof, communica- 
tion, connections, and representation. Although some of these processes may be evident 
within the descriptions of particular focal points, the Curriculum Focal Points are targeted 


cuss and validate their mathematical thinking; create and analyze a variety of representa- 
tions that bring out the connections within the mathematics; and apply the mathematics 
they are learning to solve problems, judge claims, and make decisions. 


The Curriculum Focal Points are an important first step in advancing the discussion 
about the important mathematics for a particular grade level and in providing coherence 


as needed, to refine them to meet their needs as they think critically about the important 
mathematics that all children should know and understand, deeply and well. 
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A print version of Curriculum Focal Points for Prekindergarten through Grade 8 Math- 


ematics: A Quest for Coherence /s available for purchase through the NCTM catalog. The 
focal points are also free online at nctm.org/focalpoints. 
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MATH BY THE MONTH | ea ee Saul ce Victories E. Williams 





Dinosaur Math | 


AA ath a the Month” activities are designed to engage students to think as 
mathematicians do. Students may work on the activities individually or in 
small groups, or the whole class may use these as problems of the week. 

Because no solutions are suggested, students will look to themselves for mathematical 

justification, thereby developing the confidence to. validate their work. 

This month’s problems use the topic of dinosaurs to engage students in meaningful 
mathematics. The students will work through problems involving number, measure- 
ment, and data. Sources include www.enchantedlearning.com; pubs.usgs.gov/; and 
www.ucmp.berkeley.edu. A 


WEEKLY ACTIVITIES 
DINOSAUR MATH: K-2 OCTOBER 2006 


(si On top of Triceratops. Triceratops had three horns on its 
head. How many horns would you see in a family of 3 Tricer- 
atops dinosaurs? In a family of 5 Triceratops dinosaurs? How 
many wheels does a tricycle have? How many sides does a 
triangle have? Make a list of other words that start with tri-. 
What do you think the prefix tri- means? 


Bigger than what? A typical Brachiosaurus measured about 
85 feet (26 m) long. Find a way to measure a distance of 85 
feet in your school or on your school playground. What other 
object can you identify that is about the same length? If you 


and your classmates were each 5 feet tall and if you lie head 
to toe, how many students would it take to extend the same 
distance? 


16 


Not so speedy. Scientists have used the distance between each fossil footprint to estimate how fast dinosaurs moved. 
They estimate that dinosaurs such as Tyrannosaurus rex could run about 25 miles per hour. About how far could T. rex 
run in 3 hours? About how far could T. rex run in 30 minutes? 


23/30 


Dinosaurs today. Did you know that many scientists believe that birds are distant relatives of a type of dinosaur? The 
bird skeleton has characteristics similar to the skeletons of some dinosaurs. What types of birds live in your area? 
Make a data collection sheet and record your class’s sightings of various birds in one week. Use your data to make a 
graph. Study the information you collect. What-conclusions can you make about the birds found in your area? 





Edited by Kristen Forrest, kristen. forrest@anoka.k12.mn.us, Denise Schnabel, denise.schnabel@anoka.k12.mn.us, and Margaret E. Williams, margaret. williams@ 
anoka.k12.mn.us, teachers at Riverview Specialty School for Math and Environmental Science in Brooklyn Park,. MN 55444. Readers are encouraged to submit 


problems to be considered for future “Math by the Month” columns to Margaret Williams. Receipt of problems will not be acknowledged; however, problems 
selected for publication will be credited to the author. 
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DINOSAUR MATH: 3-4 OCTOBER 2006 


It’s been so long. A typical Diplodocus could measure up to 28 meters long. How many centimeters would that be? If 
you laid the dinosaurs end to end, how many would you need to cover a distance of approximately 1 kilometer? Talk 
with your classmates about the different strategies you used to get your answers. 


Good things come in small packages. One of the smallest dinosaurs ever found was Microraptor. It measured 40 cm 
as an adult. How many Microraptors would it take to equal the length of one Diplodocus? Make a list of objects around 
your home or your classroom that are about the same length as Microraptor. 


Speedy dinos. Gallimimus and Ornithomimus were Oviraptors that could run up to 43 mph. What is the speed limit on 
the street near your school? What is the difference between that speed limit and how fast these dinosaurs could run? 
Could Gallimimus and Ornithomimus run fast enough to keep up with the cars on your local highway? 


That's one big egg! Hypselosaurus eggs contained close to 6 pints of fluid. What object in your classroom or school 


has about the same volume? How many quarts would that be? How many cups? Could one Hypselosaurus egg hold 
more or less than a gallon? 


DINOSAUR MATH: 5-6 OCTOBER 2006 





Touchdown! The regulation National Football League playing field is 120 yards long. A large Tyrannosaurus rex 
measured about 42 feet long. Approximately how many T. rex dinosaurs could fit in a line from one end of a regula- 
tion-sized football field to the other? How tall are you? How many of you would fit along the length of the playing field 
if you were lying head to toe? Express your answers as fractions and as decimals. 


One heavy head. A typical Tyrannosaurus rex had a skull that weighed about 600 pounds. If T. rex’s body weight was 
roughly 7 tons, what percentage of the dinosaur’s body weight was its skull? The average human skull weighs about 
2 pounds. What percentage of your body weight is your skull? How many times greater is the weight of T. rex’s skull 
compared with your skull? What other objects can you find that weigh the same as your skull? 


Beep, beep! A typical car measures about 15 feet long, and a typical bus measures about 40 feet long. Determine your 
height (think of it as your length) in relation to the length of a car and to the length of a bus. For example, if you are 5 
feet tall, your height is about 1/3 the length of a car. Stegosaurus measured 25 feet long, Velociraptor measured about 
6 feet long, and Diplodocus measured about 90 feet long. Determine the ratio of the length of each of these dinosaurs 
to the length of a car. Then compare the length of each of these dinosaurs with the length of a bus. Use your data to 
make a graph. Give examples of objects in or at your school whose lengths are comparable to the lengths of these 
dinosaurs. 





















Fast tracks. After studying the 
length of a dinosaur’s stride—the 
distance between its footprints—sci- 
entists have determined from tracks 
made by medium-sized dinosaurs 
that the fastest speed they could 
travel was about 27 miles per hour. 
At this speed, how long would it 
take a medium-sized dinosaur to 
travel 60 miles? How long would 

it take this dinosaur to travel 167 
miles? How long would it take this 
dinosaur to travel from your home 
to your school? From your school to 
the nearest park or grocery store? 
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Sheryl Stump 


Making Brownies 


Barney and Betty are making brownies. The recipe they are using calls for four eggs. They have 
only two eggs, so ey have decided to make half the recipe. 


\ 


Brownie Recipe 


4 squares unsweetened chocolate (4 ounces) 
2/3 cup shortening 

2 cups sugar 

4 eggs 

1 teaspoon vanilla 


1% cups all-purpose flour 
1 teaspoon baking powder 
1 teaspoon salt 

1 cup chopped nuts 


Heat oven to 350°. Grease a 13 x 9 x 2-inch oblong pan. Melt chocolate and shortening in 

a saucepan over low heat. Beat in sugar, eggs, and vanilla. In a separate bowl, stir together 
flour, baking powder, and salt; blend into chocolate mixture. Mix in nuts. Spread in pan. Bake 
30 minutes or until brownies pull away from sides of pan. Do not overbake. Cool slightly and 
cut into squares. 





How much of each ingredient will Barney and Betty need to make half the recipe? If they bake 
the brownies in an 8 x 8 x 2-inch square pan, will the brownies be thicker or thinner than those 
in the original recipe? Use pictures, words, numbers, or symbols to record your work and ex- 


plain your reasoning. 


Extension: Clarence and Cleo are also making brownies, but they have only one egg. If they de- 
cide to use this recipe, how much of each ingredient will they need? If they bake their brownies 

in a 3% x 7¥%-inch loaf pan, how wilil the thickness of their brownies compare with the thickness 
of those made in the pan size specified in the original recipe? How will the thickness of Clarence 
and Cleo’s brownies compare with the thickness of Barney and Betty’s brownies? 


he goal of the “Problem Solvers” depart- 

ment is to foster improved communication 

among teachers by posing one problem each 
month for teachers of grades K-6 to try with their 
students. Every teacher can become an author: 
Pose the problem to your students, reflect on your 
students’ work, analyze the classroom dialogue, 
and submit the resulting insights to this depart- 
ment. Through contributions to the journal, every 
teacher can help us all better understand children’s 
capabilities and thinking about mathematics. Re- 
member that even students’ misconceptions pro- 
vide valuable information. 


Sheryl Stump, sstump@bsu. edu, teaches in the Department of Mathematical Sciences, Ball 
State University, Muncie, IN 47306-0490. 


Edited by Joyce Bishop, jdbishop@eiu.edu, Department of Mathematics and Computer Sci- 
ence, Eastern Illinois University, Charleston, IL 61920, and Sheryl Stump, sstump@bsu.edu, 
Department of Mathematical Sciences, Ball State University, Muncie, IN 47306-0490. Readers 
are encouraged to submit problems to the editors to be considered for a future “Problem Solv-- 

ers” column. Receipt of problems will not be acknowledged; however, problems selected for 
publication will be credited to the author. 
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Classroom Setup 


Discuss this problem with your students but avoid 
giving too much guidance. Allow your students to 
work with a partner or in small groups. Encourage 
them to experiment with pattern blocks. Ask them to 
use pictures, words, lists, or other methods to record 
their work and explain their solutions. Collect stu- 
dents’ work, make ‘notes about interactions and dis- 
cussions that took place, and document the variety of 
student approaches that you observed. As you reflect 
on your experience with the problem, keep in mind 
the following questions: 


¢ What difficulties did the students have i in under- 
standing the problem? 

* What strategies did you see students using to solve 
the problem? 

* Were you surprised by any students’ responses or 
interpretations? 

* What methods did students use to record their 
work? 
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¢ Did the students relate this problem to any others that they 
have investigated? 

¢ What extensions to this problem did you or your students 
pose? 

¢ What did your students learn from investigating this 
problem? 


Share Your Student Work 


We are interested in how your students responded to the problem 
and how they explained or justified their reasoning. Please send 
us your thoughts and reflections. Include information about how 
you posed the problem and samples of student work or even 
photographs showing your problem solvers in action. Send your 
results with your name, grade level, and school by December 1, 
2006, to Sheryl Stump, Department of Mathematical Sciences, 
Ball State University, Muncie, IN 47306-0490. Selected submis- 
sions will be published in a subsequent issue of Teaching Chil- 
dren Mathematics and will be acknowledged by name, grade 
level, and school unless otherwise indicated. A 


(Solutions to a previous problem 
begin on the next page.) 


Mathematics: 
Representing 
e ie Future 


\n nual ae 
nd Expos 1th 


Where’s the Math? 


This problem first requires students to think about 
whole numbers and fractions as amounts of vari- 
ous ingredients. Students must find some way to 
determine half of each amount required by the 
recipe. With certain amounts, of course, the task 
may be more challenging—and more interesting! 
To help build students’ conceptual understanding, 
you may want to bring a variety of measuring 
tools into the classroom and have students simu- 
late the problem using rice or sand. The problem 


‘then requires students to think about the thick- 


ness of the resulting brownies when baked in 
pans of two different sizes. Through their work, 
the students may use the idea of inside surface 
area to compare the sizes of the two pans. Other 
students may approach the problem by consider- 
ing the capacity, or volume, of the two pans. This 
aspect of the problem may be especially interest- 
ing to students in higher grades. 


the latest fare products and services 
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s for up-to-date information! 





_ Carla Tayeh 





PROBLEM SOLVERS 


Solutions to the 
Better Box Problem 


“Problem Solvers” section was stated as 


te problem appearing in the October 2005 
follows: 


The dimensions of a typical cereal 
box measure approximately 2 inches 
wide x 6 inches long x 12 inches 
high. The design of a cereal box 
has not changed much over many 
years. Jenna is always looking 
for ways to recycle and reuse 
the paperboard used to con- 
struct the box because 
she cares about the en- 
vironment. She wonders 
Gao if there is a better way to 
package cereal in boxes. She 

wonders if she can construct a box 
using less paper but maintaining the 
same volume. 

Can you help Jenna? Is there a 
better cereal box that would have 
the same volume as the original 
cereal box but use less paper? 










Mary Kay Varley was surprised by how chal- 
lenging this problem was for her fourth-grade class 
at Fort Worth Country Day School in Fort Worth, 
Texas. Students were initially puzzled that boxes 
of different shapes could hold the same amount 
of cereal, a concept that led to a class discussion 
of misleading advertising. The discussion helped 
motivate an interest in solving the problem. 

The class began by exploring an easier problem 
using 24 centimeter cubes to build boxes of differ- 
ent sizes, Varley wrote. 


. Carla Tayeh, Carla.tayeh@emich.edu, teaches elementary rnathematics methods and content 
classes at Eastern Michigan University, Ypsilanti, MI 48197. 

Edited by Barbara Britton, Barbara.Britton@emich.edu, and Carla Tayeh, Carla.tayeh@emich 
.edu, at Eastern Michigan University, Ypsilanti, Ml 48197. 
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I asked the students to build a box with their 
24 cubes. Most of the students built what we 
called “single-level” boxes. A few made “two- 
level” boxes, and only two students built a 
“three-level” box. No one made the long | x 
1 x 24 box. They felt that particular box made 
no sense at all to build, because no one would 
want a box of cereal that size in their cabinet. 
With the 24 cubes, we found that six different 
kinds of boxes could be made.” (See fig. 1.) 

I then passed out graph paper so they could 
create the net for their own box and find the 
surface area. I modeled an example on the 
overhead projector. Using the net for the box, 
we determined the surface area of the box. The 
students got to work on their own, first draw- 
ing the net for their box and then determining 
the surface area. When their calculations were 
complete, we came back together to see which 
boxes used the least amount of paper. It was 
then that the class noticed the closer the box 
came to being a cube, the less surface area. 
Boxes that are very long and narrow have a 
greater surface area. Of the six different boxes 
we built with the 24 cubes, the one with the 
smallest surface area was the 4 cm x 3 cm 
x 2 cm box with a surface area of 52 square 
centimeters. 


Varley asked the students to write letters to the 
president of the Crunchy O’s Cereal Company 
requesting that the shape of the cereal boxes be 
changed. “They loved this part of the activity,” 
commented Varley. “I told them that they could 
cite our experiment as a way to convince the 
company to use boxes that conserved paper and 
include their nets as part of their response.” In her 
letter to the Crunchy O’s Cereal Company, Ashley 
shared the results of her research on the surface 
area of boxes with a volume of 24 cubes (see fig. 
2). Earlier, the students had observed that the 
more cubelike boxes decreased the surface area, 
whereas the long and narrow boxes increased 
surface area. In her letter, Emily generalized her 


Teaching Children Mathematics / October 2006 


Investigating boxes with a volume of 24 
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a. The six possible shapes of a box having a 
volume of 24 cubes 
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b. Net for a 4 x 3 x 2 box having a volume of 24 
cubes 


results and wrote that a better box for Crunchy 
O’s cereal having a volume of 144 cubic inches 
should measure 6 x 6 x 4 inches to decrease the 
amount of paper needed to construct the boxes. 
Using whole numbers, this box appeared to be the 
most cubelike. 

“This activity pointed out to me in a vivid way 
that my students do not have enough experience 
working with three-dimensional objects,” Varley 
concluded. “My students struggled to visualize 
this problem. This activity brought so many math 
content areas into play and helped me to assess 
how comfortable my students are with such topics 
as area, volume, nets, and multiplication.” 

Wayne Gorry challenged his fifth-grade stu- 
dents at Julia Randall Elementary School in 
Payson, Arizona, to solve this problem as a cul- 
minating activity for a unit on geometric solids. 
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During the unit, the students had had experiences 
building geometric solids from nets and drawing 
three-dimensional figures. As a way of introduc- 
ing the Better Box problem, Gorry, like Varley, 
began with a simpler problem. He asked his stu- 
dents to build all possible boxes by using just 8 
cubes. “With just 8 cubes it was very manageable 
for the students,” wrote Gorry. “As the students 
shared the boxes they discovered, we created a 
chart [to record] the length, width, height, and 
volume of each prism. We created nets and built 
models for each of them and then determined the 
surface areas.” 

Next, Gorry asked the class to find all the 
boxes that have a volume of 24. 


This activity proved to be challenging to the 
students. We compiled the information as a 
class and calculated the volume and surface 
area of each box. We created nets and models 
of these boxes. | felt that with this preliminary 
work with volume and surface area, the stu- 
dents were now ready for the challenge of the 
cereal box problem. 


Gorry asked the class to bring cereal boxes 
from home. “Looking at all the empty cereal 
boxes, I posed the Crunchy O’s Cereal problem 
to the class and asked them to redesign the cereal 
boxes. They were to present their findings in a let- 
ter to the cereal maker.” 

The students measured the cereal boxes and, 
on a chart on the board, recorded the cereal name 
and the length, width, height, and volume for 
each box. “The boxes varied slightly in size, and I 
wanted the students to agree on the dimensions of 
a typical cereal box. We agreed that a cereal box 
that was about 12 inches high by 8 inches wide 
and 2 inches deep with a volume of 192 cubic 
inches would serve as our ‘typical’ box,” wrote 
Gorry. (See fig. 3.) 


At this point the class seemed at a loss as 
to how to proceed. We took a step back and 
reflected on what we had learned previously 
when we investigated boxes with volumes of 8 
and 24 cubes. We looked at the models of the 
boxes we had built and ordered those boxes 
by their surface area. We selected the one that 
most looked like a cereal box from each group 
and then compared the surface area with that 
of the other boxes. This seemed to enlighten a 
few of the students as they conjectured that a 
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Ashley’s letter to the president of Crunchy O’s 
Cereal Company 





Students measure dimensions of cereal boxes 
to determine the size of a typical box. 
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cube would have the least surface area. Then 
they began to look for a way to make a cube 
with a volume of 192 cubic inches, the volume 
of our typical cereal box. This was a valuable 
learning experience for them as they tried, 
most often unsuccessfully, to determine the 
dimensions of a cube with a volume of 192 
cubic inches. 


Becoming frustrated with the lack of progress, 
Gorry suggested that the students organize and 
record their thinking as they worked by making 
a chart (see fig. 4). Helping students determine a 
systematic way to organize their thinking gave 
the students the necessary structure that eventu- 
ally led them to a solution. Learning how to orga- 
nize one’s thinking and recording failed attempts 
as well as successes often play a significant role 
in successfully solving problems. “Once the 
students began to systematically list all of the 
factors of the 192 cubic inches, they began to 
figure out how to create boxes with other dimen- 
sions that could be compared. Then they quickly 
narrowed the list to promising candidates for 
better boxes and, after calculating surface areas, 
discovered what they considered the ‘best’ box,” 
wrote Gorry. 

Finally, the students summarized their con- 
clusions in a letter to the president of a cereal 
company. “The letters revealed another misun- 
derstanding that didn’t surface during the activity 
but rather in their letters. Because we had used 
cubes to investigate boxes with volumes of 8 and 
24, we really did not address units of measure. In 
their letters, students failed to then properly label 
measurements as inches, square inches, and cubic 
inches. Instead, they referred to everything as 
‘units.’ It’s not clear if they really understand the 
concept of the different units of measure,” noted 
Gorry. 


The process of creating a unit on measure- 
ment was sometimes frustrating, sometimes 
exciting, and always challenging. My think- 
ing about how best to prepare students for 
this task went through multiple revisions. The 
skills required to solve this problem led me to 
significantly expand the scope of the unit in an 
attempt to prepare the students to have success. 
The problem proved to be much more complex 
for students than I had anticipated. The experi- 
ence has made me even more determined to 
present more of my math curriculum in the 
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Figure 4 form of challenging tasks that require students 


to think creatively and apply their work to real 
Making a chart helps the students organize world problems 
their thinking. : 





Teaching for depth of understanding is a 
challenge. It is important that students see con- 
nections and relationships among mathematics 
concepts. Problems that cause students to inves- 
tigate these relationships can help them move 
beyond just memorizing formulas for surface area 
and volume. Even for students who understood 
the concept of surface area and volume, applying 
those concepts in another context was challeng- 
ing. Interesting problems that are connected to 
the real world can help students have a richer and 
deeper understanding of mathematical concepts. 


Special thanks to Mary Kay Varley and her fourth- 
grade students at Fort Worth Country Day School 
in Fort Worth, Texas, and to Wayne Gorry and his 
fifth-grade students at Julia Randall Elementary 
School in Payson, Arizona. & 
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any adults, when asked how to find the 

area of a figure, promptly answer, “Length 

times width!” They understand area as a 
formula rather than as a concept—the amount of 
space covered by the inside boundaries of a two- 
dimensional figure. The area of a rectangle can be 
found by using the formula A = / ¢ w, but how do 
you calculate the area of a nonrectangular polygon 
such as a triangle or an octagon? How about irregu- 
lar figures that have curved sides? Indeed, the fig- 
ures found in our everyday world are often irregu- 
lar. Graphic designers, architects, and engineers are 
some of the professionals who need to be able to 
find the area of interesting, irregular figures in their 
daily work. To do this, they must understand what 
area is and use creative mathematical ways to arrive 
at estimates as well as precise answers. So it is very 
important for teachers to give student mathemati- 
cians the opportunity to develop their understand- 
ing of area as a measure of covering before teaching 
them any formula. 


Connections to the 
Standards 


With regard to the teaching and learning of mea- 
surement, Principles and Standards for School 
Mathematics (National Council of Teachers of 
Mathematics 2000), as set forth in its Measurement 
Standard, calls for elementary instructional pro- 
grams that will “enable all students to— 
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M. Katherine Gavin, kathy.gavin@uconn.edu, 
are all associated with Project M?: Mentoring 
Mathematical Minds, which aims to provide 
challenging curriculum for students with math- 
ematics potential. Casa and Spinelli are profes- 
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e understand measurable attributes of objects and 
the units, systems, and processes of measure- 
ment; [and] 

e apply appropriate techniques, tools, and formu- 
las to determine measurements” (p. 44). 


Research suggests that students often struggle 
with these concepts as they relate to area (Martin 
and Strutchens 2000). To address these objectives, 
this investigation asked students to explore ways 
to estimate the actual area of two irregular figures. 
Because they had no efficient formulas to use, 
students discovered and then fine-tuned their own 
strategies for determining the number of square 
units within these irregular areas by incorporating 
methods that made sense to them. They shared 
their strategies during class discussions, a process 
that helped them discover and appreciate diverse 
approaches that included more efficient ways to 
determine area. 

Communication was a central component of this 
investigation. Students wrote about the strategies 
they used to find the area of one of the figures. The 
act of writing about mathematics, as Principles and 
Standards for School Mathematics (NCTM 2000) 
states in its Communication Standard, “should 
enable all students to— 


Organize and consolidate their mathematical 
thinking through communication 
Communicate their thinking coherently and 
clearly to peers, teachers, and others 

Analyze and evaluate the mathematical thinking 
and strategies of others 

Use the language of mathematics to express 
mathematical ideas precisely” (p. 194). 


The writing also proved beneficial to teachers 
because it allowed them to formatively assess 


sional development team members for the project, and Gavin is project director. They are col- 
leagues at the University of Connecticut in Storrs, CT 06269, and are interested in using writing 
to enhance the teaching and learning of in-depth mathematical concepts. 


student understanding, provide individual and dif- 
ferentiated feedback, and adjust and focus future 
investigations. As a result of working on these 
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activities, the students, rather than relying on a 
formula, deepened their understanding of area as a 
measure of covering. 

This investigation is from the level-3 unit of 
What’s the Me in Measurement All About? (Gavin 
et al. 2006), one of twelve units in the Project M?: 
Mentoring Mathematical Minds series created for 
grades 3—5 students with mathematical talent. 


Day 1 


Using a fried egg to discover 
strategies for finding area 
Third-grade students participating in Project M?: 
Mentoring Mathematical Minds first discussed the 
idea that area is the measure of the region inside 
the boundaries of a two-dimensional or “flat” 
figure and is typically measured in square units. 
They considered what a square centimeter looks 
like (a square centimeter is a square that measures 
1 centimeter on each side) and then were asked 
to determine what other units might be used to 
measure area—square inches, square feet, square 
meters, square miles, and so forth. This discussion 
also addressed the notion that the units selected to 
measure area must reflect the size of the area being 
measured. For example, square miles would be an 
appropriate unit for measuring the area of a town, 
‘while square inches would be a more appropriate 
unit for measuring a tabletop. 

The teachers explained to the students that they 
were going to estimate how much area a fried egg cov- 
ers. After showing students samples of 1-inch, 2-inch, 
and centimeter grid paper, the students were asked to 
determine what size grid would give an estimate closer 
to the actual area. They concluded that the centimeter 
grid paper would provide the best solution because, by 
allowing them to break the egg into smaller pieces, it 
could give a more precise estimate of the pieces near 
the “edge” of the fried egg that would not completely 
fill an entire square (see fig. 1). 

Students then traced the shape of a fried egg ona 
sheet of centimeter grid paper and estimated, to the 
nearest square centimeter, the actual area it covered. 
At the bottom of the grid paper, they recorded the 
number of square units and shared their strategies 
with one another. The class discussion revealed that 
the students attempted this task in many different 
ways, and this diversity of approach gave teachers 
the opportunity to informally assess the students’ 
understanding of the strategies for finding the area 
of irregular shapes. 
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After superimposing the fried egg shape 
on different-sized grids, the students 
concluded that they could provide a more 
precise estimate of the fried egg area by 
using centimeter grid paper (a) than by 
using inch grid paper (b). 
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Note: Graphics for the figures in this article are not 
shown actual size. 


In determining the area of the fried egg, 
Katie counted the whole squares but 
ignored most of the partial squares. (Note 
the highlighted partial squares.) 








Ma 
a 
fee 


s 


O 
: aE 
Ning eE ee 


ail bel slactzdual ail 
Haul usolipleetalsols/ ia 
fslse] seelseleolereal 
Ver esveaholzilodlo} aos bal 
Niaiikolerzalss| lbs ke 
HIN eee ed 4 alsl7, 
CT er 
eee ie 





~ 
NGS LAT | | 


IN 


NJ 


7 
es 
|| 
a 





169 


170 


Joe accounted for both whole and partial 
squares but did not realize that all partial 
squares were not half squares. (Note the 
two highlighted partial squares.) 
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Montana’s group used arrays to quickly 
calculate the area of rectangular shapes 
within the body tracing. 








Photograph by Ann Marie Spinelli; all rights reserved 


In order to report the total area, Katie began 
by counting each square that was wholly covered 
(“whole squares”) but ignored the partially covered 
squares (“partial squares”) within the fried egg 
shape depicted on the grid paper (see fig. 2). She 
recorded the numbers in the squares as she counted, 
explaining that this helped her avoid double-count- 
ing square centimeters. However, Katie failed to 
recognize that the partial squares are also an impor- 
tant part of the area within the fried egg shape and 
must be considered to get a more accurate estimate 
of the total area. Although her count included 
the partial squares that covered nearly the whole 
square, she ignored all other partial squares. 

In his calculation of the area within the fried egg 
shape, Joe did take into account the partial squares. 
His strategy for counting built on his understand- 
ing of fractions. He knew that two halves make a 
whole, so he looked for two partial squares that 
could be combined to make a full square centimeter 
and counted those as one full square (see fig. 3). To 
keep track as he counted, he wrote the same num- 
ber in both parts to indicate that together they were 
counted as one square unit. 

Although counting individual squares as Katie 
did was an effective strategy in finding the area 
of the fried egg, it was not a particularly efficient 
one. It appeared that many students relied on this 
strategy because the area covered by the fried egg 
was relatively small and counting each square was 
manageable. In addition, most students began to 
consider what to do with the partial squares. How- 
ever, some students, like Joe, did not realize that 
all partial squares were not “half squares.” In other 
words, to calculate the area of irregular shapes, 
any given number of partial squares—not just two 
half squares—must be grouped in such a way that 
they come together like a puzzle to make one full 
square. 


Day 2 


Using body tracings to develop 
more strategies for finding area 
Now that the students had a beginning understand- . 
ing of the strategies for finding the area of irregular 
shapes, the teachers planned to develop it further by 
challenging them to apply their strategies to calcu- 
late the area of a much larger figure. Having a larger 
area to account for would establish a need for more 
efficient strategies for counting whole squares, and 
using larger square units (i.e., square inches rather - 


Teaching Children Mathematics / October 2006 


than square centimeters) would make it easier for 
students to visualize the partial squares, encourag- 
ing them to use more precisely the strategy of piec- 
ing them together to make one whole square. 

Groups of three to five students worked together 
to determine the area of the tracing of a group 
member who had volunteered to be the model. (It is 
easier to calculate the area of the body tracing when 
students, while being traced, spread apart their 
fingers, place their arms away from their sides, and 
let their feet turn outward.) Before beginning the 
activity, the teachers held a brief class discussion to 
remind students about the strategies they had used 
to determine the area of the fried egg. 

As the students worked, the teachers noticed that 
groups were using different strategies to determine 
the area. First, they sectioned the body tracings 
differently. Some groups measured individual 
body parts (such as the head, arms, trunk, and 
legs) and then added the areas of these individual 
parts together. This was encouraging because it 
demonstrated that the students understood area as 
a measure of covering; they obviously felt comfort- 
able cutting the figures apart and then putting them 
back together. Others used the body’s vertical line 
of symmetry to count the area of half the body and 
then double that number. (Some students reasoned 
that this estimate was probably not the most accu- 
rate because of their faulty tracing!) Second, the 

‘students continued to use a variety of strategies to 
account for the whole and partial squares. During 
the ensuing class discussion, the teachers planned 
to call on groups who had used more efficient and 
precise strategies. 

Montana shared how the students in her group 
had used their understanding of multiplication to 
efficiently count some of the square inches (see 
fig. 4). They drew rectangular arrays, and then, 
rather than individually counting the whole squares 
inside the arrays, they counted the number of rows 
and columns and multiplied them to get the total 
number of square inches. They then added the 
individual squares and partial squares outside the 
arrays to arrive at the total area for the body trac- 
ing. Montana, in fact, was one of just a few students 
who had used an array to determine the area of the 
fried egg, and she noted that the arrays were even 
more helpful when working with the larger figure. 

Navia’s group also used arrays to calculate the 
area but in a different way. Instead of drawing 
several arrays inside the figure, they drew one large 
one encasing different body parts, such as the hand 
(see fig. 5). They then counted the number of rows 
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Navia’s group used an array outside the 
hand and then, to determine the area of 
the hand, subtracted the area outside the 
tracing. 














Skyler’s group combined partial squares 
to make one whole square. 





and columns in the array and multiplied to find its 
area. Finally, to determine the area of the hand, they 
subtracted the number of full and partial squares 
outside the hand within the array. 

The students also more clearly understood how 
to account for partial squares of areas of different 
sizes. Skyler explained to the class how his group 
had taken partial squares from all around the body 
tracing (e.g., two from the hand and one from the 
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Miguel’s explanation in his journal of the strategies he used to 
measure the square area of the body tracing (note the highlighted 
numbers at the bottom of the page) 
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Figure 8 


. Kara’s explanation in her journal of the strategies she used to mea- 
sure the square area of the body tracing 
































Teacher's depiction of irregular shapes 
covering partial squares of the area grid 
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foot) to make approximately one whole square inch 
(see fig. 6). To keep track of the partial squares, 
his group adopted Joe’s method for the fried egg 
activity and wrote the same number in each area 
that went together to make one square inch. Instead 
of just pairing half squares together, Skyler’s group 
put together partial squares that, for example, had 
covered approximately 1/4 and 3/4 of the square to 
make one full square. 


Student Mathematicians 
Write On 


It appeared that the students as a class understood 
and were able to apply different strategies for 
determining the area of an irregular figure. Now it 
was time to determine what conclusions individual 
students had reached. They were asked to explain 
in writing the strategies they had used to measure 
the area of their body tracing. Given the class dis- 
cussions, the teachers anticipated that the students 
would write about the following strategies for 
whole squares: 


e counting individual whole squares 

e using arrays within the figure and then adding 
other whole and partial squares 

e using an array outside the figure and then sub- 
tracting other whole and partial squares 

e piecing together two half squares to make a 
whole square 

e putting together any number of partial squares to 
make one whole square 


Through notes on each student’s written 
response, the teachers addressed that particular stu- 
dent’s understanding of strategies for determining 
the area and further encouraged his or her use of the 
strategies. They identified what each student had 
done to help others be aware of what they under- 
stood and also provided guidance to expand on 
their understanding. Following are a few examples 
of this feedback: 

Miguel included an example of a figure—he 
drew a circle—to describe his strategies for both 
the whole and partial squares (see fig. 7). However, 
his grid contained only four whole square units, so 
it was not necessary for him to use an array. His 
teacher responded: 


You seem to really understand that partial 


squares can make whole squares if you make 
sure to cover every part of the whole square. You 


Teaching Children Mathematics / October 2006 


are also making use of a great method to keep 
track of what partial squares you have already 
used! For example, I see how an 8 was written 
on three partial squares. Check to make sure 
that together they make a whole square. You 
might want to cut them out and piece them back 
together to check. I also wonder what strategy 
you would use to count the whole squares if you 
had a larger figure. Is there another way that you 
could count the squares that would be quicker 
than counting them one by one? 


Kara appeared to understand that determining the 
area of the entire figure involves adding the areas 
from the whole and partial squares. However, it 
seemed that she did not have a complete understand- 
ing of how to determine the area of the partial squares 
and assumed that combining any two would result in 
a whole square (see fig. 8). She wrote, “There were 
10 partial [squares]. After we [divided] 10 by 2. 
Because if you put the partial [squares] together they 
make whole [squares].” Her teacher replied: 


I agree with you—you need to add the area of the 
partial squares to the area of the whole squares to 
get the area of the entire figure. I noticed that you 
put two partial squares together to make one whole 
square. Does this always work? I wonder how you 
would figure out the area of shaded parts of the 
partial squares that look like the ones [in fig. 9]? 


Miguel and Kara, along with their classmates, 
continued their written communication with their 
teachers about their understanding of area even 
after the lesson had ended. After the teachers had 
responded to individual students’ written thoughts, 
the students replied to their teachers’ queries. This 
gave students the opportunity to solidify their 
understanding. 


Closing Thoughts 


These samples of student work demonstrate how 
important it is to provide students with ample opportu- 
nities to investigate irregular shapes and develop strate- 
gies to determine their areas. This investigation allows 
students to develop a comprehensive understanding 
of area, including knowing that they can break up an 
irregular figure into whole and partial square units, use 
arrays to efficiently calculate rectangular areas, and 
put together partial squares to make whole squares. 
As a result of understanding the concept of area as a 
measure of covering, the students, when asked how to 
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find the area of a figure, now respond, “It depends on 
the shape of the figure.” 
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urriculum integration is an engaging and effec- 

tive learning model for elementary school stu- 

dents. In the Pinellas County, Florida, school 
district, most curriculum subjects at the elementary 
level are taught as discrete subjects. A minimum of 
120 minutes is designated for reading, 90 minutes 
for mathematics, and 60 minutes each for science, 
health, and social studies, with the textbook as the 
primary teaching tool. Because of this segregation of 
subjects, quite often the resulting instruction reflects 
few if any connections to real-life experiences. In 
Meeting Standards through Integrated Curriculum 
(2004), Drake and Burns endorse the research by 
Hargreaves and Moore that included interviews with 
teachers who use curriculum integration. She sum- 
marizes this research: “The teachers reported positive 
student outcomes such as higher-order thinking, ap- 
plying knowledge to solve real problems, collaborat- 
ing, and being creative” (p. 26). Drake also worked 
directly with a team of professionals who began to 
realize that as they developed integrated curriculum, 
the boundaries between subject areas disintegrated 
quickly (Drake 1991). 

Curriculum integration of mathematics, science, 
reading and writing helps students become problem 
solvers, critical thinkers, and data analysts. The 
National Science Teachers Association (NSTA) 
promotes integration of these core subjects, as is 
evident in the books it publishes, such as Stepping 
Up to Science and Math (Goldston 2004). This 
book encourages rethinking the way subjects are 
taught and using interdisciplinary inquiry-based 
units linking science and mathematics as well as 
language arts. 


Standards-Based Curriculum 


Integration 

Principles and Standards for School Mathemat- 
ics (National Council of Teachers of Mathematics 
2000) asserts that the study of measurement is 
crucial in the pre-K-12 mathematics curriculum 


Florida. She is interested in assisting teachers in developing integrated science units with a 
strong emphasis on the application of mathematics skills and strategies. 
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Station Investigation 


because of its practicality and pervasiveness in con- 
necting so many aspects of everyday life. My posi- 
tion as a teacher on special assignment and coor- 
dinator of the elementary science program in our 
district allows me to work with classroom teachers 
to model how to naturally integrate mathematics 
into the science curriculum. The application of 
reading and writing skills provides a genuine con- 
nection within the learning experiences. Regular 
education students in Dr. Elizabeth Moore’s third- 
grade class at Cypress Woods Elementary School 
worked together to answer this research question: 
Does the height of a bird feeder affect the amount 
of birdseed that wildlife eat? This month-long 
project gave the students a chance to use both the 
indoor and the outdoor learning environment. 

The Bird Station Investigation began with 
twenty-one excited students discussing the oppor- 
tunity of becoming “scientists” who solved prob- 
lems and thought critically. At this point they did 
not realize they would also become mathemati- 
cians. The concepts and skills in measurement were 
new to the students. They had little prior experience 
using any tools for measurement or asking high- 
level questions to develop appropriate strategies 
for linear measuring. But during the Bird Station 
Investigation, they would solve a scientific question 
using mathematics skills and applying mathematics 
concepts, including measurement, number sense, 
algebraic thinking, and data analysis. 


Real-World Applications 


Cypress Woods Elementary School borders an 
8,500-acre nature preserve. Many acres of this 
pristine habitat extend onto the school property, and 
the school has received several grants to develop 
outdoor learning stations and a nature trail on this 
portion of its property. To begin developing an 
understanding of how to connect nature and the 
outdoors for rich, real-world learning experiences, 
several classes at Cypress Woods have participated 
in Classroom FeederWatch, Cornell University’s 
Citizen Scientist Birding program, which is sup- 
ported by NSTA. This program has ignited stu- 
dents’ curiosity about birds and other wildlife and 
led to the Bird Station Investigation project and 
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the scientific question it posed. Although several 
questions relating to birds were discussed, I chose 
this question because it offered more integration 
of mathematics and science. In Principles and 
Standards for School Mathematics, the measure- 
ment strand for grades 3—5 includes understanding 
“measurable attributes of objects and the units, sys- 
tems, and processes of measurement” and applying 
“appropriate techniques, tools, and formulas to 
determine measurements” (p. 170). The Bird Sta- 
tion Investigation naturally integrates measurement 
into other mathematics content strands, including 
number operations, algebraic thinking, and data 
analysis and probability, allowing students to 
develop concepts and skills in these areas. 


The Process and the Hook 


During the first week of the project, I gave students 
scientific journals to document the steps in the sci- 
entific method: posing a scientific question, making 
predictions, formulating a hypothesis, considering 
variables, creating a data table and graph, drawing 
conclusions, recording results, and reflecting on the 
process. Additional pages in the back of the journal 
provided space for mathematics calculations and 
recording other observations, including drawings, 
poems, and research. 

We posed the Bird Station Investigation ques- 
tion: Does the height of a bird feeder affect the 
‘amount of birdseed that wildlife eat? In their 
individual scientific journals, the students made 
predictions and formed a hypothesis identifying 
the rationale behind their thinking. The students 
brainstormed ideas about how they could set 
up the investigation, what measuring tools they 
would need, and what challenges they might 
encounter. The investigation required measures 
of both length and mass, and the students made 
the transition from learning how to measure to 
measuring for a purpose. Most students had previ- 
ously never used a balance scale with weights or 
a measuring tape. However, they recognized that 
they needed a balance scale to measure the amount 
of birdseed (see fig. 1) and a measuring tape to 
measure the height of the bird feeders. 

The group in charge of the measurement steps 
of the process (group 1) was randomly selected. 
Tables 1, 2, and 3 describe three different strategies 
the groups of students used when measuring the 
birdseed for the first week. After sharing strategies 
on measuring birdseed, all three groups decided 
to use group 3’s strategy when refilling the bird 
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The Bird Station Investigation 
began with twenty-one 
excited students discussing 
the opportunity of becoming 
“scientists’ who solved problems 
and thought critically. At this point 
they did not realize they would 
also become mathematicians. 


feeders in the subsequent weeks. We decided that 
whenever a bird feeder was found empty, I would 
select students on a rotating basis to refill the feeder 
with the predetermined 942 grams of birdseed. By 
refilling the bird feeder with the same amount of 
birdseed each time it was empty and recording the 
date they refilled it, the students could use either 
addition or multiplication to compute the total 
amount of birdseed for each feeder that week. Fig- 
ure 2 shows group |’s computations of the amount 
of seed to place in the feeder. 

When each group had completed this part of 





Students used balance scales to measure the mass of the birdseed 
placed on each feeder. 


Photograph by Julie Poth; all rights reserved 
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Table 1 7 


Group 1's Week 1 Data Record for Feeder 1 


Height Materials 
110cm | Bird feeder 1. Weighed empty plastic cup (10 g) Plastic cup weighs 10 g 
Balance . 2. Filled plastic cup with birdseed 
Plastic cup 3. Placed cup on balance Students added: 
Gram weights | 4. Weighed seed in cup using gram weights 
Birdseed 5. Calculated total sum of gram weight by Cup 1 


100 + 100 + 50 + 20 + 65 + 1 = 336 g seed 
336 — 10 = 326 g seed 


removing each weight and recording the 
amount 
6. Subtracted weight of cup from total sum 
7. Poured cup of seed into bird feeder (for 
cups 2 and 3, the group repeated steps 
2-7) J 


Cup 2 
200 + 50+ 20+10+5+2+2+2+1=292 g seed 
292 - 10 = 282 g seed 





Cup 3 
200 + 100 + 20+ 10+2+1+1= 334g seed 
334 — 10 = 324 g seed 





Total weight 
326 + 282 + 324 = 942g seed will fit in the feeder 











Table 2 


Group 2’s Week 1 Data Record for Feeder 2 
Feeder : 
Plastic cup weighs 10 g 


141 cm 





Tools and 
Materials 


Bird feeder 
Balance 
Plastic cup 2 
Gram weights 
Birdseed 


Process 
























1. Reflected on group 1’s work and the fact 
that it took 3 cups of seed to fill feeder 1 
Calculated that 3 groups of 314 g of seed 
would total 942 g of seed. Also remem- 
bered that seed plus cup would really 
weigh 324 g because each cup weighed 


Cup 1 
100 + 100 + 65+ 20+ 20+10+5+2+1+1=324g seed 
324-10 = 314 g seed 





10g Cup 2 
3. Filled cup 1 with the correct grams of seed | 314g seed 
4. Leaving the weights on the balance, filled 
the cup with seed, then added or took Cup 3 
away seed until the scale was in balance 314 g seed 





. Repeated this process two more times 






314 x 3 = 942 g seed 
314 x 3 = 942 g seed 
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the investigation, the group members shared their 
process with the rest of the class. This discussion 
included challenges to and disagreements with the 
process each group used and how each calculated 
the weight of the birdseed to equal the established 
weight the feeder would hold. Problem-solving 
and critical-thinking skills became evident. One 
disagreement I observed in both group | and 
group 2 was a difference of opinion about which 


combination of gram weights to use to weigh the 
birdseed—a 50-gram weight or a combination of 
20-, 20-, and 10-gram weights. Another observation 
I made was that when a group put too much weight 
on the balance, the group members realized that, 
to reach their exact goal of 942 grams of birdseed, 
they should replace one of the 10-gram weights 
with several smaller weights. 

Our next task was to set up the bird station. We 
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Table 3 


Group 3’s Week 1 Data Record for Feeder 3 





Tools and 
Materials 


Process 


Calculations 





Bird feeder 
Balance 


Plastic cup 
_Gram weights 
Birdseed 


balance 


1. Weighed empty bird feeder with top off (239 g) 
2. Filled the bird feeder to about the same level as group 1 and 2 did 
3. Placed weights equaling 942 + 239 g for a sum of 1,181 g on the 


Plastic cup weighs 10 g 


Total weight 


942 g (total seed) 


5. Took seed away until the scale was in balance 


placed the shepherd hooks and bird feeders at the 
edge of the woods. The students used a measuring 
tape to identify the height of each bird feeder (see fig. 
3) and then recorded this measurement on their data 
table. Now it was time for nature to take its course. 
The process for the second, third, and fourth weeks 
was similar. First, the students observed and predicted, 
in grams, how much birdseed was left in each feeder. 
The questions that I had left the students thinking 
about the previous week were brought up again: 


Students tracked the amount of birdseed 
consumed at the feeders and replenished 


each week. 
se 00 fines 2 00 50 a 
50 
“100 Maer 
THe kt nO | 0 |O 
\ 





qu? = Total qrams of 


seed mm all the 
Leeder 
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e How can we determine how much birdseed is 
left? 

e How can we determine how much birdseed was 
eaten? 


Each week when I visited the class, our analysis 
of what had happened could have lasted for hours. 


' “Mrs. P, so far my prediction was correct,’ declared 


Brenden. “Mrs. P, our data so far does show that 
height affects the amount of seed the wildlife eats,” 
noted Daphne. These third graders were engaged 
and hooked. The class decided to refill feeders any 
time they were empty and identify refilling dates 
on their data table. In their journals the students 


Students used measuring tapes to 
measure the height of the shepherd 
hooks that held each feeder. 






Photograph by Julie Poth; all rights reserved 


4. Placed the filled bird feeder without top on the balance (weight of | + 239g (empty bird feeder) 


the filled bird feeder: more than 1,181 g) = 1,181 total grams 
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continued to record their calculations, observations, 
data, and processes within the scientific method. Dr. 
Moore informed me that the students loved going to 
the classroom’s science center to use the binoculars 
and field guides to observe the birds. Reviewing 
some of the observational data that the students had 
decided to record on their own, I saw that many stu- 
dents were listing the species of wildlife that came 
to the feeder, which feeder they came to, what time 
they came to the feeder, and how long they stayed. 
These were more great data to graph. 

The students determined that a line graph would 
represent “how much seed was eaten by the wild- 
life.” They wanted to use the line graph to show the 
change in their data over time. The students gener- 
ated graphs to help them analyze the data and for- 
mulate other questions they wanted to investigate 
(see fig. 4). Class discussions included comments 
such as these: “Wow, we are using a lot of math 
in this science investigation.” “It takes less time to 
weigh our seed by just putting a full feeder on the 
balance and weighing it that way.” “We just keep 
adding 942 + 942, but we could have used 2 x 942 
to get our answer.” 


Results 


During the fourth week, on my last visit to Dr. 
Moore’s class, the students analyzed their final data 
and concluded that their investigation showed that 
the height of the bird feeder did affect the amount 
of birdseed eaten. During the project, the students 
recorded the data in their science journals and on a 
large chart posted on the bulletin board. Through 
their analysis of the data, it was clear to the students 
that in the first week each of the three bird feeders 
was refilled with the same amount of birdseed. 
However, in the second, third, and fourth weeks, 
the tallest feeder, the third feeder, was refilled sev- 
eral more times than the other feeders were. The 
students calculated the totals for each feeder for the 
month. From their graph it was evident that during 
each week something was happening at all three 
feeders. The third feeder was being visited exten- 
sively by wildlife; however, the amount of birdseed 
consumed by the wildlife at the first and second 
feeders declined so significantly that by the fourth 
week those two feeders were still full. 

What factors caused these results shown in the 
data? It was evident that the students had become 
critical thinkers and data analysts when they con- 
cluded that the wildlife ate more seed from the tallest 
feeder. Through their discussions, they identified 


Students generated graphs to organize 
their data. 


Bird Station Investigation 


3,726 


2,826 





1,884 








Number of Grams of Birdseed 





942 














2 3 
Number of Weeks 


KEY 
Mi Feeder 1:110cm Mi Feeder 2:141cm Ml Feeder 3: 170 cm 


several possible explanations. First, the students 
reasoned that when wildlife visited the tallest feeder, 
the third feeder, they were safer from predators 
than when they visited the first and second feeders, 
which were closer to the ground. Another explana- 
tion, which reflected the students’ critical observa- 
tion skills, was that the tallest feeder was level with 
the fence and thus the easiest feeder for squirrels to 
jump to. The last thoughtful explanation given by 
one of the groups was this: “It was closer for the 
birds to fly to the tallest feeder from the oak tree 
branches to get seed than if they flew to the feeders 
lower to the ground. They felt safer.’ These conclu- 
sions, which emerged in the discussions within the 
groups, were shared with the rest of the class in oral 
presentations. 

The Bird Station Investigation proved to be a 
powerful integration of mathematics and science. 
Throughout the project the students used the scien- 
tific process to solve probletns, they came to under- 
stand that most natural events occur in consistent 
patterns, and they used mathematical skills. More- 
over, the students’ learning experiences gave them 
opportunities for in-depth application of mathemat- 
ics standards at their grade level. 


Mathematics Strands within 
a Science Investigation 


The Bird Station Investigation incorporates within 
the context of a science investigation the skills 
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specified in four of the mathematics strands identi- 
fied by the National Council of Teachers of Math- 
ematics: measurement, number and operations, 
algebra, and data analysis and probability. 

Regarding the measurement strand, the Stan- 
dards that align directly with the project include the 
students’ understanding of measurable attributes of 
objects and the units and systems of measurement. 
The students also applied appropriate techniques, 
tools, and formulas to determine measurements. 
The students realized that they needed to measure 
the height of each shepherd’s hook and determined 
that each time they measured a hook they must 
measure it in exactly the same way. This precision 
is a constant in the process outlined in the scientific 
method. In science investigations, students must 
use metric measurements. Using a measuring tape, 
they measured the shepherd’s hook in centimeters. 
Some students chose to also measure it in inches, 
an approach that helped them identify the equiva- 
lent relationship between centimeters and inches. 
Measuring the weight of the birdseed by using bal- 
ance scales and gram weights was an extraordinary 
opportunity for the students. The process changed 
as they practiced using the scales and weights. 
Their “shortcuts” were really the refining of their 
critical thinking within the mathematics processes. 
For example, the students began by very carefully 
measuring the birdseed, placing weights on the 

, scale, replacing them, and recording the weight. 
Then another student would say, “I have an idea. 
Let’s just fill up the bird feeder to the top, put 942 
grams on the scale, and take away or add seed as 
needed until they balance.” 

Regarding the number and operation strand, 
the students began to understand the meanings of 
operations and how they relate to one another. This 
progress was evident when the students used differ- 
ent ways to interpret how to write an equation relat- 
ing to the grams of birdseed. When calculating the 
amount of seed for each week for each feeder, some 
students used repeated addition, some used mul- 
tiplication, and some converted to multiplication 
after using repeated addition. Most students who 
used repeated addition in the first week transitioned 
to multiplication by the end of the project. 

The Bird Station Investigation gave students 
practice in developing and completing computa- 
tions and making reasonable estimates. For exam- 
ple, before the students began filling and weighing 
the birdseed and the feeder on the scales, each made 
a prediction as to how much seed the feeder would 
hold. To verify their predictions, they used the 
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strategies identified in figure 2 to determine how 
much birdseed it took to fill the feeder. A student 
from each group also used a calculator to verify the 
group members’ written or mental computations. 

The Bird Station Investigation offered several 
opportunities for students to apply skills and 
strategies in the algebra strand. As a result, their 
understanding of patterns, relations, and functions 
increased. For example, the students completed 
data tables and developed graphs from data. The 
analysis and interpretation of the table and graph 
was ongoing throughout the investigation. 

The students also analyzed change in vari- 
ous contexts. They were able to identify change 
by measuring and recording in a data table the 
amount of birdseed consumed and then developing 
the graph based on the data table. Using the data 
table and graph, students were able to describe the 
changes in amount of seed consumed at each feeder 
over time. According to Principles and Standards 
for School Mathematics, using these tools and strat- 
egies will help students have a better understanding 


of what the slope of a line means as it occurs in 


algebraic thinking. 

Also evident in the Bird Station Investigation is the 
application of skills and strategies from the data analy- 
sis and probability strand. Students formulated their 
own questions that could also be addressed with data; 
they collected, organized, and displayed relevant data 
to answer their questions. They developed and evalu- 
ated inferences and predictions based on the data, and 
they applied basic concepts of probability. These data 
analysis and probability standards align with elements 
in the scientific method the students used in the Bird 
Station Investigation: identifying a question, making 
and testing a prediction, collecting data, developing 
data tables and graphs, identifying conclusions and 
comparing the results with their predictions, and 
then designing other research questions based on 
this experiment. These questions, which could be 
answered through additional research, demonstrated 
their understanding of birdseed mass and used other 
variables such as size and shape of the bird feeder, 
kind of birdseed, and location of the birding station. 
We discussed each of these variables, clarifying which 
one would change, which one should stay constant, 
and how to measure our results. 


What's Next? 


As a final step in the Bird Station Investigation, the 
students sent me reflection letters that emphasized 
their engaging, meaningful learning experiences 
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through this project. Paul wrote, “Mrs. P, now 
we are picking what experiment we are going to 
do next. I’d like to find out if the style of the bird 
feeder affects the amount of seed eaten.” Matilda 
commented, “My favorite part was learning to use 
the balances.” Nicole came right to the point: “TI 
liked learning how to use weights to measure the 
birdseed and measuring in centimeters.” 

Several students expressed an interest in setting 
up bird feeders at home. They also developed a new 
list of questions they would like to investigate that 
may help them understand birds and their feeding 
habits, including these: 


e Does the kind of seed affect the kinds of birds 
that come to the bird feeders? 

e Does the style of a bird feeder affect the kinds of 
birds that come to the feeder? 

e Could I attract more birds if I have a birdbath 
close by? 

e Does the length of a tube bird feeder from the 
top to the holes where the birdseed comes out 
affect the amount of birdseed eaten? 


Which math curriculum 
ANH RU 
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Each of these questions can be answered by work- 
ing through the scientific method. Each has sig- 
nificance in the real world and uses mathematical 
concepts and skills. 

The Bird Station Investigation project was con- 
crete evidence that mathematics skills, concepts, 
and strategies can be effectively integrated into sci- 
ence for students. A 
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_ John K. Lannin, Fran Arbaugh, David D. Barker, 
and Brian E. Townsend 


Making the Most of 
Student Errors 


Give me a productive error over a boring, mun- 
dane, and unproductive fact any day. 
—Anonymous 


ne of our goals in the mathematics classroom 

involves building student autonomy through 

the problem-solving process. We want stu- 
dents to be able to solve problems they have never 
seen before by successfully applying mathematical 
reasoning to the problem situations they will face as 
adults. Part of the process of learning and solving 
problems includes making errors that, if examined, 
can lead to further mathematical insight. Hiebert et 
al. (1997) and Borasi (1996) point to the potential 
benefits of having students examine their errors that 
occur during mathematical problem solving. As 
described by Yackel et al. (1990): 


When a child gives an incorrect answer, it is 
especially important for the teacher to assume 
that the child was engaged in meaningful activ- 
ity. Thus, it is possible that the child will reflect 
on his or her solution attempt and evaluate 
it.... By allowing the child to proceed with an 
explanation even when the answer is wrong, the 
teacher fosters the belief that the teacher is not 
the sole authority in the classroom to whom chil- 
dren have to appeal to find out if their answers 
are right or wrong. Children are able to make 
decisions for themselves. (pp. 17-18) 


Allowing students to work through their errors 
does not mean that the teacher takes a “hands-off” 
approach, which may cause students to flounder. 
Quite the contrary: Teachers play an important role 
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in the classroom where errors (or mistakes) are 
used as opportunities for learning. To recognize 
and successfully deal with their errors, students 
must understand how to recognize and success- 
fully reflect on their errors. In turn, teachers must 
be armed with strategies for supporting students in 
recognizing and reconciling their errors. 

In this article, we describe a study we conducted 
in which we looked carefully at student errors that 
occurred during mathematical problem-solving 
sessions. We briefly describe the study and a model 
we developed that helped us understand differences 
in how students react to errors that occur during 
mathematical problem solving. We then present 
four episodes of students’ work in small groups, 
focusing on challenges and successes that students 
had in recognizing, attributing, and reconciling 
errors. Following the student episodes, we suggest 
strategies for teachers to use as they strive to make 
the most of student errors in their mathematics 
classrooms. 


The Study 


While working on a larger research study that 
focused on fifth-grade students’ algebraic reason- 
ing, we became interested in the differences in 
students’ approaches to the errors they commit 
during mathematical problem solving. To better 
understand how students examined their errors, 
we looked at how they moved through the reflec- 
tive cycle of error analysis (see fig. 1). This model 
represents how students move through a cycle of 
identifying an error, attributing the error to possible 
sources, and reconciling the error by deepening 
their understanding of why the error occurred. 
Using this model, we analyzed how students ini- 
tially recognized their errors, the potential causes to 
which they attributed their errors, and how they rec- 
onciled their errors. We believe that gaining insight 
into student errors can guide teachers in helping 
students deal successfully with their errors while 
promoting student autonomy and sense making. 
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In this study, we worked with pairs of students as 
they solved challenging mathematical tasks. Over 
a period of four months, we had eighteen sessions 
with one pair of students—Lloyd and Dallas—in 
which we engaged them in mathematical problem 
solving. In this article we share how Lloyd and 
Dallas dealt with a particular error, called the “dou- 
bling” error, that occurred as they worked through 
three different mathematical tasks (see figs. 2, 3, 
and 4), and describe their challenges and successes 
in recognizing, attributing, and reconciling this 
error. (Before reading about the students’ efforts, 
we suggest that the reader take a few minutes to 
work through the mathematical tasks contained 
in figures 2, 3, and 4.) We tell Dallas and Lloyd’s 
story through four episodes. 


The Genesis of the Doubling 


Error 

At times Lloyd and Dallas recognized that they 
made the doubling error, and at other times they 
did not. Even when they recognized the error, they 
often did not investigate why it occurred. In episode 
1, Dallas chose a solution strategy (doubling) that 
produced an incorrect result. However, he failed to 
attribute the error to a specific source; instead, he 
chose a strategy in which he had more confidence. 


_ Episode 1 

Lloyd and Dallas began working individually on 
the Theater Seats problem (see fig. 2). They both 
correctly determined the number of seats in the 
fourth row by adding 3 to the number of seats in the 
third row (13), arriving at 16 seats. From this point 
on, however, their strategies diverged. To find the 
number of seats in the tenth row, Dallas incorrectly 
doubled—this is the doubling error—the number of 
seats in the fifth row (16), obtaining an answer of 38 
seats. Lloyd, on the other hand, continued adding 3 
to the totals of previous rows, arriving at an answer 
of 34 seats for the tenth row. 

After Lloyd and Dallas shared their strategies, 
they became immersed in thinking about the cor- 
rectness of their results and strategies. At this point, 
Dallas stated that his doubling strategy was incor- 
rect. When asked to explain his thinking, Dallas 
noted that the number of seats in each row increases 
by 3 and that the increase occurs 5 times from the 
fifth row to the tenth row. His calculation—19 + 3 * 
5—gave him the correct value: 34. When ques- 
tioned about his use of the doubling strategy, Dallas 
stated, “I timesed [the number of seats in the fifth 
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row] by 2, but I have to be adding 3 every time. I 
don’t think I could just times it by 2.” 


Viewing episode 1 through 

the reflective cycle of error 
analysis 

Considering this episode through our model allows 
us to understand Dallas’s reaction to making the 
doubling error. Dallas had made the doubling error 
while working individually on the task. It was not 
until he and Lloyd discussed strategies that he rec- 
ognized his error. Although he arrived at the correct 
answer by using a different strategy, Dallas did not 
attribute his error to specific sources; therefore, 
he did not really reconcile his error in a meaning- 
ful way. As can be seen in episode 2, Lloyd began 
using the doubling strategy, leading the two stu- 
dents to reconsider the correctness of this strategy. 


The Doubling Error Returns 


The doubling error reoccurred later in the same 


' problem-solving session. However, this time Lloyd 


committed the error. 


Episode 2 

Later in the same session, we encouraged Dallas 
and Lloyd to examine the number of seats in the 
tenth row again, this time trying to use only the 
operation of addition. Dallas stated that the number 





The reflective cycle of error analysis 


: 


Recognizing 
The student 
If still unresolved, considers the 
the error is fed back potential sources 
into the cycle. of error. 
Reconciling Attributing 
<—+‘—§_|____—_——__—_ 


The student determines a 
source of the error and 
seeks to resolve it. 
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Through this study, we 
learned that creating 


where students can 
errors is paramount 


for supporting their 
mathematical learning. 


in the tenth row could be calculated by adding nine 
3s onto the number of seats in the first row (7), 
resulting in 34 seats. Lloyd agreed that this would 
result in the correct number of seats in the tenth 
row. We then asked Lloyd and Dallas to determine 
the number of seats in the twentieth row. Lloyd, 
who was first to act, doubled the number of seats in 
the tenth row (34), resulting in an incorrect number: 
68 seats. 

At this point, neither Lloyd nor Dallas recog- 
nized the doubling error; to prompt recognition, we 
asked Lloyd to think about how 
he could calculate the number 
of seats in the twentieth row, 
starting with the first row hav- 
ing 7 seats. Lloyd stated that 
he could add nineteen more 3s 
to the 7 seats in the first row. 
He’ then entered 7 + 3:* 19 
on his calculator, generating 
an answer of 64 seats for the 
twentieth row. Lloyd expressed 
uncertainty about the results 
of the two strategies he had 
used for this situation, because 
one strategy had given him 
an answer of 68 and the other 
strategy had given him an answer of 64. He grabbed 
his calculator, started with 7, and repeatedly added 
3s, but again he arrived at 64. At this point, Dallas 
and Lloyd abandoned use of the doubling strategy 
but appeared unsure why this strategy did not pro- 
vide correct answers for these instances. 


an environment 


learn from their 


The Theater Seats problem 
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A theater has 7 seats in the first row. The increase in the number of seats is the 
same from row to row. Below is a diagram of the first three rows in the theater. 


1. How many seats are there in the fourth row of the theater? In the fifth row? 


2. Explain how you would determine the number of seats in any row. Write a rule 





ee ee SS ae 
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DIT reer 







In the tenth row? In the twenty-third row? In the twenty-fourth row? 
In the thirty-eighth row? 







that would allow you to calculate the number of seats in any row. Explain your rule. 





Viewing episode 2 through 

the reflective cycle of error 
analysis 

During this session, Dallas and Lloyd did not rec- 
ognize that Lloyd made the doubling error until 
they were asked to determine the answer using a 
different strategy. Even then, they failed to deeply 
examine their error, thus not attributing it to a spe- 
cific source. Instead they simply abandoned this 
strategy in favor of another strategy. 


Incorrectly Attributing the 
Source of the Doubling Error 


In episodes | and 2, Lloyd and Dallas sometimes 
recognized their errors, and sometimes they did 
not. In this section, we present episode 3, in which 
Lloyd recognized that he had made an error but had 
difficulty determining the source of his error. 


Episode 3 

While working on the Poster problem (see fig. 
3), Lloyd had little difficulty finding the number 
of tacks needed for 10 posters (35). However, his 
errors began when he returned to use of the dou- 
bling strategy to find the number of tacks needed 
for 20 posters. Lloyd calculated the number of tacks 
needed for 20 posters by doubling the number of 
tacks needed for 10 posters, arriving at an answer 
of 70. At our prompting, he physically counted the 
number of tacks for 20 posters and found the cor- 
rect answer: 65 tacks. 

At this point, Lloyd pondered why the two strat- 
egies generated disparate results. He appeared to 
believe that the doubling strategy would provide 
the correct result and suggested that his error was in 
miscalculating 35 + 35. He checked his calculations 
with the calculator, entering 35 + 35 and arriving at 
the same answer. As he continued working on this 
error, Lloyd began to question the accuracy of the 
technology, noting that the calculator “times before 
adding” and that “sometimes calculators get con- 
fused.” Lloyd calculated 35 + 35 on his calculator, 
by hand, and with a computer spreadsheet, continu- 
ing to attribute his error to his calculations rather 
than his use of the doubling strategy. 


Viewing episode 3 through 

the reflective cycle of error 
analysis 

Throughout this session, Lloyd exhibited a strong 
belief that his doubling strategy provided the cor- 
rect result for the Poster problem, thus not attrib- 
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uting his error to the proper source. Because of 
this belief, Lloyd focused on the calculations he 
performed rather than on the strategy that he used, 
thus attributing his error to the calculator instead 
of to his strategy. He struggled to examine all the 
potential sources for the differences in the values 
that he obtained by using the doubling strategy and 
by counting the number of tacks. 


Successfully Reconciling an 
Error 


In the next session, Dallas and Lloyd returned to 
examining their doubling error. In episode 4, we 
show how the pair grappled further with the strat- 
egy and then appeared to reconcile the error in a 
way that led them to deepen their understanding 
of why they could not directly apply the doubling 
strategy to the Beam problem (see fig. 4). 


Episode 4 

Dallas and Lloyd began this session by drawing 
pictures to count the number of rods for a length-4 
beam (a beam having a length of 4 rods); they both 
agreed that 15 rods represented the correct amount. 
Dallas then developed a rule for the relationship: 
He conjectured that he could multiply the length of 
a beam by 4 and then add | rod (we could write his 
rule as 4L + 1, where L is the length of the beam). 
When presented with the problem of finding the 
number of rods needed for a length-5 beam, Dal- 
las used his rule, whereas Lloyd continued to draw 
and count the number of rods. They both arrived 
at the correct answer for a length-5 beam: 21 rods. 
For a length-10 beam, Lloyd repeatedly added 4 
to obtain the correct result: 39 rods. To this point, 
Dallas and Lloyd used different strategies and 
arrived at the same results. They did not question 
their results because they were the same. However, 
when they moved to examining the number of rods 
for a length-20 beam, Lloyd committed the dou- 
bling error; he doubled the number of rods for a 
length-10 beam (39) to find the number of rods for 
a length-20 beam. When Lloyd shared his strategy, 
the following dialogue occurred. 


Teacher. What would you do for a length-20 
beam? 

Lloyd. 1 think you just do 39 plus 39; see if that 
might give the correct answer. 

Teacher. Why would you take 39 plus 39? 

Lloyd. Because [the beams] are both 10s, and I 
know 10 plus 10 is 20. 
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The Poster problem 


Deck R. Ater has decided that 3 tacks is not enough for hanging 1 MathNet 
poster. He decides to reinforce it by using a total of 4 tacks, placing 1 tack 
on each of the corners. He continues to place 3 tacks on the overlap 


between the posters. 


. How many tacks will Deck need to hang 3 posters? 6 posters? 10 posters? 
20 posters? 27 posters? 35 posters? 
. Explain how you would determine the number of tacks for any number 
of posters. 


Dallas. 1 think you would have to add one more on 
the top to go with the one (part of the beam) before 
it. I think you have to add one more after you times 
it. 

Teacher. What do you mean you have to add one? 
Dallas. Say you [want to make] a length-2 beam; 
you have to add this one [a connection rod] to go 
with that triangle. I think you have to add one after 
you times it. [See fig. 5.] 

Teacher. So you think it would be incorrect to just 
take 39 plus 39? 

Dallas. No, because you would have to add one rod 
where the two pieces are joined. 


Viewing episode 4 through 

the reflective cycle of error 
analysis 

Once again, Lloyd did not immediately recognize 
that he had committed the doubling error. How- 
ever, when examining the doubling error for this 
problem, Dallas was able to attribute the error to 
faulty reasoning by explaining the error within the 
context of the task. Later in the session, both Dal- 
las and Lloyd were able to explain how they had to 
adjust the doubling strategy for beams with varying 
lengths, thus reconciling the error for this task. 


Instructional Implications 


Through engagement with worthwhile mathemati- 
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Beams are designed as a support for various bridges. The 
number of rods used to build the beam bottom determines 


the beam length. Below is a length-4 beam (a beam having 
the length of 4 rods). 


mee a ae 


How many rods are needed to make a length-5 beam? 


A length-8 beam? A length-10 beam? A length-20 beam? 
A length-34 beam? A length-76 beam? A length-223 beam? 
Write a rule for how you could find the number of rods 


needed to make a beam of any length. 


Depiction of using one connection rod to 
create a beam between two triangles 


cal tasks (NCTM 1991), Dallas and Lloyd were 
able to grapple with errors that were the result of 
faulty reasoning. It is interesting that both contin- 
ued to use a proportional reasoning strategy for 
problems where that strategy, again and again, pro- 
vided incorrect answers. 

Through this study, we learned that creating an 
environment where students can learn from their 
errors is paramount for supporting their mathemati- 
cal learning. We provide the following suggestions 

_ for teachers who wish to create these types of learn- 
ing environments: 


¢ Provide opportunities -for students to recognize 
errors. In episode 1, Dallas may not have rec- 
ognized that he had made an error had he not 
shared his strategy with Lloyd. In episode 2, the 
teacher prompted both Dallas and Lloyd to use 
a different strategy, thus providing a vehicle by 
which they could recognize that they had made 
an error. 


rather than simply abandon strategies that result 


The Beam problem 


in errors. Both students, in episodes 1 and 2, 
ignored the source of their errors. They recog- 
nized the error but did not attribute their errors 
to a specific source; thus, they did not reconcile 
the error at that time. 

¢ Help students consider potential sources for 
error. In episode 3, the teacher asked questions 
about where the error had occurred. Lloyd had 
difficulty considering the strategies both stu- 
dents used as a source of error; if he had not 
been prompted to consider sources of the error, 
he might not have stopped to examine his math- 
ematical thinking. 

¢ Encourage students to consider how they know 
when they have successfully reconciled an error. 
Dallas and Lloyd began by ignoring errors but 
moved to drawing diagrams and considering 
why their errors occurred in relation to the prob- 
lem. This strategy was much more successful 
than other strategies they used. 


Concluding Thoughts 


The model for the error analysis cycle provides 
an instructional tool for thinking about errors. 
Teachers can encourage students to think about 
their errors by leading them to focus on the three 
components of the cycle: recognizing, attributing, 
and reconciling. Students should reflect on what the 
process looks like when they successfully deal with 
an error and how they move through this process. 
We want all students to become successful problem 
solvers, and one way to ensure that they do is to 
teach them how to deal with the errors they make. 
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FROM THE CLASSROOM 


/ Anna Klamik 


Converting Customary 
Units: Multiply or Divide? 


AA read the problem, and it asked me how many 
quarts were in 12 gallons. I know there are 4 
quarts in one gallon, but no matter how many 

times I reread the problem, I couldn’t remember if I 
should multiply the two numbers or divide the num- 
bers. Sometimes I draw a picture, and that helps me, 
but I wish there were a way for me to remember how 
to do this problem without drawing it.” 

Listening to students who struggle with quan- 
titative concepts can provide us with clues to their 
confusion. I have encountered many students who 
voiced these frustrations and others who just gave up 
and guessed at answers to measurement conversion 
problems. When I analyzed the errors being made, I 
discovered that many of these students either were not 
able to visualize the problem or did not have efficient 
strategies for solving the problems. Although the 
conceptual understanding of converting units is vital 
to students’ total ability to understand and solve prob- 
lems, this article focuses on the need for an alternative 
procedure to assist students in converting customary 
units. Using demonstrations and manipulatives pro- 
vides students with vital conceptual understanding 
of conversions, but some students need a strategy 
to support their efforts when converting units of 
measurement. 

The ability to convert measurements is an essen- 
tial skill for functioning in our society. We regularly 
encounter situations requiring us to convert custom- 
ary units—for example, when purchasing materials 
for home improvements or modifying the amounts of 
ingredients used in recipes. The pervasive necessity 
of this skill in our daily lives motivated me to find an 
alternative approach for my students who were strug- 
gling with the mathematics so that they could be more 
successful in making these conversions. These stu- 
dents are often apprehensive about customary conver- 


Anna Klamik, aklamik@yahoo.com, teaches fifth grade at Westchester Intermediate School in 
Westchester, IL 60546. She is interested in providing students alternative strategies for solving 
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a forum for the sharing of knowledge that is daily generated and used in classroom settings. 
_ Readers are encouraged to send submissions to this department by accessing tem.msubmit 
-net. Manuscripts should be double-spaced and not exceed eight typed pages. 
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sions and sometimes need a procedure to help them. 
When I used the following approach, these students 
exhibited less stress and more confidence and experi- 
enced greater success both in the classroom and on 
standardized tests. 


A Transitional Approach 


Before we discussed conversions, the students 
reviewed their knowledge and understanding of the 
basic customary measurement facts and unit abbre- 
viations. Then, to initially explore the idea of con- 
verting measurements, we used common kitchen 
tools and brainstormed strategies for measuring 
a quart of liquid without a quart measuring con- 
tainer. The students compared the number of larger 
units with the number of smaller units required to 
measure equivalent amounts. They discovered that 
they could use multiplication to convert from larger 
units to smaller ones. In addition, we used various 
lengths of ribbon to express yards and smaller units. 
In this exploration students discovered that they 
could use division to convert from smaller units to 
larger ones. 

As we transitioned from the concrete activities of 
pouring and comparing to expressing these activities 
in writing, some students had difficulty successfully 
making conversions. They needed a strategy to sup- 
port their efforts, so we created a visual representa- 
tion of the following step-by-step procedure, which 
emphasizes the connection between unit facts and 
accurate conversions. 

We began by converting larger units to smaller 
ones, because some students tend to have better recall 
of multiplication facts than of division facts. We 
reviewed how smaller units (2 pints) could be sub- 
stituted for a larger one (1 quart). I distributed book- 
marks that summarized the procedure’s steps (fig. 1). 
The bookmarks provided students with the support 
they needed to decrease anxiety. They could take these 
individual bookmarks home for continued support 
as they did their homework. In addition, I displayed 
enlarged copies of the bookmarks in the classroom for 
students to refer to as needed (fig. 2). The students also 
had access to calculators to help them with the neces- 
sary calculations. 
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Front and back views of teacher-created bookmarks 


Converting from 


LARGER units to smaller units 
Sample 1: 3 gallons = ___ quarts 
Sample 2: ____ quarts = 3 gallons 


3 gallons = quarts 


3 gallons = quarts 


[Underline larger unit.] 


Think: 1 gallon = 4 quarts 


3 gallons = quarts 
4 quarts 


[Write a note about the fact.] 


gallons ale peat 


[Are units the same?] 


oa: =seee quarts 


4 quarts 


[Ils there a number above your note?] 


3 gallons = ____ quarts 
X4 quarts 


[If yes, then multiply the two numbers.] 


12 


Ee guacrs 


3 gallons = 
X4 quarts 
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Converting from 


SMALLER units to larger units 
Sample 1: ____ gallons = 12 quarts 
Sample 2: 12 quarts = ____ gallons 


gallons = 12 quarts 


allons = 12 quarts 


[Underline larger unit.] 


Think: 1 gallon = 4 quarts 


gallons = 12 quarts 
4 quarts 


[Write a note about the fact.] 


ee lons = 1 fuarts) 
[Are units the same?] 


(Qyaallons = 12 quarts 
4 quarts 


[Ils there a number above your note?] 


[If no then you need to divide two numbers.] 
















gallons = 12 quarts 
4 quarts 





gallons = 12 quarts 
4 )12 4 quarts 


[Divide by the number in your note.] 


ry gallons = 12 quarts 
4 quarts 
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Enlarged bookmark (front) posted in the classroom for student reference 










Procedure for 


Sample 
SAcP Converting from LARGER Units to Smaller Units oe 














Teacher writes a simple conversion problem on the board. 3 gallons = quarts 


Think Aloud: First, I draw a line under the larger unit. s 
3 gallons = _____ quarts 

Remember: Gallons are larger than quarts. a 

Think Aloud: I think about the conversion facts we learned. I 

remember a fact about one gallon. The fact said 1 gallon 

equals 4 quarts. 


4 Think Aloud: Under the line I write a short note about the 
fact I know. I write “4 quarts." 





Think: 1 gallon = 4 quarts 





3 gallons = quarts 
4 quarts 


Think Aloud: Check both sides of the equal sign: Are the 
labels the same? Yes. 


3 gallons = ___Cquart> 
4quarts>4-” 


Think Aloud: Now I look above my note. Is there a number in (gallons = quarts 
front of the label? Yes, I see the number 3. 4 quarts 
Think Aloud: When there is a number above my note, I write 3 gallons =» = quanTS 
the multiplication sign. X 4 quarts 

3 Think Aloud: Now I know that I need to multiply... 3 gallons = _12_ quarts 
the multiplication sign. X 4 quarts 





Teacher notes 

Step 1: Use words for the units, not abbreviations. Students need to be able to concentrate on as few tasks as possible when being introduced to a 
new concept. 

Step 3: Display the fact: 1 gallon = 4 quarts. The fact can be displayed on a card, written on the board, or pointed out on a classroom poster listing 
the basic facts that the students learned. It is important that the children recognize that using a wrong fact will result in getting a wrong answer. 
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Soon the students demonstrated that they could 
successfully convert from larger units to smaller ones, 
so I introduced the idea of converting from smaller 
units to larger ones. After reinforcing the relation- 
ship between the number of smaller units and the 
number of larger units by using manipulatives, the 
‘students used the reverse side of their bookmarks to 
help them practice writing these conversions. The 
students recognized the importance of using accurate 
‘unit facts for converting measurements and showed 
improved self-esteem as they became more confident 
with conversions: larger units to smaller and smaller 
“units to larger. 
. Finally, the students practiced creating word prob- 
Jems that used customary measurement conversions. 
Each one wrote a problem requiring a conversion and 
exchanged it with a partner. The partner then tried to 
‘solve the problem, using the bookmark or a calculator 
if needed. After practicing this procedure with basic 
‘conversions, these students easily proceeded to more 
difficult conversions, such as gallons to ounces and 
ounces to gallons. 





Summary 

Using visual cues helped my students recognize the 
relationship between unit facts and accurate conver- 
sions. Writing the appropriate fact before doing the 
conversion helped the students make the appropriate 
calculations. It also provided me with insight into a 
student’s difficulty when his or her initial answer 
was incorrect. Using the step-by-step procedure 
resulted in the students consistently multiplying 
when converting from larger units to smaller ones 
and consistently dividing when converting from 
smaller units to larger ones. Using a calculator and 
the illustrated bookmark helped build the students’ 
self-confidence. As their confidence improved, so 
did their test scores. In addition, the students were 
motivated to apply their new knowledge to more 
difficult conversion problems, such as converting 
gallons to ounces. Having both the conceptual 
knowledge and the procedure provided the tools for 
success for these students who had been struggling, 
resulting in their achieving higher scores both in the 
classroom and on standardized tests. A 
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through Math-Related Book Pairs 


irella Rizzo regularly used children’s 

books to give her second graders meaning- 

ful contexts for mathematical ideas. The 
composition of her class reflected its urban setting: 
culturally and ethnically diverse, including several 
students who had recently immigrated to the United 
States. As a naturalized citizen herself, Mirella was 
especially sensitive to the needs of her English Lan- 
guage Learner (ELL) students. She believed that 
reading, discussing, and extending math-related 
books gave her students opportunities to build both 
English and mathematical proficiency. 

This article describes an experience through 
which Mirella expanded her instructional use of 
math-related literature. By capitalizing on the 
children’s spontaneous observations, connecting 
their personal knowledge and interests with mathe- 
matical ideas, and developing interactions between 
mathematics and literacy, she challenged the full 
range of abilities represented by the children in her 
class, including ELL students and learners with 
special needs. She later adapted and extended the 
instructional plan for use with a fifth-grade class. 
Her experiences have key instructional implications 
and illustrate many of the ideas set forth in NCTM’s 
Principles and Standards for School Mathematics 
(2000), particularly the Equity Principle. 


Phyllis Whitin, phyllis.whitin@wayne.edu, teaches language arts and children’s literature 
courses at Wayne State University, Detroit, Ml 48202. She is interested in communication in 
mathematics and science and the development of inquiry-based classrooms. David J. Whitin, 


david.whitin@wayne.edu, teaches mathematics and general education courses at Wayne 
State University. He works regularly with teachers in their classrooms to build responsive 


mathematical communities. 
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Fractions and 
How Many Snails? 


Midway through the school year, Mirella began 
a unit on fractions. She decided to introduce a 
set model by reading and exploring How Many 
Snails? (Giganti 1988), a book she chose for sev- 
eral reasons. Colorful illustrations depict objects 
familiar to all the children—for example, flowers, 
toy vehicles, snails, and clouds. Accompanying 
each set of objects is a list of repetitive, predictable 
questions that ask the children to find and count 
subsets according to clearly identifiable attributes. 
In addition, the conjunction ‘“‘and” is used as a 
logical connective to help children understand its 
use in describing an intersection of sets (Reys et 
al. 1998). For example, on one page the questions 
read, “I went walking and I wondered: How many 
clouds were there? How many clouds were big 
and fluffy? How many clouds were big and fluffy 
and gray?” (unpaginated). Mirella believed that 
the language pattern of How Many Snails? and the 
book’s illustrations would support her struggling 
readers and ELL students. Thus, they could focus 
their attention on the mathematical content yet at 
the same time strengthen their reading skills and 
English proficiency. 

As Mirella had anticipated, the children quickly 
recognized the linguistic pattern and enjoyed 
answering the puzzle questions on each page. How- 
ever, when she asked them to follow the book’s for- 
mat to create their own puzzles, she was somewhat 
disappointed in the results. She had hoped that their 
work would reflect the variety of sets and attributes 
demonstrated in How Many Snails? Rather than 
having them revise their work, Mirella decided not 
to pursue this story making any further. However, 
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a week later, an experience with a different book 
led her to change her mind. The lessons that she 
learned from this event and subsequent ones helped 
Mirella refine her instruction and can serve as an 
example for other teachers. 


A Student-Initiated Book Pair 


Mirella had noticed that a lack of familiarity with 
comparative terms was making it difficult for some 
students, including several ELL students, to express 
fractional relationships. To give these children addi- 
tional oral practice using mathematical language, she 
gathered them together to discuss the photographs in 

' More, Fewer, Less (Hoban 1998), Like other books 
by Hoban, More, Fewer, Less features stunning pho- 
tographs of natural and manufactured objects that 
invite open-ended observations. For example, one 
page shows cheeses of various colors, sizes, textures, 
and shapes—some with holes, some without, some 
wax covered, some marbled, some cut in wedges, 
and some cut in slabs. For each picture, Mirella 
asked the children, “What do you notice?” As they 
identified particular attributes, Mirella guided them 
in using the appropriate terms to compare sets. For 
example, when a child commented, “Some have 
orange edges,” Mirella responded by asking, “How 
many cheeses have orange edges? How many have 
red edges? Are there more cheeses with orange 
edges or more with red edges?” 

Suddenly one boy remarked, “Hey! That’s like 
How Many Snails?” and the other children cho- 
rused, “Yeah!” Mirella was taken completely by 
surprise. She reached for How Many Snails? and 
asked the children to explain. They turned to an 
illustration of a building that was painted blue and 
green and had some doors and windows of each 
color. The children explained that the illustration 
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started with a “big number of something” (the larg- 
est set, such as windows) and that they could make 
more math questions by adding more “things” from 
the same illustration (attributes such as “green” or 
“small’), “just like the Snail book.” For the build- 
ing picture, the children’s comments suggested the 


. following questions: How many windows does the 


building have? How many green windows? How 
many small green windows? Inspired by the first 
boy’s comment, the children were clearly applying 
the language pattern of How Many Snails? to this 
new context. Amazed, Mirella encouraged the chil- 
dren to examine other pages in More, Fewer, Less. 
The process of applying the language pattern page 
by page gave the children much practice in using 
the terminology and developing their conceptual 
understanding by identifying sets according to an 
increasing number of attributes. One child summa- 
rized the group’s findings with this generalization: 
“The more details you give, the fewer the number” 
(in the set). Her observation clearly identifies the 
inverse relationship between the increasing number 
of attributes (“details”) and the number of members 
of a set or subset. The children’s insightful com- 
ments and their enthusiasm during the discussion 
convinced Mirella that they would now benefit 
from composing their own examples. 

A plausible explanation for the children’s initial 
difficulty in writing their own puzzles emerged. 
To compose original puzzles, the children needed 
to construct and visually represent objects with 
related attributes and then formulate a correspond- 
ing sequence of questions. However, they could not 
complete this task without a broader conceptual 
understanding of a set and a subset. It is likely that 
More, Fewer, Less served as a bridge between How 
Many Snails? and the composing process. The 
structure of the sets, the clear illustrations, and the 
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repetitive questioning pattern in How Many Snails? 
guided the children’s observations. They could 
then use this narrative format to organize their own 
stories. More, Fewer, Less provided appropriate 
visual displays, but its wordless format made the 
children responsible for identifying attributes and 
formulating questions. The children had to do the 
cognitive work by constructing these relationships 
themselves, and their inferring of attributes made 
the concept of a set more accessible and meaning- 
ful to them. More, Fewer, Less, then, provided an 
intermediate step toward independent composing. 
Although the connection was unplanned, by listen- 
ing closely to her students and encouraging them 
to explain their thinking, Mirella discovered that 
pairing math-related books could support her ELL 
students as well as their classmates. She was now 
excited about rereading How Many Snails? with 
the entire class. 


Rereading and Extending 
How Many Snails? 


After the ELL students shared their insightful dis- 
coveries about More, Fewer, Less, Mirella reread 
How Many Snails? to the class. The children brain- 
stormed a list of topics for their own examples and 
then set to work. One child, perhaps inspired by the 
page in More, Fewer, Less showing the green-and- 
blue buildings, drew 8 houses (6 green, | blue, and 
1 yellow), each with one door. He colored 2 of the 
doors red, 3 blue, and 3 brown. His narrative read: 
“I was walking home and I wonder? How many 
houses are there? How many green houses are 
there? How many green houses with red doors?” 
This time, Mirella was especially pleased to see, 
the children seemed more confident in the task of 
creating their own puzzles. In addition, their work 
showed more variety, with several children repre- 
senting sets of 10 or 15 members. 

On the following day, Mirella asked the children 
to look again at their drawings and represent the 
relationships using fractions. In the problem about 
the green houses with the red doors, 8 represented 
the total number of houses, 6/8 represented the 
number of green houses out of the total number of 
houses, and 2/8 represented the number of green 
houses with red doors out of the total number of 
houses. The children were eager to add this layer of 
information to their puzzles. Seeing the children’s 
pride, Mirella invited them to make a second copy 
to display in the hall for the schoolwide literacy fair. 
The children corrected spelling errors and rewrote 


the questions during their language arts class and 
added the fractions as part of their work in math- 
ematics. This extension of writing gave the children 
further opportunities to reflect on the mathematical 
relationships and communicate their mathematical 
knowledge to a wider audience. At the same time, 
the task strengthened their language skills. 

A look at some of the finished products shows 
how the children used their interests and experi- 
ences to make sense of the mathematical relation- 
ships. One student accurately drew a crowded 
urban market (fig. 1). Her text read: “I went walk- 
ing to the store and I wondered: How many people 
[were] there? How many people had black hair? 
How many people had black hair and were carry- 
ing [a] green basket?” She wrote a large 6 to rep- 
resent the total number of people, 3/6 to represent 
the number of people in the group who had black 
hair, and 2/6 to represent the number of people in 
the group who had black hair and were carrying a 
green basket. Mirella assisted this particular child 
to see that 3/6 of a set of people is equivalent to 1/2 
of that same set of people. 

Another girl wrote: “I went walking to the art 
store and I wondered: How many art supplies are 
there? How many paint sets? How many paint sets 
with paint brushes?” Her mathematical notation 
included 15 (the number of members in the total 
set), 5/15, and 2/15 (fig. 2). In talking with this stu- 
dent about her work, Mirella learned that she had 
actually recorded several subsets of art supplies, 
including “puffy paint brushes,” that she had not 
included in her questions. This in-depth knowledge 
of art materials allowed the student to include these 
additional attributes. This child’s example demon- 
strates that when children pose problems based on 
their personal knowledge and experience, they can 
better reveal their mathematical understanding. 

Another child told Mirella that she had tried 
to “trick” her classmates. Her collection of 10 
butterflies included some that had bodies colored 
yellow, purple, or pink; wings of various colors; 
and spots of contrasting colors on the wings. Her 
questions read: “How many butterflies were there? 
How many butterflies were yellow? How many 
butterflies were yellow and have pink spots?” To 
answer the last question, a reader would have to 
note that one yellow butterfly had pink wings but 
not pink spots and therefore could not be counted. 
This child clearly understood the use of “and” as 
a logical connective term and the importance of 
reading closely to note the attributes of each set. 
Her comment about “tricking” her classmates also 
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showed that she was very aware of her audience, a 
key concept of communication. 

Families, community members, and district 
administrators who attended the spring literacy fair 
responded enthusiastically to the children’s work. 
Making the children’s puzzles public led to another 
exploration during the following year. 


Adapting the Activity 


The following academic year Mirella moved to a 
fifth-grade position. One day a student remarked that 
she remembered her younger brother’s project from 
the literacy fair. She thought that the idea looked 
interesting, but she wasn’t sure if she could make up 
such a puzzle. Intrigued, Mirella assured this student 
that the fifth-grade class could in fact do a similar 
project. As she thought about this new venture, 
Mirella realized that she could also use this context 
to introduce the concept of ratio. She therefore read 
the same two books—How Many Snails? and More, 


Fewer, Less—to her fifth graders and guided them . 


to represent the answers to the questions using both 
fraction and ratio notation. She also required the 
children to simplify fractions when appropriate. 
The resulting project was very successful. Again 
the children used personally meaningful contexts to 
make sense of the mathematical relationships—for 
example, stores, sports equipment, and favorite 
' animals. The open-ended nature of the task accom- 
modated the full range of abilities represented by 
the 32 students in the class. For example, one child 
with special needs composed a puzzle of 30 snakes. 
Mirella was particularly pleased with his effort 
because he often had difficulty completing his 
assignments. However, on this task he was extremely 
engaged and worked diligently on his questions: 


1. How many snakes are there? 30 snakes 
2. How many snakes are red? 
10/30 = 1/3 
10:30 (10 to 30) 
3. How many snakes are red with green fangs? 
5/30 = 1/6 
1 in6 


Other examples were more sophisticated. One 
girl showed a complex store scene (fig. 3). To 
indicate equivalence she decided to use an arrow 
instead of the customary equals sign. Her com- 
mentary read: 


1. How many scarves are there? 48 
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Finding sets at an urban market 





Discovering sets in an art supplies store 





2. How many scarves are pink? 
28/48 — 7/12 
7:12; 28:48 
7 to 12; 28 to 48 
3. How many scarves are pink with black dots? 
10/48 — 5/24 
10:48; 5:24 
10 to 48; 5 to 24 
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Finding sets of scarves in a clothing store 
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The fifth graders’ experience demonstrates that 
teachers can adapt the use of math-related books 
of good quality to a broad range of instruc- 
tional contexts (Whitin and Whitin 2004). In both 
examples—the problems about the snakes and the 
scarves—children made connections among their 
knowledge, interests, and experience and key math- 
ematical ideas. At the same time, they strengthened 
their language skills by composing for the purpose 
of engaging real audiences, such as their peers, 
families, and community members. 


The Benefits of Reading, 
Writing, and Talking 


As we look back on this classroom vignette, several 
important instructional strategies emerge and under- 
score the advantages of providing children regular 
opportunities to read, write, and talk about mathemat- 
ics. Such strategies are especially important for ELL 
students, who benefit from communicating, repre- 
senting, and connecting their ideas in various ways. 
Strategy 1. Listen closely to children’s spon- 
taneous comments about math-related literature. 
Their observations and questions can often set the 
direction for a mathematics investigation (Whitin 
and Whitin 2000). When Mirella heard her students 
make the connection between the two stories, she 
asked them to explain those connections. She then 
returned to the first book so that the children could 
look at it with “new” eyes. Learning involves mak- 
ing connections, and Mirella capitalized on her 


students’ thinking by allowing them to pursue these 
ideas more fully. 

Strategy 2. Have students write regularly for 
understanding in mathematics. One insight from 
language education is that reading informs writ- 
ing (Graves 2003; Harste, Woodward, and Burke 
1984). The children in Mirella’s classroom ana- 
lyzed the structure of the questioning format in 
their reading and then used that skeletal outline to 
connect their own personal experiences and inter- 
ests. In this way, the children could develop and 
demonstrate their conceptual understanding of the 
set model of fractions. 

Strategy 3. Provide opportunities for children to 
publish their own mathematical writings. Mirella 
displayed the children’s stories in the hallway as 
part of a weeklong school literacy fair. Language 
educators (Graves 2003; Short and Harste 1996) 
have advocated that children write for a purpose 
and share that writing with a variety of audiences, 
such as parents, younger or older students, pen 
pals, school board members, and so on. Writing 
for authentic purposes legitimizes the writing and 
gives children a greater sense of ownership and 
responsibility for its development and completion. 
Some teachers have given children time during 
their literacy block to work on their mathematical 
writing. Not only does this strategy save instruc- 
tional time by integrating language and mathemat- 
ics; it also legitimizes writing about mathematics as 
a significant literary endeavor. 

Strategy 4. Talking is an important rehearsal 
for writing (Graves 2003; Huinker and Laughlin 
1996). After the children listened to Mirella read 
How Many Snails? only once, they were not yet 
ready to write their own stories. The task required 
the coordination of many elements, including 
creating their own contexts, sets of attributes, and 
accompanying illustrations. However, More, Fewer, 
Less provided the necessary intermediary support 
for these students. This book did not present the 
children with a set of questions; they saw only a 
photograph, and their teacher encouraged them to 
develop their own relationships. This experience 
in formulating their own questions as a response 
to the text gave them additional experience in dis- 
cussing attributes and sets. This kind of conversing 
provided these children, many of whom were ELL 
students, the necessary support to then create their 
own stories with appropriate mathematical vocabu- 
lary (Olivares 1996). 

Strategy 5. Pairing books related to a similar 
mathematical concept can be a beneficial strategy 
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Venn diagram showing some of the relationships between How Many Snails? and More, 


Fewer, Less 
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that supports both literacy and mathematical growth 
(Short and Harste 1996; Whitin and Whitin 2004). 
For instance, these two stories provided the children 
with an illustration of a set model for fractions. How 
Many Snails? also demonstrated a predictable story 
structure that the children could use as a frame for 
composing their own stories. Although the book pair 
described here is one that the children themselves 
identified, teachers too can plan book-pair lessons 
(Whitin and Whitin 2005). One way for teachers to 
envision the possibilities of a given pair is to create a 
Venn diagram highlighting the similarities and differ- 
ences between the two books. For instance, figure 4 
shows some of the relationships between How Many 
Snails? and More, Fewer, Less. A group of teachers 
might explore these relationships in order to generate 
more ideas and imagine a variety of possible exten- 
sions for both younger and older students (as Mirella 
did with both her second- and fifth-grade students). 


Viewing This Experience 
through NCTIW's Principles 
and Standards 

This experience and the kind of decisions Mirella 
made as a teacher in an urban, multicultural setting 
all help promote the Equity Principle as espoused by 
NCTM (2000), a key dimension of which is the devel- 
opment of ways “to promote access and attainment 


Teaching Children Mathematics / November 2006 


Many contexts 








More, Fewer, Less 


Photographs 













Story conveyed 
without words 











Reader chooses 
attributes to 
consider 








Counting implied 


for all students” (p. 12). We see many of the other 
Principles and Process Standards interwoven through 
this Equity Principle. For instance, Mirella used an 
important aspect of the Teaching Principle to support 
her students’ learning by adapting her teaching to the 
children’s spontaneous comparisons between the two 
stories. This action exemplifies some of the “ongoing 
decision making that inevitably occurs as teachers and 
students encounter unanticipated discoveries” (p. 18). 
It also demonstrates the Communication Standard, 
which calls for conversations in which “mathemati- 
cal ideas are explored from multiple perspectives,” 
thus helping learners “to sharpen their thinking and 
make connections” (p. 60). The two books provided 
these multiple lenses for discussing this part-whole 
relationship. 

We can also see the Representation Standard 
in action as the children saw the part-whole rela- 
tionship represented through photographs, book 
illustrations, and their own pictures, numbers, and 
words. The experience demonstrated the Connec- 
tions Standard as the children recognized the idea of 
part-whole relationship as one meaning for express- 
ing fractional ideas. They were also able to connect 
this relationship to their own lives. It is essential 
that children “recognize and apply mathematics in 
contexts outside of mathematics ... such as students’ 
daily lives” (pp. 65-66). The children drew on their 
urban environment and personal experiences to cre- 
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ate a variety of contexts for this part-whole relation- 
ship, such as the corner market and several specialty 
shops. Providing opportunities to communicate, rep- 
resent, and connect their mathematical understand- 
ings gave the students in this multicultural classroom 
a more equitable access to mathematics and a better 
chance at academic success. 
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Laurailngalis Wilder 
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Little House books was to record—for chil- 

dren in the twentieth century and beyond—the 
day-to-day experiences of a girl growing up in the 
pioneer period of our country’s history. Wilder’s 
books teach us about her family’s history and our 
country’s history through the eyes of a young girl 
growing into adulthood. Her stories also provide 
delightful glimpses into her young mind’s concep- 
tualization of aspects of living that are mathemati- 
cal in nature. 

The theory of learning conveyed in Principles 
and Standards for School Mathematics (NCTM 
2000) is that learners construct meaning for math- 
ematical ideas by relating new information and 
findings to existing knowledge. Principles and 
Standards is built on the premise that children 
are able to see through mathematical eyes—that 
when we teach children mathematics, we build on 
a foundation that is inherent within them. Wilder’s 
mathematical quandaries and musings give evi- 
dence of children’s inherent mathematical thinking. 
This article contains a small number of my favorite 
glimpses into Wilder’s mathematical reasoning 
from the books themselves. 


| a Ingalls Wilder’s purpose in writing the 


Diane Dowd, ddowd@ewu.edu, is a K-8 mathematics teacher educator at Eastern Washington 
_ University, Cheney, WA 99004-2496. : 
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Fair Sharing 

In Little House in the Big Woods, the first book, 
readers learn that Laura Ingalls is a young girl 
living in the deep woods of Wisconsin near the 
tiny town of Pepin on the shore of Lake Pepin. In 
chapter 10 of this book about her very early child- 
hood, we learn that during the summer Laura and 
her older sister, Mary, were allowed to visit Mrs. 
Peterson, a Swedish woman who lived “across the 
road and down the hill.” After their visits, as Laura 
and Mary would leave to go home, Mrs. Peterson 


always gave them each a cookie when they left, 
and they nibbled the cookies very slowly while 
they walked home. Laura nibbled away exactly 
half of hers, and Mary nibbled exactly half of 
hers, and the other halves they saved for Baby 
Carrie. Then when they got home, Carrie had 
two half-cookies, and that was a whole cookie. 

That wasn’t right. All they wanted to do was 
to divide the cookies fairly with Carrie. Still, if 
Mary saved half of her cookie, while Laura ate 
the whole of hers, or if Laura saved half, and 
Mary ate her whole cookie, that wouldn’t be 
fair, either. 

They didn’t know what to do. So each saved 
half, and gave it to Baby Carrie. But they always 
felt that somehow that wasn’t quite fair. (Wilder 
1932, chap. 10, pp. 178-79) 
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Laura and Mary were young girls, but dou- 
bling and halving are natural activities for even 
very young children (Confrey 1994). Wilder, the 
adult author, wanted young children to know her 
quandary about giving Baby Carrie a fair share of 
the cookies. Children can explore ways to try to 
make the shares even for Laura, Mary, and Car- 
rie. The task is twofold: (1) creating fair shares 
and (2) trying to identify—or talk about—the 
size of each share. At the upper elementary level, 
students can relate this dilemma to the discov- 
ery that 2 cookies divided evenly among 3 girls, 
which can be expressed using division nota- 
tion as 2 + 3, yields 2/3 cookie for each girl: 
2 +3 = 2/3. Other numbers of cookies and children 
can be explored, and students may discover that a 
cookies divided evenly among b children, where a 
and b are whole numbers (b # 0), gives each child 
a/b cookie(s)—that is, the fraction bar symbolizes 
division, or a + b = a/b (see fig. 1). 

Other fair-sharing situations arise in the Ingalls’s 
household. In this same book, and continuing in the 
book Little House on the Prairie, Laura and Mary 
share a tin cup at meals. The conceptualization 
brought to mind by this sharing is that of young 
girls drinking their equal shares of the liquid in the 
cup. Note that for much of Laura’s childhood, how- 
ever, the liquid was water, with milk a rare treat. 
Students can explore methods they would use to 
drink equal shares of a cupful. 

Earlier in the book Little House in the Big Woods, 
Laura and Mary wait in anticipation as Ma colors 
butter by grating a carrot and soaking it in the hot 
milk that will later be churned to make the butter. 
The girls know that when Ma pours the hot milk 
into the churn, she will remove the grated carrot and 
allow the girls to eat it. According to Laura, “Mary 
thought she ought to have the larger share because 
she was older, and Laura said she should have it 
because she was littler. But Ma said they must divide 
it evenly” (Wilder, 1932, chap. 2, p. 30). 

In On the Banks of Plum Creek, after Laura’s 
family has returned north to Minnesota, their 
dreams of staying in Kansas broken, Laura and 
Mary give Nellie Oleson’s storekeeper father the 
silver piece Pa gave them to buy the slate the two 
girls will share in school. The girls do not know, 
however, that they will need to buy a slate pencil 
too; Mr. Oleson tells them that they do and that the 
slate pencil will cost them one penny. Laura and 
Mary do not want to ask Pa for more money, so they 
come up with a way to buy the slate pencil without 
telling Pa that his silver piece is not enough. Each 
girl had received a penny for Christmas the previ- 
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ous year, and they figure out that each girl can 
spend half of her Christmas penny for the slate pen- 
cil. Their two half-pennies combined will buy the 
slate pencil. This plan shows these two girls using 
the type of thinking that we want to encourage our 
students to use to solve problems today. The final 
details of their plan are that “Mary would spend 
her penny for the pencil, and after that she would 
own half of Laura’s penny” (Wilder 1937, chap. 
ZL, OF 1956): 


The Value of Money 


In her second book, Farmer Boy, Wilder chronicles 
one childhood year in the life of her husband, 
Almanzo Wilder. In this book, Wilder writes of 
Almanzo’s family going to a Fourth of July celebra- 
tion when Almanzo is nine years old. Almanzo has 
never been allowed to have money of his own, but 
his cousin Frank has, and Frank has a nickel 
that he spends that day. Cousin Frank then 

puts unbearable pressure on Almanzo, dou- 


- ble daring him to ask his father fora nickel 


to spend at the festivities. When Almanzo | j 
succumbs to the dare, his father questions 
him and learns that Frank hada nickeland | | 
spent it on lemonade that he did not share 
with his friends. (Almanzo’s father’s first 
idea about why Almanzo would ask him 
for money was that Almanzo wanted to 
treat Frank after Frank had treated him.)  ' 
Almanzo’s father sizes up the situation 

and responds by teaching Almanzo about 

money. He takes a silver half-dollar out 

of his pocket, asks Almanzo what it is, 

and, when Almanzo answers that it is a 
half-dollar, asks him what a half-dollar is. 
Almanzo does not know how to answer. His 
father answers for him and gives a depth to the 
meaning of money that goes beyond currency 
equivalences: “ ‘It’s work, son.... That’s what 
money is; it’s hard work’ ” (Wilder 1933, chap. 
16, p. 182). He then asks Almanzo how potatoes 
are raised and waits for Almanzo to describe the 
processes of harrowing, manuring, and plowing 
the field; planting the seed potatoes; plowing and 
hoeing the potatoes twice; digging them up and 
putting them down in the cellar; picking them 
over to discard the rotten ones; loading them 
and hauling them to town; and selling them. At 
the end of this faithful recounting by Almanzo, 
Father replies, “‘That’s what’s in this half-dollar, 
Almanzo. The work that raised half a bushel of 
potatoes is in it’” (Wilder 1933, chap. 16, p. 184). 





Sharing cookies 


Materials for exploration 


For each small group or pair of students— 
¢ Fraction manipulatives, including at least 6 thirds, 12 fourths, and 10 fifths; or 
* 2-inch squares (“cookies”) (minimum of 7 squares needed) and scissors or 


pencils 


Students can figure out and look for a pattern in the fractions of a cookie that 
respective family members would receive (shown here) if 2, 3, or 4 cookies were 
evenly shared among 3, 4, or 5 family members. The numbers of cookies and 
family members shown will result in fractions of a cookie that allow the pattern 


to be more easily observed. 
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ees 


Number Number of Fraction of a Cookie for 
of Cookies Family Members Each Family Member 










2/3 cookie 


3/4 cookie 
3/5 cookie 


Based on Little House in the Big Woods (Wilder 1932, chap. 3) 


Circles on the prairie 


Materials for exploration 


¢ Pictures or drawings of the open prairie; drawings from Little House on the 
Prairie, including the drawings on the first page of most chapters (particu- 
larly chapters 1 and 26) (optional) 

¢ Wide-open playground area to work in (optional) 


1. Why do you think Laura sensed that the wagon was in the middle of a circle 


on the flat prairie land? 


2. Why does Laura say that the horses and wagon could not get out of the 


middle of the circle? 
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Based on Little House on the Prairie (Wilder 1935, chap. 1) 


Father then gives Almanzo the silver half-dollar to 
spend as he wishes, and Almanzo buys a sucking 
pig with the 50 cents. 

This passage has lessons to teach today’s students 
about the meaning of money. A sucking pig could 
be purchased for 50 cents when Almanzo was nine 
years old, in 1866. Fifty cents was the amount of 
money earned for all the work Almanzo described 
to grow and prepare a bushel of potatoes for market. 
Today’s students may need to research what a bushel 
is (8 gallons, or roughly 35 liters) and how much 
money farmers or gardeners are paid for potatoes 
today (roughly 50 cents per pound). How do contem- 
porary prices compare with the amount of 50 cents 


per bushel that Almanzo’s father worked for? 

Other recollections of monetary values and 
money-related concepts that Laura recorded in her 
Little House books, and that may lend themselves 
to class explorations and discussions, include the 
following: 


¢ The cost of a pair of leather boots—$3.00 in 
about 1867—for Laura’s Pa (On the Banks of 
Plum Creek, chap. 24) 

¢ Pa’s earning $1.00 a day working in others’ 
wheat fields in about 1875 and hoping that 
his own wheat will sell for $1.00 a bushel (On 
the Banks of Plum Creek, chaps. 28 and 25, 
respectively) 

¢ Laura’s earning $1.50 for a six-day work week 
sewing buttonholes on shirts when she was 
fourteen years old, in about 1881 (Little Town 
on the Prairie, chaps. 5, 6, and 7), and $40.00 
for two months of teaching school at the age 
of fifteen, in about 1882 (These Happy Golden 
Years, chap. 12) 


Many more references to actual costs of and earn- 
ings for items, as well as frequent references to in- 
kind payment for purchases or for labor done, are 
also found throughout Wilder’s books. 


Geometric and Quantitative 
Conceptions 


In Wilder’s second chronicle of her life, Little 
House on the Prairie, Laura and her family have 
left the dense woods of Wisconsin to move to 
the prairies of Kansas. The book overflows with 
geometric metaphors springing from the new 
experience of living surrounded only by nature 
on these vast flatlands. The wide-open spaces and 
abundant wildlife of the prairies hold great appeal 
for Laura and her Pa. This is a wonderful book to 
read to revel, with students, in the geometric images 
Wilder describes. By the Shores of Silver Lake—set 
in the plains of the Dakota Territory—is very simi- 
lar in this regard. 

What Laura saw when she traveled through, and 
lived on, the open prairie land brought to her mind 
mathematical conceptions, such as the following in 
Little House on the Prairie: 


Circles with centers 


Kansas was an endless flat land covered with 
tall grass blowing in the wind. Day after day 
they traveled in Kansas, and saw nothing but the 
rippling grass and the enormous sky. In a perfect 
circle the sky curved down to the level land, and 
the wagon was in the circle’s exact middle. 
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All day long Pet and Patty went forward, 
trotting and walking and trotting again, but they 
couldn’t get out of the middle of that circle. 
When the sun went down, the circle was still 
around them and the edge of the sky was pink. 
Then slowly the land became black. (Wilder 
1935, chap.1,p.13) 


A line that goes on endlessly in both directions 
The Native Americans, in single file, walk and ride 
away from the Indian Territory, where Laura and 
her family live. 


As far as she could see to the west and as far 
as she could see to the east there were Indians. 
There was no end to that long, long line. (Wilder 
1935, chap. 24, p. 310) 


A conception of that line as a curved line on the 
earth’s surface 


Pa and Ma and Laura and Mary still stayed in the 
doorway, looking, till that long line of Indians 
slowly pulled itself over the western edge of the 
world. (Wilder 1935, chap. 24, p. 311) 


A plane that extends in all directions or perhaps 
that is akin to the surface of a sphere (as described 
in By the Shores of Silver Lake) 


This prairie is like an enormous meadow, stretch- 
ing far away in every direction, to the very edge 
of the world. (Wilder 1939, chap. 7, p. 59) 


Ask the students to use their imaginations to try to 
picture what Laura observed and understand what 
Laura thought (for example, see fig. 2). 

In the geometrically rich Little House on the 
Prairie, Wilder chronicles the building of the 
family’s log cabin on the prairie, with round logs 
for walls; smooth, flat boards for a roof; and only 
rays of sunlight entering the little house through 
the cracks between the logs until a window hole is 
cut, through which “the light poured ... and made a 
square of soft radiance on the floor” (Wilder 1935, 
chap. 6, p. 78). Before the roof is built and doors are 
made to cover the two rectangular openings in the 
log cabin, Laura and her Pa watch a perfect circle 
of wolves surround the house one night and how! at 
the moon—with Jack, the loyal brindle bulldog, and 
Pa’s gun protecting the family (Wilder 1935, chap. 
7, pp. 94-98). Wilder describes the “cruel round 
eye [of a hawk] turned downward to look at her” 
one day as she and Mary explore the round gopher 
holes, and the gophers that pop out of them, scat- 
tered over the ground (Wilder 1935, chap. 4, p. 45). 

In this book, Wilder also recounts the abundance 
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Imagining 50 deer 


Materials for exploration 


* Butcher paper, lengths of string, measuring tapes, and metersticks or yard- 


sticks, as needed 


* Photographs of deer or wolves; the drawing of Pa riding on Patty among the 


wolves in chapter 7 (optional) 


1. Have you ever seen 50 deer together? How many deer have you seen? 
2. Pa saw the deer when he was out walking on the prairie. How do you think 


Pa figured out that 50 deer were in the herd? What strategy do you think Pa 


used? 


3. How much space do you think would be needed to hold 50 deer? Think 
about a place at your school that you think would hold 50 deer. What place 


did you think of? What strategy did you use? 


Based on Little House on the Prairie (Wilder 1935, chap. 4) 


of life in these open expanses. Twice in the book Pa 
tells the family about encountering a herd or pack 
of what he describes as at least 50 animals—once, 
early in the book, a herd of 50 deer and, later in the 
book, a pack of 50 wolves in the midst of which 
he was riding, all the while trying desperately not 
to allow his horse to run loose and reveal its terror 
(Wilder 1935, chaps. 4 and 7, respectively). Stu- 


. dents can explore what 50 deer would look like or 


what 50 wolves would look like. They can specu- 
late on ways that Pa could have estimated these 
numbers (see fig. 3). 

In the book By the Shores of Silver Lake, set in 
the plains of the Dakota Territory, Wilder writes of 
the thousands of birds that summered on the lake: 


She [Laura] began quickly to help Ma get break- 
fast, and while she hurried she told how the sun 
came up beyond Silver Lake, flooding the sky 
with wonderful colors while the flocks of wild 
geese flew dark against them, how thousands 
of wild ducks almost covered the water, and 
gulls flew screaming against the wind above it. 
(Wilder 1939, chap. 8, p. 72) 


How many wild ducks are “thousands of wild 
ducks”? How could we count them if we were 
to see as many birds as Laura saw? In this same 
book, Laura’s Pa speaks of the abundance of 
larger animals that used to be in this place: “Only 
a little while before the vast herds of thousands of 
buffaloes had grazed over this country” (Wilder 
1939, chap. 7, pp. 61-62). What would thousands 
of buffaloes look like? What would one thousand 
buffaloes look like? How many school playgrounds 
would it take to hold them? 

In the opening pages of her first chronicle, Little 
House in the Big Woods, Wilder provides a very 
real, contextual introduction to the concepts of 
direction, distance, and quantity: 
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To view the world— 
mathematical ONC ix see nee! 

historical—through To the east of the little 

Laura’s eyes is log house, and to the west, 

to deepen one’s there were miles upon 


Once upon a time, sixty years ago, a little girl 
lived in the Big Woods of Wisconsin, in a little 
gray house made of logs. 

The great, dark trees of the Big Woods stood 
all around the house, and beyond them were 
other trees and beyond them were more trees. 
As far as a man could go to the north in a day, 
or a week, or a whole month, there was nothing 
but woods. There were no houses. There were 
no roads. There were no 
people. There were only 
trees and the wild animals 
who had their homes 


miles of trees, and only a 


thinking and one S few little log houses scat- 
desire to think tered far apart on the edge 


of the Big Woods. 

... A wagon track ran 
before the house, turning and twisting out of 
sight in the woods where the wild animals lived, 
but the little girl did not know where it went, 
nor what might be at the end of it. (Wilder 1932, 
chap. 1, pp. 1-2) 


Logical Reasoning and 
Communication 


I close with a passage that shows Wilder’s logical 
reasoning and alert thinking, even as a young girl. 
It takes place in On the Banks of Plum Creek. In 
this book, Laura, not yet eight years old, and Mary 
were out picking plums for Ma one day in the plum 
thickets by Plum Creek: 


Laura put all the good plums in her pail. But she 
flicked the hornets off the cracked plums with 
her finger nail and quickly popped the plum into 
her mouth. It was sweet and warm and juicy. The 
hornets buzzed around her in dismay; they did 
not know what had become of their plum.... 

“T declare, you eat more plums than you pick 
up,” Mary said. 

“T don’t either any such a thing,’ Laura con- 
tradicted. “I pick up every plum I eat.” (Wilder 
1937, chap. 9, pp. 63-64) 


A good exercise involves students in making 
sense of Mary’s and Laura’s meanings in this 
exchange and of the actual quantitative relation- 
ships to which both girls refer. Students should 
consider exactly what Mary meant and how she 
could have communicated her meaning in a way 
that Laura would not have been able to contradict. 


Mary’s words suggest that the two distinct quanti- 
ties she is comparing are the quantity of plums 
Laura eats and the quantity of plums Laura picks 
up. Laura counters that she picks up every plum she 
eats, implying that the quantity of plums she eats is 
part of the quantity of plums she picks up. Students 
can then figure out that Laura picks up other plums 
that she does not eat, or that go into her pail to be 
taken home to Ma, and that this quantity is the one 
to which Mary refers. Mary is trying to say that 
Laura eats more plums than she puts in her pail to 
take home! 

This situation can be represented using a Venn 
diagram (fig. 4a) or using a part-part-whole model 
(fig. 4b). It could also be represented using math- 
ematical statements (see fig. 5). 


Measurement Investigations 


Students might also enjoy learning about pints and 
half-pints when reading Wilder’s books. Laura’s 
Pa calls her “half-pint,” from the first book—when 
Laura truly was half-pint-sized compared with her 
parents and her older sister—through her last book. 
Note also that a cookbook of the recipes that Laura 
and Ma (and Almanzo’s mother) used is also avail- 
able and offers the potential for additional math- 
ematical investigations. For example, interesting 
investigations might arise from comparing Laura’s 
recipes with current recipes or reading about such 
curiosities as how “pound cakes” got their name 
or how recipes changed when baking powder was 
invented. 


Conclusion 


Throughout her books, Wilder paints pictures of 
her childhood experiences, portraying them in the 
delightful and sensitive ways that she as a very 
observant and curious child perceived them and as 
an adult remembered them. Wilder knew that she 
had lived an incredible life, and she felt a responsi- 
bility and yearning to share that life with other chil- 
dren who could never experience it firsthand. Yet 
her observations of her world are interesting from 
a mathematical point of view as well as from a his- 
torical one. Her books are full of rich mathematical 
passages that can serve as entrées into mathemati- 
cal explorations. These mathematical glimpses 
have the potential to motivate short, focused discus- 
sions and explorations or more in-depth research 
and investigation. 

Laura Ingalls Wilder’s books are a gift to 
teachers and to students. To view the world— 
mathematical and historical—through her eyes 
is to deepen one’s thinking and one’s desire to 
think. 
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Models to represent quantities of plums 


prone oura picks Whole: Plums Laura picks 


Part: Part: 
Plums Plums Plums Laura Plums 


ea Laura eats puts in pail Laura eats 





a. Venn diagram b. Part-part-whole model 


Based on On the Banks of Plum Creek (Wilder 1937, chap. 9) 


Mathematical statements of quantities of plums 


Mary’s statement “I declare, you eat more plums than you pick up” could translate to 
“The number of plums Laura eats is greater than the number of plums Laura picks up,” or 


the number of plums Laura eats > the number of plums Laura picks up 


Laura’s assertion “| pick up every plum | eat” could translate to 
“| pick up every plum | eat and | pick up every plum | put in my pail,” or 


the number of the number of plums Laura the number of plums 


L 
Been puts in her pail Laura picks up 





This translation means that 
the number of plums Laura eats < the number of plums Laura picks up 


This translation contradicts what Mary literally said. 
Students could also represent the three quantities using variables. 


Based on On the Banks of Plum Creek (Wilder 1937, chap. 9) 


s vf a 
References Children’s Literature 
Confrey, Jere. “Splitting, Similarity, and Rate of Wilder, Laura Ingalls. Little House in the Big Woods. 
Change: A New Approach to Multiplication and 1932. Reprint, New York: Harper & Row, 1971. 
—— —. Farmer Boy. 1933. Reprint, New York: Harper 


Exponential Functions.” In The Development of 
Multiplicative Reasoning in the Learning of Math- 
ematics, edited by Guershon Harel and Jere Con- 
frey, pp. 291-330. Albany: State University of New 
York Press, 1994. 


& Row, 1971. 
. Little House on the Prairie. 1935. Reprint, New 


York: Harper & Row, 1971. 
. On the Banks of Plum Creek. 1937. Reprint, 


National Council of Teachers of Mathematics (NCTM). New York: Harper & Row, 1971. 
Principles and Standards for School Mathematics. . By the Shores of Silver Lake. 1939. Reprint, New 


Reston, VA: NCTM, 2000. York: Harper & Row, 1971. 
. The Long Winter. 1940. Reprint, New York: 


Scholastic Book Services, 1968. 

















Harper & Row, 1971. 





Harper & Row, 1971. A 


Teaching Children Mathematics / November 2006 


. Little Town on the Prairie. 1941. New York: 


. These Happy Golden Years. 1943. New York: 


209 


First Steps in Mathematics 


PROFESSIONAL DEVELOPMENT 


Maximize the impact He es 
of your instructional www.stepspd.org to request a sample, call 


| Toll Free 1.866.505.3001 
programs & materials. ee 3 


PROVEN = PRACTICAL = POWERFUL 


Engage Your,Students in the 
Learning of Mathematics 


“This is isn’t your everyday journteaaias is a lea: g experience 
for everyone to enjoy! 


See what awaits you and your students—log on today! 


O A NATIONAL COUNCIL OF As a peer-reviewed journal, ON-Math encourages teachers and 
NCTM | TEACHERS OF MATHEMATICS other educators to submit articles for review for publication. 
Guidelines for preparing and submitting documents can be found 
(800) 235-7566 | WWW.NCTM.ORG at http://my.nctm.org/eresources/submission_om.asp. 





Lynn C. Hart 





Standards-Friendly 
Lessons in University 
Methods Courses 


ince the publication of reform recommenda- 

tions in Curriculum and Evaluation Standards 

for School Mathematics (National Council of 
Teachers of Mathematics 1989), many strategies 
have been used to align teacher practice with the 
Standards. For example, mathematics educators 
have examined the impact of coaching in teacher’s 
classrooms (Hart, Najee-ullah, and Schultz 2004), 
changing curriculum materials (Educational Devel- 
opment Center 2005), using case studies (Barnett 
1992), and participating in lesson study groups 


(Fernandez 2005). Although all these strategies— . 


given the appropriate resources and teacher motiva- 
tion—can improve instructional practice, many are 
not easily implemented in a university classroom. 
Teacher education programs in colleges and schools 
of education that attempt to facilitate substantial 
and lasting change in teacher practice, particularly 
change with preservice teachers, must often find 
other methods. 

In my elementary mathematics methods courses, 
I attempted to help my preservice teachers create 
new images of mathematics teaching and learning 
by presenting lessons that supported the vision of 
Principles and Standards for School Mathematics 
(NCTM 2000) and by showing videos of teach- 
ers’ classrooms in which students were engaged 
in mathematical explorations. My students read 
teacher narratives and studied cases of how individ- 
ual teachers changed their practice. They reflected 
on and discussed new perspectives of teaching 
mathematics. Until recently, however, I did not 
consistently see in my teachers the shift in perspec- 
tive necessary to teach as Principles and Standards 
(NCTM 2000) suggests. Too often they maintained 
the perspective that teaching mathematics consists 
of providing clear, concise explanations of proce- 
dures. I needed a framework for preservice teachers 
that would help them plan lessons that encouraged 
exploratory learning, develop a deeper understand- 
ing of how students think about mathematics, and 
promote reflection on their instructional practices. 

In this article, I explain how I addressed this 
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problem through a framework I developed for my 
preservice teachers. I describe the framework, show 
how I use it in my courses, and share an example of 
implementation in a kindergarten classroom. 


One Solution: The EEE Model 


With my students, I adapted the Learning Frame- 
work, introduced by Karplus (1977) in science 
education, which was later modified in the Biologi- 
cal Science Curriculum Study (BSCS 1989). From 
this grounding for inquiry-based learning in science 
education to inquiry-based exploration in math- 
ematics education was a small step. An adaptation 
of the Learning Framework can also be found in 
NCTM’s Navigations series (NCTM 2001-2004). 

I wanted a tool that was simple for teachers to 
use, that could guide them as they plan exploratory 
experiences, and that they could use to teach math- 
ematics for understanding. The Engage, Explore, 
Explain (EEE) model is that tool. The stages are 
relatively simple: 


¢ The teacher engages students with children’s lit- 
erature that either connects to the mathematical 
concept she or he wants to address or provides 
a context for elementary students to consider as 
they solve a problem. 

¢ The teacher presents a problem or problems for 
the students to explore individually or in small 
groups. 

¢ The students explain how they thought about the 
problem and discuss their ideas with the class. 
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Elements of an exploratory lesson in the EEE framework 


* Engage—tThe students are “hooked” through a children’s book. 


* Explore—The students are actively working and exploring a problem or 
problems. The teacher takes notes on student learning. The teacher is not 
lecturing; she or he is posing helpful questions, listening, and taking notes. 


¢ Explain—The teacher organizes the discussion to facilitate learning. She 
or he assists students in organizing their work in a way that is useful and 
makes sense to get ready for their explanation. Individual students or small 
groups share their strategies. 


Planning form for an EEE lesson 


Name: 


Book | plan to use: 


Person | planned with: 


Grade: 


Mathematics concept/objectives | will be working on: 


Materials/tools | will have available: 


Engage: 
Explore: 


Explain: 
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The model provides a lesson structure for teachers 
to use with almost any mathematics topic and can 
easily be adapted to accommodate various grade 
levels. 

The EEE model is an amalgamation of several 
ideas from research. First, the use of literature 
to engage students in mathematical explorations 
is supported by research that suggests that many 
school assignments (particularly. in mathematics) 
favor the male-oriented preference of “reporting” 
rather than the female-oriented style of “rapport- 
ing” (Tannen 1990). Girls often learn by making 
personal connections. Books speak to the connec- 
tion between literature and females; literature is a 
“fundamental way to present mathematics concepts 
and a medium that is integrally linked to the con- 
nected learning that is so successful with girls” 
(Karp et al. 1998, p. 4). Books can also create a 
context for a mathematical exploration. Although 
learning situated in a real context is preferable 
(Brown, Collins, and Duguid 1989), a book can 
provide an imaginary context for the learner and 


can activate prior knowledge as a way to increase 
comprehension of a word or story problem. 


Using the EEE Model ina 
University Methods Course 


I use the EEE model with both undergraduate- and 
graduate-level mathematics methods students. 
The undergraduates implement the model in field 
placement classrooms; the graduates implement the 
model in their own elementary classrooms. For clar- 
ity, I refer to all methods students as “teachers.” 

After presenting several lessons using the EEE 
model in my university methods courses and 
observing similar lessons available via commer- 
cially available videos, I introduce the EEE model 
to the teachers and provide a handout that includes 
a brief description of each phase of the EEE (fig. 
1), a sheet to use for planning a lesson with a class- 
mate (fig. 2), and a format for the written reflection 
process for use after teaching the lesson (fig. 3). We 
then discuss the process involved in implementing 
the EEE model. In the following class, each teacher 
brings one example of children’s literature that he 
or she wants to use for his or her EEE lesson and 
works with another teacher at the same grade level 
to plan a lesson. Table 1 provides a few examples 
of books I have used at different grade levels for 
different concepts. 

The teachers use their plans to teach a lesson in 
their classrooms or field placements; after teaching 
the lesson, each writes a reflection, attaches the 
planning sheet, and appends examples of students’ 
work (if possible). On the day the lesson write-up 
is due, the planning partners exchange the written 
documents, read each other’s paper, and then make 
comments and observations on it. The lesson plan- 
ning cycle is repeated two or three times during a 
semester. 


A Preservice Teacher Uses 
the EEE Framework 


The following vignette presents a sample EEE les- 
son from a kindergarten classroom. The teacher, 
Ms. Matthews, was a preservice teacher in a field 
placement. The vignette demonstrates how the 
framework can be used with even very young 
students. 


Ms. Matthews’s kindergarten class is quiet. The 


children huddle around her on the rug as she reads 
Mouse Count (Walsh 1995). The students carefully 
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follow the story of Snake as he traps mice and puts 
them in a jar to enjoy later for dinner. As she fin- 
ishes the page where Snake puts three mice in the 
jar, she asks the students to predict what they think 
will happen next. Josette quickly responds, “He will 
put four mice in!” Ms. Matthews asks Josette why 
she thinks that. “Because he put three in the last 
time!” Josette exclaims. There are nods all around 
the group. At the end of the story, the children beg 
Ms. Matthews to read it again, but their teacher has 
other plans! 

Ms. Matthews asks the children to move back 
and sit around the edge of the rug. Ms. Matthews 
pulls an opaque jar and a tub of small colored 
cubes from behind her back. The children are wide- 
eyed as she begins. “I am going to tell you some 
stories about Snake and I want you to help me 
think about them. Will you help me?” The children 
nod their heads enthusiastically. “I am going to be 
Snake,” says Ms. Matthews, “and I am going to put 
some mice in my jar. I want you to think very hard 


and see if you can figure out how many mice I put - 


in my jar.” Ms. Matthews takes a small handful of 
“mice” and slithers her hand toward the jar. Slowly 
she drops them in one at a time, counting as she 
goes. The children quickly join in: “One, two, three, 
four.” She slithers her hand toward the jar again, 
picks up another small number of mice, and slowly 
drops them in the jar: “One, two, three.” 

Ms. Matthews pauses briefly and then asks, 
“Who can tell me how many mice are in the jar?” 
Several hands go flying up; other children are busy 
counting on their fingers. This time Ms. Matthews 
waits a few seconds longer until most hands are 
raised. She asks the children to whisper to their 
neighbor and tell them how many mice they think 
are in the jar. Small hands hide their mouths as the 
children quickly turn and share their answer with 
the person sitting next to them. Ms. Matthews asks 
some of the children to share their ideas with the 
whole class, telling each child to explain how he or 
she thought about the problem. Annie explains that 
she put up four fingers on one hand and then put 
up three more fingers on the other hand and then 
counted them all. Jesse started with the number 
four and counted up: five, six, seven. Steve and 
Molly knew in their heads that four and three more 
is seven. 

After several children share, Ms. Matthews is 
ready to empty the jar and count the mice when 
Chad reminds her that she needs to rock the jar 
back and forth as the mice did in the story. Ms. Mat- 
thews slowly tips the jar back and forth a few times 
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Protocol for describing, analyzing, and reflecting on an EEE lesson 


Turn in a typed description/analysis/reflection of the lesson. This is where 
you think deeply about what you did, what you learned, and what you would 
change. 


Description of the lesson. This is a retelling of what happened in the lesson. 
It should be detailed enough to allow an outsider to see what you describe. 
Use the notes you made as you listened to the children explore. Don’t just 

say, “We did three problems.” Describe each problem. Give me salient con- 


versations, including what the students said and how you responded. 


e What would you change? Very seldom have | taught a lesson in which | 
wouldn't do something differently. This will require you to interpret what 
happened, why it happened, and what you should do next. 


e What did you learn? This is very important. Try to think deeply. What do 


you know now about yourself as a teacher? What do you know about your 


students as learners? Do you understand the mathematical concept better? 


e Attach your handwritten plan. 


e lf possible, attach samples of student work. 





Table 1 


Examples of Children’s Literature with a Mathematics Connection 


Mathematics Problem or 
Concept 
Nonstandard linear measure- 
ment activity 
Ordinal numbers 


CGI addition and subtraction 
problems using characters in 
the book 


Book 


The Line Up Book (Russo 1986) 


Next Please (Jandl and Junge 


2003) KI 


K-2 


Tar Beach (Ringgold 1991) 


Problem-solving lesson asking 
students to determine the 
number of buses needed for a 
school trip 


Don't Let the Pigeon Drive the 
Bus (Willems 2003) 


and then pours the mice out of the jar onto the rug. 
They count together: “One, two, three, four, five, 
six, seven.” There are seven mice in the jar! 

Ms. Matthews presents one more problem 
involving Snake and the mice to the class and then 
assigns each child a partner. She asks each pair to 
find a comfortable spot in the room to work and 
gives each pair its own jar (a red plastic cup) and 
a small tub of mice (colored cubes). When the chil- 
dren are quiet, she reads another problem slowly 
to the class. “Snake put five mice in the jar. He put 
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A preservice teacher's first reflection on an EEE lesson 


What | learned 

| learned a great deal from this experience. | learned that | have a hard time sitting back and allowing kids 
to make mistakes. | often caught myself as | was about to point out an error, such as when Daniel did not 
spend all of his money. | wanted to correct him but found that by letting his mistake stay, his classmates 
helped him solve the problem without my interference. | also learned that children are capable of much 
more than | give them credit for. | always want to help them discover but have come to realize that they 
are able to do this without my help. This was a startling revelation. | just assumed that they would always 
need me to guide them. It was hard to let go and see what they could do without me. It was amazing to 
see how one provlem can be looked at by kids in so many different ways. | assumed they would all take 
each coin and place it on the object to be purchased. | never dreamed a child would create a math prob- 
lem or track their expenditures on paper. It was truly a learning experience! | hope to take what | learned 
with me into my own classroom. 


What | would change 

| think that in the future | would have my questions laid out in a variety of ways so that | could question 
the kids more thoroughly. | do not think | had enough probing questions to find out why Kaliyah chose to 
use an addition problem or why Daniel drew pictures. | would like to make sure | plan for things | do not 
expect to happen. In the future, | will also make sure | have provided for students who can do this activity 
using higher amounts of money and higher purchase prices. | think this group could have done more, 

if only | had been prepared for them. Although this lesson went well and | think we all got a lot out of it, 
myself included, | think that were | to do it again, | would make these changes to ensure a better learning 


experience for everyone involved. 


some more in, and now there are seven in the jar. 
How many mice did Snake add to the jar?” Ms. 
Matthews moves from pair to pair, taking notes and 
listening to the children work. They are busy put- 
ting cubes in the cup, pouring out cubes, counting 





on their fingers, and talking to each other, She has 
chosen to use a join—change unknown problem for 
the explore stage to provide a more challenging 
context than the join—result unknown problems she 
used earlier. 

When everyone appears to be finished with the 
problem, Ms. Matthews asks the pairs to explain 
how they thought about the problem. Mary Han- 
nah states that she and her partner put five mice 
in the cup, just as before, but did not know what to 


do next, so they poured the five out on the rug and 
added mice until they reached seven. Kelsey speaks 
for her group: “Since there were seven mice in the 
end, we put seven out on the rug. Then we put five 
in the jar like you said, and what was left was what 
Snake put in.” Other groups share slightly differ- 
ent variations of a solution, and Ms. Matthews 
proceeds to another problem. She makes notes of 
student approaches that she wants to revisit. 


Reflection 


The procedures for the EEE assignment are not 
difficult in themselves, and in this vignette Ms. 
Matthews used the EEE framework very well. 
However, teaching teachers to implement a litera- 
ture-based EEE lesson can pose several challenges. 
Teachers often have difficulty with the following 
processes: 


* Seeing the potential mathematics in a book that 
was not written to teach mathematics 

* Connecting the content of the book to an appro- 
priate mathematical problem (often the explora- 
tions that the teachers create are not connected 
or related to the book) 

* Creating a problem that allows real exploration 
and is not teacher directed 

* Collecting meaningful data during the explore 
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stage to help organize the explain stage and use it 
as an assessment tool for students’ understanding 

¢ Supporting student thinking during the explore 
stage without doing the mathematical reasoning 
for the students 

¢ Organizing the explain stage in a meaningful 
way that facilitates students’ learning 

¢ Analyzing and reflecting on the experience more 
than superficially to support thinking deeply 
about what they have learned and what they 
would change 


By modeling the process several times in class 
before asking the teachers to implement a lesson 
on their own, I can point out these challenges and 
discuss strategies for dealing with each of them. 
Also, the first time I give the assignment, I give the 
teachers a sample EEE reflection for them to read. 
We discuss the use of descriptive writing, analytic 
writing, and reflective writing as specified by the 
National Board of Professional Teaching Standards 


(available on-line at www.nbpts.org/). Figure 4 - 


shows part of a preservice teacher’s reflection on 
her first EEE lesson using the book Alexander, Who 
Used to Be Rich Last Sunday (Viorst 1997). 

As teachers confront and meet the challenges of 
the EEE process, they enjoy the benefit of develop- 
ing a deeper understanding of student thinking that 
occurs as young students engage in mathematical 
explorations. By standing back during the explora- 
tion and becoming an observer of student thinking, 
teachers free themselves to become learners of how 
their students think about and understand math- 
ematics. Over time, teachers become more adept at 
predicting student misunderstandings. They learn 
to build on student thinking. They learn to think on 
their feet and use student ideas to generate discus- 
sions of new mathematical concepts. 


Final Thoughts 


‘Because field observations are not part of the courses 
I teach, reading EEE write-ups by preservice teachers 
allows me a virtual observation of their classrooms. 
It provides a better sense of what my preservice 
teachers are thinking and saying before, during, and 
after they teach. It is not the same as sitting in their 
classrooms, but as my preservice teachers become 
more descriptive, more analytic, and more reflec- 
tive, they create wonderful visual images through 
words to tell the story of their teaching. They begin 
to explore the world of how children think about 
mathematics. They begin to change. 
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MATH BY THE MONTH | Kristen Forrest, Denise Schnabel, and Margaret E. Williams 


Mathematics and 
Literature, Anyone? 


he “Math by the Month” activities are designed to engage November is National Children’s Book Month. During this 

students to think as mathematicians do. Students may work on month we encourage teachers to connect mathematical concepts 

the activities individually or in small groups, or the whole class _ to literature. Sometimes the connections are obvious; sometimes 
may use these as problems of the week. Because no solutions are teachers will need to draw out the mathematics. In both cases, 
suggested, students will look to themselves for mathematical justifi- _ making connections across the curriculum enables our students to 
cation, thereby developing the confidence to validate their work. deepen their mathematical understandings. & 


WEEKLY ACTIVITIES 
MATHEMATICS AND LITERATURE, ANYONE? K-2 NOVEMBER 2006 





The Important Book (Margaret Wise Brown, 1949). This timeless picture book celebrates the importance of such 
everyday objects as spoons and rain. What are the attributes, or characteristics, of a square that make it important? Of 
a triangle? Of the number 9? Share what you think with a classmate. Choose a mathematical idea, write a description 
of it, and then write why you think that mathematical idea is important. Maybe your class could put together its own 
Important Book! 


Freight Train (Donald Crews, 1978). In this book, we learn that there are many different kinds of train cars and that 
each has a special job. We see a purple box car, which is followed by a blue gondola car, which is followed by a green 
cattle car. Could we put these cars in a different order? What if we added a yellow hopper car to the lineup? How many 
different ways could we arrange the 4 train cars? 


Changes, Changes (Pat Hutchins, 1971). Changes abound in this book about blocks. The small wooden couple 
must take the same blocks and create what they need for each new situation. Take 15 blocks or snap cubes and build 
something. Write or draw a description of what you have built. Now take those same blocks aa ania aac 
and build something entirely new. Again, write or draw a description. How has your design [ugha Betas nee 
changed? Could a friend recreate your design just by using your description? Try it! 


A New Coat for Anna (Harriet Ziefert, 1986). Anna finally gets a new coat—but not from 

a store! Make a timeline of Anna’s experience. Why does the tailor measure Anna before he 
makes her coat? If you did not have a measuring tool such as a tape measure or a yardstick, 
how could you measure another student with other materials you might have? Create a chart 
that has all your classmates’ names. Measure each student's height by using cubes, blocks, or 
whatever tool you decide on. Record your asso heights again in the spring. Maybe then 
it will be time for a new coat for you! 





Edited by Kristen Forrest, kristen. forrest@anoka.k12.mn.us, Denise Schnabel, denise.schnabel@anoka.k12.mn.us, and Margaret E. Williams, margaret.williams@ 
anoka.k12.mn.us, teachers at Riverview Specialty School for Math and Environmental Science in Brooklyn Park, MN 55444. Readers are encouraged to submit 
problems to be considered for future “Math by the Month” columns to Margaret Williams. Receipt of problems will not be acknowledged; however, problems 
selected for publication will be credited to the author. 
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WEEKLY ACTIVITIES 
MATHEMATICS AND LITERATURE, ANYONE? 3-4 NOVEMBER 2006 





Lemonade for Sale (Stuart J. Murphy, 1998). In the story Lemonade for Sale, children are selling lemonade to raise 
money to fix up their clubhouse. To keep track, they record the amount of lemonade they sell each day and then create 
a bar graph with this information. Search through magazines and newspapers to find other examples of bar graphs. 
What do they represent? Who would use them? Read the end of the story to find out if the children reach their goal! 


Alexander, Who Used to Be Rich Last Sunday (Judith Viorst, 1988). Alexander was 
given some money by his grandparents, but somehow he spent it all and had nothing 
to show for it except some bus tokens. As you read the story, keep track of how much 
money Alexander gave each person and how much money he had left after each en- 
counter. Alexander tries to earn more money in some pretty strange ways. Make a list of 
all the ways you could earn money. Compare your list with your classmates’ lists! 


Sold! (Nathan Zimelman, 2000). In this story a boy visits an auction and spends more 
money than he has, all because of a silly moth! Suppose you receive a weekly allow- 
ance—what would you save your money for? In local advertisements, look for prices 
for what you want to purchase and figure out how many weeks you would have to save 
your allowance to be able to buy what you want. If you had already saved $10, how much more money would you 
need? If you already have $15, how much more money would you need? If you already have $9.50, how much more 
money would you need? 





A Remainder of One (Elinor J. Pinczes, 1995). The soldier ant Joe is feeling very left out. His troop has 25 ants, and 
they cannot figure out a way to group themselves so that he will not be left out. What are the ways in which the ant 
soldiers could arrange themselves into rows? If there were 36 ants in the troop, how many different arrangements of 
equal groups would be possible? What if there were 100 ants in the troop? 





eo ) 
MATHEMATICS AND ) LITERATURE, “ANYONE? 5-6 : . _ oo NOVEMBER 2006 





- The Phantom Tollbooth (Norton Juster, 1961). In this story, 58 of a hid tells Milo that being a fraction ofa person - 7 
_ is really lucky. He says, “Every average family has 2.58 children, so | always have someone to play with.” What does _ 
~ this mean? What are some situations when you have experienced averages? Look through newspapers to see if you 
en find examples of averages. ee : as i 


f Where the Sidewalk Ends (Shel Silverstein, 1976). Read the poem “One Inch Tall” from this 
collection of poems. What obstacles might a one-inch-tall person face? What advantages might a 
~ one-inch-tall person have? What does this poem have to do with ratio and proportion? Comparea_ | 
one- -inch-tall person to the height of a school desk. How many times higher is the desk? Compare 
~ a one-inch-tall person to yourself. How many times taller are you? Name other pices that are 

E Plepertianste to you and ihe one-inch-tall person. . 


c Do You Wanna Bet? (Jean Cushman, 1991). Danny and Brian share their adventures in situa- 7” nae 
tions that involve probability. What is the chance of flipping a coin six times in a row and having it anes on heads all 
six times? Would this be a rare occurrence? What is the probability that the next time the coin is tossed it a ac on 
: ee! Describe other situations in your life that are similar to this situation. a . 


The Great Turkey Walk ietnlesn Karr, 1998). In this story a boy buys 1000 turkeys at 25 cents each, walks them. i 
: from Missouri to Colorado, and sells them for a large profit. He ends up selling 930 turkeys at $6 a piece. Whatisthe _ 
F percentage of i increase in the price of each turkey? How much profit did the boy make? Research another product and 

_ find its purchase, or wholesale, price. Compare this price with the selling price. How much money is being made on 
this product? What is the percentage of increase? Research other products to compare the pices price with the 

5 al a and determine how much oot the seller makes. : 
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| Rick Anderson and Joyce Bishop 


Shoes for a Pen Pal 


Jazmine has a pen pal, Jonathan, who lives 400 miles away. They have never met each other 

but have exchanged many e-mails. From these messages, Jazmine knows that Jonathan is nine 

years old, has brown hair and brown eyes, is 53 inches (134 cm) tall, and likes to play basketball 

after school. Jazmine has decided to send Jonathan a pair of shoes as a surprise birthday gift. 

If the shoes do not fit, Jazmine knows that he will be able to exchange them for the right size. 

Still, she wants to do her best to buy shoes that will fit. Suppose Jazmine asks you to go shop- 
ping with her to help her decide what size of shoes to buy. What can you learn from your 

classmates that could help you decide what size of shoes Jazmine should 


range of shoe sizes. 


he goal of the “Problem Solvers” department 

is to foster improved communication among 

teachers by posing one problem each month 
for teachers of grades K-6 to try with their stu- 
dents. Every teacher can become an author: Pose 
the problem to your students, reflect on your stu- 
dents’ work, analyze the classroom dialogue, and 
submit the resulting insights to this department. 
Through contributions to the journal every teacher 
can help us all better understand children’s capa- 
bilities and thinking about mathematics. Remem- 
ber that even students’ misconceptions provide 
valuable information. 


Rick Anderson, rdanderson@eiu.edu, teaches mathematics and methods courses for preser- 

_ vice elementary, middle, and secondary school teachers at Eastern Illinois University, Charles- 

ton, IL 61920. Joyce Bishop, jdbishop@eiu.edu, also at Eastern. Illinois University, teaches 

elementary and middle school mathematics content and methods classes for preservice 
elementary and middle school teachers. 


Edited by Joyce Bishop, jdbishop@eiu.edu, Department of Mathematics and Computer Sci- 
_ ence, Eastern Illinois University, Charleston, IL 61920, and Sheryl Stump, sstump@bsu.edu, 
Department of Mathematical Sciences, Ball State University, Muncie, IN 47306. Readers are 
encouraged to submit problems to the editors to be considered for future “Problem Solvers” 
columns. Receipt of problems will not be acknowledged; however, problems selected for pub- 
lication will be credited to the author. 
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buy for Jonathan? Form a conclusion and explain your reasoning. 
Extension: Some children may not feel confident recommending a 
single shoe size for the gift. For example, they may not be convinced that 
Jonathan’s shoe size is the same as the median shoe size in the data they 
collect. They may notice that two or more sizes occur frequently in their 
data. If these sizes fall within a particular range of shoe sizes, students 
may wish to compare (a) the proportion—that is, the number or frequen- 
cy—of shoe size values that fall within the range with (b) the proportion 
of shoe size values that fall outside the range. They can compare the 
likelihood that a narrow range of sizes contains Jonathan’s shoe size 
with the likelihood that a broad range of sizes contains his shoe size. 
Students may wish to determine how broad a range would justify 
a prediction that Jonathan’s shoe size is very likely to be within the 


Classroom Setup 
Discuss this problem with your students but avoid 
giving too much guidance. Allow your students to 
work with a partner or in small groups. Encourage 
them to solve the problem in whatever way makes 
sense to them. Informal solution strategies are quite 
appropriate for this problem. Getting the answers 
should not be the only goal for students; thinking 
and explaining their reasoning are just as important. 
Encourage students to use pictures, words, num- 
bers, and symbols to record their work and explain 
their reasoning. Collect students’ work, make notes 
about interactions and discussions that took place, 
and document the variety of student approaches 
that you observed. 

As you reflect on your experience with the prob- 
lem, keep in mind the following questions: 


* What difficulties did the students have in under- 
standing the problem? 

* What strategies did you see students using to 
solve the problem? 


* Were you surprised by any students’ responses 
or interpretations? 
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¢ What methods did students use to record their 
work? 

e Did the students relate this problem to any others 
that they have investigated? 

¢ What extensions to this problem did you or your 
students pose? 

¢ What did your students learn from investigating 
this problem? 


Share Your Student Work 


We are interested in how your students responded to 
the problem and how they explained or justified their 
reasoning. Please send us your thoughts and reflec- 


tions. Include information about how you posed the 
problem as well as samples of student work or even 
photographs showing your problem solvers in action. 
Send your results with your name, grade level, and 
school by January 1, 2007, to Joyce Bishop, Depart- 
ment of Mathematics and Computer Science, Eastern 
Illinois University, 600 Lincoln Avenue, Charleston, 
IL 61920. Selected submissions will be published in a 
subsequent issue of Teaching Children Mathematics 
and will be acknowledged by name, grade level, and 
school unless otherwise indicated. A 


(Solutions to a previous problem 
begin on the next page) 


Where’s the Math? 
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Young children may suggest a shoe size for Jonathan “because it’s my size” or “because that’s what my brother wears.” Explore 
their suggestions to determine what influences them. Some children may realize that they can use the information about Jonathan 
to help them decide what shoe size he will most likely need. They may solve this problem by using only one variable—shoe size. 
They could gather data from their classmates to examine the distribution of shoe size in a single class. 

Students may need to consider a measure of central tendency—mode, mean, or median—and also the variation or range within 
the class. This problem could motivate a discussion of which measure of central tendency might be the most useful. 

Older students might incorporate two variables—shoe size and the student’s height—to determine whether there is a correlation 
between shoe size and height among students in their class. They could then create a scatter plot showing the relationship between 
these two variables. When analyzing any clusters or trends that appear as they graph the points on the scatter plot, students should 
determine whether the points are positively or negatively related. Using the line of best fit, they could predict the appropriate shoe 
size for Jazmine to purchase. 

You may wish to adjust Jonathan’s given age and height to reflect the typical age and height of your students, or you may 
prefer to have your students explore what will happen if they consider how shoe size will vary if Jonathan’s age and height differ 
significantly from their own. Growth charts for U.S. children indicate the following average heights for boys and girls ages five 
through fourteen: 





The information in the growth charts was developed by the National Center for Health Statistics in collaboration with the National 
Center for Chronic Disease Prevention and Health Promotion (2000); www.cdc.gov/growthcharts. 


219 





i: 








} Barbara Britton 


Solutions to the 
Talking Turkey Problem 


he problem appearing in the November 2005 “Problem Solvers” section, a timely Thanksgiving task, 


was stated as follows: 


Sam loves to help around the kitchen. With Thanksgiving approaching, there is plenty to do! 
Sam offers to help determine how big a turkey the family should buy for the dinner. He finds 
some “rules of thumb” for buying turkeys. The suggested weight range is from one pound 
to one and one-half pounds per adult, and three-quarters of a pound per child, if the family 
wants leftovers; or three-quarters of a pound to one pound per adult, and one half-pound 
per child, if the family does not want leftovers. The people who made the rules of thumb do 
not know Sam’s family. The two teenagers in Sam’s family eat more than most of the adults, 
and Uncle Roy eats more than anybody else. Sam's sister Judy does not really like turkey, 
so she will fill up on dinner rolls and just eat a little to be polite. It is hard to predict what the 
three young children (Uncle Roy’s kids) will eat—it depends on their mood. Sam loves tur- 
key, but he guesses that the standard amount per child will be about right. Sam also knows 
that Uncle Roy will not take leftovers with him after dinner. Sam's family likes leftovers, but 
not too many. ; 

How big a turkey should Sam recommend to feed the ten people (Sam, Mom, Dad, two 
teenage siblings, Judy, Uncle Roy, and Uncle Roy’s three kids) who will be eating Thanksgiv- 
ing dinner? Explain your reasoning. 

Variations: This problem can be modified for younger students by changing the number 
of people in the family. Teachers can take out the range of choices for the amount of turkey 
per person, and make the people involved “standard eaters” rather than interesting individu- 
als. The problem can be extended for older students to plan more of the meal. The author 
did research on the Internet to find the “rules of thumb” for amounts of turkey. Students 
with different traditions could share different menu items they have for Thanksgiving, and 
the class could do research to help plan for their meals. This problem is a great example of 


using mathematics in a real-life situation. 


Many of the teachers who submitted solutions 
modified the question, adapting it to fit their stu- 
dents. Most mentioned that the phrase “rule of 
thumb” was new to their students and had to be dis- 
cussed before tackling the problem itself. All pre- 
sented the problem just before Thanksgiving and 


Barbara Britton, Barbara.Britton@emich.edu, teaches mathematics education courses at East- 
ern Michigan University, Ypsilanti, Ml 48197. 


_ Edited by Barbara Britton, Barbara.Britton@emich.edu, and Carla Tayeh, Carla.tayeh@emich. 
: edu, at Eastern Michigan University, Ypsilanti, Ml 48197 
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reported that the students were excited and engaged 
as they worked on it. Several teachers mentioned 
the assessment aspect of the problem. The varied 
solution strategies gave great insight into the stu- 
dents’ understanding of fractions, estimating, and, 
in some cases, decimals. 

Marcy Myers and Jennifer Carangal, who teach at 
Charles Carroll Elementary School in Westminster, 
Maryland, presented this problem to a third-grade 
class. They reduced the number of family members 
in the problem to eight and created tables entitled 
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Student worksheet with three tables devised by Myers and Carangal 


Talking Turkey | 


Sam loves to help around the kitchen. With Thanksgiving 
approaching, there is plenty to do! Sam offers to help 
: determine how big a turkey the family should buy. He 
finds some “rules of thumb" for buying turkeys that are shown on these tables. 








Suggested Weight of Turkey with Leftovers 


Age of Person Pounds per Person 


3 
4 
pve Igetp 





of Person 


Here's a table showing the members of Sam's family and their eating 
preferences for turkey. 


Eating 
{| Name | Amount of Turkey _ 
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Preferences of Sam's Famil 


|Planned Amount to Eat| 
















Standard adult 
Standard adult 
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Myers and Carangal’s grid 


Talking Turkey 


Use this grid to help organize the information to 


help Sam recommend how much turkey to buy. 


Sam [STS 


Why 
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“Suggested Weight of Turkey with Leftovers,” 
“Suggested Weight of Turkey without Leftovers,” 
and “Eating Preferences of Sam’s Family” (see fig. 
1). Using a grid to represent the proportions that 
each person would eat, the students charted how 
many pounds of turkey would be needed for the 
meal (see fig. 2). “It was interesting,’ Myers noted, 


222 





| 













x 


“that even after much discussion, some of the stu- 
dents thought Uncle Roy, who loved turkey, would 
only eat 3/4 of a pound of turkey instead of 1 1/2 
pounds.” After the students completed the problem, 
the teachers met with small groups to discuss their 
answers. The students put their recommendations 
in writing. They came up with several different 
solutions, Myers writes: 


Several members of the class decided that Sam 
should recommend a turkey weighing 20 pounds. 
These students seemed to have trouble relating 
that 4 parts of the grid equaled one pound, so 
they made a good guess based on the discussion 
that we had the day before. Some of the stu- 
dents missed the connection between the 4 parts 
equaling one whole and counted the number of 
boxes that they colored and used that number as 
the recommended weight of the turkey. One girl 
decided that since there were 8 members of the 
family, a 9-pound turkey would be big enough 
and still provide some leftovers.... One boy suc- 
cessfully used his information to recommend a 
7 1/2-pound turkey. He wrote that when you add 
all of the amounts of turkey each person would 
eat together, you get 7 1/2 pounds. 


Judi Young, an elementary mathematics special- 
ist at Woodland Elementary West School in Gages 
Lake, Illinois, posed this question to her advanced 
third-grade class. The students chose to work in 
pairs. Again, the answers varied. Young describes 
how her students tackled the problem: 


Two of the pairs chose to reread the problem and 
underline the information that they thought was 
important. The third pair of students ... reread 
the problem and came up with the idea to set the 
table and write the names of the ten people on 
each plate.... After setting the table and labeling 
each place with a name, [the third pair] wrote 
the serving size each person would get. Then 
they added two portions together to get whole 
numbers of pounds of turkey. Finally, they added 
up the pounds per pair and got 12 pounds. Since 
they knew one family wanted leftovers, they 
added 3 pounds to the total [see figs. 3 and 4].... 

Another pair started out by drawing stick 
figures to represent the people eating dinner, but 
soon realized that that wasn’t going to help them 
solve the problem, so they abandoned that idea 
and started making a list of the family members. 
They then wrote out in words how many pounds, 
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half-pounds and three-fourth pounds would be 
eaten. Next, they added all of the whole pounds, 
then all of the half pounds, and finally the three- 
fourths of a pound. Since we hadn’t done much 
work with adding fractions yet, they were unsure 
how to add 6 + 2 1/2 + 3/4, so I asked them how 
many fourths there were in one half. They were 
then able to add the numbers together and got 
9 1/4 pounds. They did not allow for any leftovers. 

[The last group] came up with the idea to 
make a key for adults (A), kids (K). Once they 
wrote down the key, they wrote the serving 
sizes for each group or individual. [One of the 
students] amazed his partner by adding the frac- 
tions in his head. It was a challenge for them to 
write the fraction number sentences to show how 
they got their total. This group did think to add 
1 1/2 pounds for the leftovers. 


Pamela Christensen-Goffinet’s fifth-grade class 
at Drexler Elementary School in Farley, Iowa, spent 
two days working on the Talking Turkey problem. 
Her students worked on the problem in groups of 
three or four. “The discussions were very lively,” 
Christensen-Goffinet reported, ‘“‘and I noticed that 
all students were engaged and verbal, regardless 
of their ability. This was a very safe topic with 
all students due to PBEE [personal background 
experience expertise].” Each group wrote up its 
‘solutions on overhead transparencies, and on the 
second day the groups shared their work using the 
overhead projector. Christensen-Goffinet described 
the process: 


Students in the audience asked questions which 
forced the presenters to explain their reason- 
ing. Through the discussions we also noted the 
variations in the way the data were presented as 
well as the content itself. It was also interest- 
ing to have the students model for each other 
how they added up the fractions. This gave a 
lot of insight to their understanding of these 
benchmark fractions. One group used 1/3 as one 
of their amounts, and this led into an interest- 
ing discussion, because 1/3 is not one of the 
designated rules of thumb. This discussion [led 
the students to] conclude that the 1/3 was an 
error, but what a great mistake that led us a little 
deeper into the exploration of fractions. I also 
solved the problem, and after the students shared 
their solutions I shared mine. The question that 
I posed at the end of each group’s presentation 

as, “Do you think they will have turkey for 


Teaching Children Mathematics / November 2006 


Young's student's work 
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Young's student's explanation 
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weet gtie % the osuet,Sam'y Lanily should buy 4 IF Is tor 
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leftovers, too much, not enough, or just right?” 
... Each group was different in the amounts they 
chose for the family members, but each group 
was consistent with the criteria for determining 
those amounts.... After all the groups presented, 
we averaged the weight of all of our turkeys to 
compare to their own. 


Christensen-Goffinet posed a follow-up question, 
asking her students to estimate the size of the turkey 
that their own family should buy for Thanksgiving 
and compare it with the size of turkey the family 
actually purchases. She concluded that the time 
invested in solving this problem was “time well 
spent” and vowed, “I plan to use it again next 


” 


year. 
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Ittigson’s student's work 
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Kiki Sweigart, a teacher at Maret School in 
Washington, D.C., posed this problem to her fifth 
graders. Once again, the students’ solutions were 


In the beginning we had to clarify a few ques- 


¢ Did they have to count Judy? We said yes, but it 
was up to them to decide how much Judy ate. 
* Could there be more than one answer? Yes, 


* How much did they have to write? The age- 
old question: enough so that anyone reading 
it would be able to see their problem-solving 
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tions for the students: 
but they only had to find one 
steps clearly. 
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We also put a chart on the whiteboard that they 
could refer to and/or copy for themselves: 


¢ With leftovers: 
Adults—1 to 1.5 lbs 
Child—3/4 lb. 
¢ With no leftovers: 
Adults—3/4 to 1 lb. 
Child—1/2 lb. 


The students seemed to have little difficulties 
once these questions were answered... I allowed 
them to use a calculator to check their work, but 
also knew that many would be unfamiliar with 
adding fractions such as 1/8 with a calculator as 
we had not quite reached that in our lessons. We 
use the TI Explorer in our class with the F~D 
key [this changes fractions to decimals]. 


Sweigart was most surprised that “so few kids were 
able to see the simplicity of the fractions that they 
needed to add—for example, adding halves and 
fourths.... Seeing the kids work with fractions is a 
good assessment tool, especially when we have not 
really worked with them in an operative sense.” 

Robin Ittigson, a sixth-grade teacher at Colfax 
Spanish Academy in Pittsburgh, Pennsylvania, 
changed the names of the people in the problem to 
match the names of the family members of one of 
the students in her class. Her description of what 
happened in the class illustrates once again the 
richness of the problem as both a problem and an 
assessment tool: 


The open-ended nature of the task gave me 
insights into the students’ mathematical thinking 
that I never had before. I became acutely aware 
of their understanding of fractions, how they can 
keep track of and organize data, and their ability 
to explain and support their reasoning.... 

Our whole-group discussion focused their 
understanding of the mathematical task, the ques- 
tion that they were to solve, and how it related 
to their own families. Many students asked what 
“rule of thumb” meant and questioned the param- 
eters given for what quantity to choose. 

I was surprised by how many strategies the 
students invented to keep track of the frac- 
tional quantities that different family members 
were apportioned and how they accounted for 
leftovers. Not only did the students use tables, 
charts, pictures, and organized lists, but many 
converted fractions into decimals and kept 
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running totals to ease the computation burden. 
The beauty of never having learned a formal 
algorithm for adding fractions was the many 
“invented” strategies that appeared in the work. 
Listening to their “sense-making” gave me an 
opportunity to ask the right question or clear up 
confusion that may have hindered their ability to 
come up with a reasonable solution. 


Figures 5 and 6 give examples of Ittigson’s stu- 
dents’ work. Figure 5 shows the use of a chart to 
organize the information, and figure 6 shows the 
continual addition solution strategy. 

All the teachers mentioned how interested the 
students were in the problem, and I noticed how 
interested the teachers were. This problem, more 
than any other that I have compiled solutions for, 
brought out the teachers’ creativity. They did not 
just present the problem as given by “Problem 
Solvers.” They made it their own by changing 
the number of people, changing the names of the 
characters, and adding charts and grids so that 
their students could more easily organize their 
information. Each teacher modified the problem 
to fit his or her unique class. The changes to the 
problem were appropriate. Someone suggested 
the notion of sizing a turkey, I did a little research 
on the rules of thumb, and then I made up what 
I hoped would be an interesting family, based 
‘partly on people I know. It was very nice to see 
the problem refined by the teachers to fit specific 
audiences—this is how problems should be used 
in the classroom. 





A special thanks to those teachers and students 
who contributed solutions: 

Marcy Myers, Jennifer Carangal, and their 
third-grade students at Charles Carroll Elementary 
School, Westminster, Maryland 

Judi Young and her third-grade students at 
Woodland Elementary West School, Gages Lake, 
Illinois 

Pamela Christensen-Goffinet and her fifth-grade 
students at Drexler Elementary School, Farley, 
lowa 

Kiki Sweigart and her fifth-grade students at 
Maret School, Washington, D.C. 

Robin Ittigson and her sixth-grade students at 
Colfax Spanish Academy, Pittsburgh, Pennsylvania 

I would also like to thank Jennifer Service, a stu- 
dent at Eastern Michigan University who is work- 
ing with me on an honors fellowship, for her help in 
organizing this article. & 
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Ittigson’s student's explanation 
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| Lynn L. Huber and Rosalyn S. Lenhoff 


Mathematical Concepts 
Come Alive in Pre-K and 
Kindergarten Classrooms 


hat do you think of when you are asked 

to explain how children learn mathemat- 

ics? Do you visualize algorithms, work- 
books, accurate calculations, solitary effort, and 
one correct answer? Or do you visualize problem 
solving, multiple ways of knowing, meaning mak- 
ing, working with peers, many possible responses, 
and numerous ways to represent? Current practice 
often seems to reflect the first view. Many teachers 
see themselves as information givers whose goal is 
to have everyone arrive at the same answer in the 
same way. However, research on children’s learning 
clearly supports the second view, in which teachers 
see themselves as facilitators who guide students 
to think and solve problems on their own, discuss 
their ideas with peers, and represent solutions in 
various ways (Bredekamp and Copple 1997; Kamii 
2000; Marcon 1994, 2002). As facilitators, teachers 
focus on meaningful mathematical tasks, develop 
rich environments, create opportunities for learners 
to collaborate, and encourage learners to talk and 
write about the mathematics learned (Van de Walle 
2004). 

The five mathematical goals set forth by the 
National Council of Teachers of Mathematics in 
Curriculum and Evaluation Standards for School 
Mathematics (NCTM 1989, pp. 5-6) clearly 


reflected a shift from the traditional teaching of 


mathematics to viewing mathematics as a think- 
ing, problem-solving, and reasoning process as 
well as emphasizing the importance of children’s 
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226 


communicating their understanding. The first goal, 
learning to value mathematics, highlights the need 
for children to see mathematics as an important 
part of their everyday lives. Becoming confident 
in one’s own ability, NCTM’s second goal, has 
been reinforced by Kamii’s (2000) perspective of 
autonomy as a primary goal of education. The third 
goal, becoming a mathematical problem solver, 
implies the need to think through the multiple ways 
to approach and solve complex problems. Learning 
to communicate mathematically, NCTM’s fourth 
goal, encourages communication that may be ver- 
bal, written, drawn, constructed, or represented 
in other ways. The fifth goal, learning to reason 
mathematically, illustrates proof of the thinking 
process. 

Great children’s literature accompanied by 
appropriate models and manipulatives offers mul- 
tiple opportunities to meet NCTM’s goals. Incor- 
porating children’s books into mathematics instruc- 
tion helps students experience the wonder possible 
in mathematical problem solving and allows them 
to see a connection between mathematics and ideas 
both in books and in life. The concrete, real-life 
experiences described in literature motivate stu- 
dents to think and reason mathematically. 

Selecting literature related to the mathematical 
concepts of classification, seriation, and numeracy 
gives children opportunities to think about ways to 
solve problems related to this literature. By asking 
such questions as “Can anyone find another way 
to do this?” teachers not only encourage discourse 
and sharing but also help children respond to 
classmates’ ideas, thus emphasizing their reason- 
ing processes. Helping children communicate their 
thinking and document their solutions are essential 
elements of these activities. Documenting solutions 
may be done through dictation, writing, drawing, 
or constructing or arranging manipulatives to illus- 
trate how to solve a problem. 

This article offers practical examples of how 
good children’s literature, opportunities to work 
on meaningful tasks, and skillful questioning can 
promote mathematical learning. Each section 
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Classification schemes for buttons inspired by The Button Box 
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a. An eight-year-old’s classification of buttons 
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b. A five-year-old’s classification of buttons, 


with help from his older brother 


Three students’ terms for the seriation described in Goldilocks and the Three Bears 
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contains suggestions about ways to stimulate the 
kinds of discussions that support children as they 
communicate their understanding of mathemati- 
cal ideas and concepts, emphasizing the view that 
mathematics is a thinking, problem-solving, and 
reasoning process. 


Choosing Worthwhile 
Mathematical Tasks 


Piaget’s theory that classification and seriation are 
the bases for understanding number (Kamii 2000) 
prompted a search for literature and materials that 
would engage children’s minds and stimulate think- 
ing in these areas. 
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For classification—how things are the same— 
we selected books such as We Are All Alike, We 
Are All Different (Cheltenham Elementary School 
Kindergartners 1991), Caps for Sale (Slobodkina 
1968), The Button Box (Reid 1990), and Hats, Hats, 
Hats (Morris 1989). After reading The Button Box 
to a prekindergartner and his eight-year-old brother, 
we gave them both a selection of buttons and asked 
each to sort them in groups that were “the same.” 
We then asked them to draw what they had done 
and explain their thinking. The eight-year-old very 
quickly finished sorting and drawing and inde- 
pendently labeled his categories (see fig. 1a). He 
focused primarily on the number of holes the but- 
tons had, further classifying two-holed square but- 
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Creating patterns based on towers 
constructed of Unifix cubes and inspired 
by Patterns Everywhere 
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tons and two-holed round buttons. He later created 
two separate categories for two unusual buttons. 
All these categories could have been incorporated 
into his initial schema for classifying the buttons 
by the number of holes, but he chose to generate 
additional classifications. The prekindergartner 
immediately began to classify by color but also 
ended up with a no-hole button category, possibly 
influenced by noticing his sibling’s categories (see 
fig. 1b). He carefully counted each button and drew 
a representation of the exact number of buttons 
in his given handful. He comfortably dictated a 
description of his categories but, when confused by 
one, looked to his sibling for help in describing this 
group. His brother suggested “clear” as a category 
for “transparent” buttons. This activity illustrates 
the variety of classification schemas possible and 
the power of children when working and talking 
together (Vygotsky 1962). 

For seriation—how things are different—we 
read Goldilocks and the Three Bears (Brett 1962), 
The Three Billy Goats Gruff (Galdone 1973), and 
Blue Sea (Crews 1979). These books deal with the 
mathematical concept of size and the relationship of 


objects to one another. The readings lend themselves 
to vocabulary development, generating synonyms 
that illustrate the wide variety of ways to express 
mathematical ideas. After reading Goldilocks and 
the Three Bears and creating word lists, the children 
were given Unifix cubes and asked to assemble, 
draw, and label three Unifix cube towers of different 
sizes. Figure 2 illustrates these various responses, 
unique descriptors, comparative words, and degree 
of inventive spelling and independent writing. 

We found that patterns, an example of repeated 
seriation, were intriguing to young children. Books 
reflecting the concept of patterns include Patterns 
Everywhere (Gold 1996), My Mom and Dad Make 
Me Laugh (Sharratt 1994), and Hide and Snake 
(Baker 1991). We began with Patterns Everywhere, 
which looks at patterns in nature and everyday life. 
To illustrate this concept, the children collected and 
brought into the classroom a number of examples 
of patterns found on common objects, such as 
shirts, wrapping paper, and flowers. Working with 
manipulatives such as Unifix cubes, pattern blocks, 
and beads extended this idea. Figure 3 illustrates 
the children’s extensions from recognizing pat- 
terns to creating their own. Again, the children’s 
responses demonstrated a range of individual think- 
ing and application of the concept. 

For numeracy—that is, number sense and ~ 
numeration—the books we read included The 
Doorbell Rang (Hutchins 1986), 12 Ways to Get to 
11 (Merriam 1996), Rooster’s off to See the World 
(Carle 1999), and Ten Black Dots (Crews 1986). 
The Doorbell Rang, an engaging story involving 
division, or partitive thinking, we used twice dur- 
ing the kindergarten year. After initially reading the 
story, we gave small groups of two to four students 
an even number of precut paper cookies and asked 
them to distribute them so that each member of the 
group had the same number or amount. The groups 
completed the task by gluing the paper cookies on 
a chart and dictating to the teacher their thinking 
process (see fig. 4). Rereading the book several 
months later, we repeated the activity but this time 
with an uneven number of paper cookies for the 
group. There were two possible results: using a 
fraction or using a remainder. Another distinction 
from the original reading activity was to give each 
child a piece of paper to write, dictate, or draw his 
or her own explanation (see fig. 5). The children 
then shared the various ways to complete this task 
and learned to respect the individual explanations. 
Of course, real cookies also accompanied this 
activity! 
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Paper cookie patterns based on The 
Doorbell Rang 
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Suggested Books for 
Integrating Classification, 
Seriation, and Numeracy 
through Graphing 


In underscoring the mathematical connections 
between literature and real life, we frequently used 
graphing experiences. This organized representa- 
tion of data is a wonderful integration of classifica- 
tion, seriation, and numeracy with the additional 
skill of interpreting the information represented. 
Two examples we used were Bein’ with You This 
Way (Nikola-Lisa 1994) and Peter’s Pockets (Rice 
1989). Bein’ with You This Way lends itself to a 
variety of graphic representations such as eye color, 
hair length, and gender. The students drew self- 
portraits, placing them on a graph according to the 
classification “boy” or “girl” (fig. 6). Their dictated 
interpretations illustrate their analysis of the differ- 
ences as well as their understanding of number. 
Reading Peter’s Pockets led students to count the 
number of pockets on their own pants. Using sticky 
notes they completed a teacher-prepared graph to 
represent the number of pockets each child had. We 
then asked the children for their “discoveries,” or 
what they had learned from the graph. Their inter- 
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Extensions of paper cookie patterns with students’ explanations 
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pretations included the mathematical concepts of 
how many, more, less, and none as well as elements 
of computing numbers (fig. 7). 
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Graph of class according to classification by “boy” and “girl,” 
inspired by Bein’ with You This Way 
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Graph of class computation based on 
Peter’s Pockets 
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Teachers are sometimes surprised by children’s 
unanticipated responses yet at the same time 
delighted by their unexpected thinking. The essen- 
tial importance of asking open-ended questions is to 
stimulate individually distinctive thinking. Trusting 
children to be thinkers and assuming that they are 
making sense help teachers understand children’s 
thought processes and give insight into how to plan 
most effectively for each student. 


Conclusion 


We know how children learn best—by being inter- 
ested, engaged, and involved with hands-on experi- 
ences. We also know the content essential for early 
mathematical thinking—classification, seriation, and 
numeracy. We have discovered that the use of good 
literature enriches the mathematical environment and 
is a way to bridge what we know about children and 
what we know about content. We provided models 
and manipulatives to allow concrete experiences with 
mathematical concepts. We created opportunities for 
talking, listening, representing, and writing about 
mathematical ideas. Helping children solve problems, 
reason, value, feel confident, and communicate their 
thinking as mathematicians makes mathematical con- 
cepts come alive in young children’s classrooms. 
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Becoming 


wo years ago, when I learned that even with 

a college degree and nine years of teaching 

experience I still needed another mathematics 
course to become “highly qualified,’ I got really 
scared. What kind of course should I take? For what 
purpose? Although I am not an expert in mathemat- 
ics, I knew that taking more courses like the ones I 
took in college would not help me in my teaching. 
Other teachers advised me to take one of the lower- 
level mathematics courses at the local community 
college. These were offered during the summer 
and were basically a review of eighth-grade pre- 
algebra. This could be an easy way to achieve my 
goal of becoming “highly qualified.” But I did not 
see how a course like this would help me become a 
better teacher. 

About this time, my school received a flyer 
advertising a course offered during spring semester 
at the local university. According to the announce- 
ment, the course was designed for elementary and 
middle school teachers and focused on understand- 
ing students’ learning of data analysis. The flyer 
caught my attention, not only because it stated that 
the tuition was covered but also because I realized 
I did not know much about how students learn data 
analysis concepts. Actually, I did not remember 
anything from my teacher preparation program that 
would help me understand students’ learning of 
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effective teaching of mathematics concepts and greater student understanding. 


“Highly Qualitieq” 


statistical ideas. I teach third grade, and there are 
several learning standards in the course of study 
related to data analysis. In addition, the standard- 
ized test my students take in the spring always 
includes some items requiring them to interpret 
graphs and charts, and I thought this course would 
help me learn instructional strategies to better pre- 
pare them for these test items. For these reasons I 
decided to enroll. 


Data Analysis for Teachers 


On the first day of class the three instructors intro- 
duced the course. The instructors had designed 
the syllabus to incorporate statistical activities 
as well as readings suggested by other teachers 
who were struggling with teaching data analysis. 
They required a final project in which we had to 
design and teach a unit on data analysis. During 
that eleven-week semester, the instructors and the 
twelve participating teachers met once a week for 
three hours to participate in the activities, discuss 
the readings (Russell, Schifter, and Bastable 2002), 
learn how to use Fathom (a software for data 
analysis), and share our experiences learning and 
teaching about statistics. For the final four weeks, 
each instructor worked closely with a team of four 
teachers, assisting them in the design of a one-week 
unit that we would teach in our own classrooms 
during one of these four weeks. After each taught 
the unit, we wrote individual reports in accordance 
with the written commentary requirements for the 
first entry in the National Board Certification Math- 
ematics portfolio (National Board for Professional 
Teaching Standards 2004). At the final session we 
presented our projects to the other participating 
teachers. Following is a description of the study 
unit I helped design as well as my reflections on 
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Initial list of questions generated by the 
students 


Do you like chapter books? 

How many chapter books have you read? 
How many books do you have? 

Do you like world record books? 

What is your favorite reading series of books? 
What is your favorite biography? 

What is your favorite nonfiction book? 


what my students learned during this week and 
what I learned during the semester. 


The Data Analysis Unit 


My third-grade class had seventeen students, ten 
boys and seven girls. The students were excited 
about learning and, for the most part, seemed to 
enjoy school. They responded well when they could 
personally relate to the subject matter—for exam- 
ple, when I used their names in mathematics word 

_ problems. We had been working on reading charts, 
tables, and graphs throughout the school year to 
help prepare them for testing, but we had limited 
experience creating graphs and tables on our own. 
My goal with my data analysis project was to help 
‘my students gain a better understanding of the data 
analysis process. Going through the whole process 
of asking statistical questions, collecting appropri- 
ate data, analyzing the data, and interpreting the 
results was new for my students and was new for 
my teaching. 

I planned for the unit to last five days, but it actu- 
ally took six days to complete. During the week, the 
students worked in five small cooperative groups 
organized to ensure that different abilities, genders, 
and behaviors were represented in each. The first 
day we spent a great amount of time figuring out 
what we knew about statistics. We completed a 
KWL chart (what I Know, what I Want to know, 
what I Learned) (Ogle 1986). The students came 
up with expressions such as these to describe what 
they knew about statistics: “‘a job,” “a smart word,” 
“something you do at work,” and “something related 
to the weather.’ Because they knew I was taking a 
course at the university, some students referred to 
statistics as “something you do in college.” 

After discussing these ideas, we talked about 
topics we would be interested in exploring. The 
group settled on this topic: “What are third graders 
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reading in our school?” Our goal was to survey all 
third graders at the school. But the first step was to 
define a statistical question. Each of the five teams 
was asked to come up with five questions that could 
help us find out what third graders at our school 
were reading. Some of the questions the groups 
presented are listed in figure 1. 

After writing down the questions and sharing 
them, the whole class discussed the type of answers 
we would expect from each question and, on the 
basis of the answers, decided which questions were 
similar. We also talked about why, for our survey, 
one question might work better than another. The 
students discussed the books they had read and 
their own preferences, and then I asked them to 
think of some questions that would have numerical 
answers and some that would not. The survey the 
class finally decided to use is shown in figure 2. 
Because my school uses the state reading program, 
in which students take tests every week, the class 
decided to ask for the number of books read every 


-week as a measurement of reading activity. 


My students were really excited about the ques- 
tions. I thought some of the questions might not 
work out for us, but I left them in the survey in the 
hope that the results would bring out new issues, 
such as what to do with outliers. 

The students typed the survey, and then the 
five teams prepared to administer it in five other 
third-grade classrooms in the school. Each team 
had a spokesperson who introduced the survey to 
a class, while other team members passed out the 
survey and another collected the responses. When 
all the teams were back in our classroom, we talked 
about how to analyze the data. We reviewed how 
to use tally marks, and then each team was given 
chart paper, sticky notes, and markers to create a 
representation of the data. I did not make any sug- 
gestions. I wanted to see what ideas the students 
developed on their own. After completing the data 
representations, each team shared its results with 
the class. We commented on important aspects of 
each graph and recommended some changes to 
make the graph clearer and easier to interpret. Then 
we collected the data from all the teams to create 
a larger collection to work with. This allowed us 
to answer the original question: “What are third 
graders reading in our school?” 

Analyzing the combined results, we came across 
answers that were atypical, that did not fit within 
the main body of data. This was a good time to 
introduce the concept of outliers, a mathematical 
term that refers to data points that lie outside the 
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Survey used to gather data 


Survey team 


Please help us with our class project by completing this 
survey 


1. Which series of books do you like to read? 


a. 


Nancy Drew 


b. Ato Z mysteries 


Cc: 
. Junie B. Jones 


d 


Peewee Scouts 


2. How many books have you read in April? 


3. Which type of book do you prefer to read? 
a. fiction 


b. 
c. 


nonfiction 
biography 


4. How many State Reading tests do you normally take 
per week? 


5. What is your favorite book? 


a. 
b. 
& 
d. 


The Giving Tree 
How to Draw (50 monsters, creepy crawlers, etc.) 


A to Z mysteries (The Runaway Race Horse) 


The Adventures of Captain Underpants 


parameters where most of the other collected data 
points fall. For example, one student pointed out 
that one third grader said he had read fifty books in 
April. We concluded that this would be unlikely 
and that perhaps this person did not read the 
question carefully. We found a few more pieces 
of data that did not fit the rest of the data and that 
we classified as outliers, creating the opportunity 
for an excellent discussion. We talked about the 
range of responses and what answers were typi- 
cal for each question. We discussed what effect 
outliers would have on our data, and we made 
decisions about how to treat these. Then we got 
ready to create new displays for our data. Figure 
3 shows the dot plot for the data on the number 
of books all of the surveyed third graders had 
read in April. After analyzing the data, the class 
decided to compare the data from the individual 
classrooms instead of looking at the whole set of 
data. Each team tallied its data and then worked 
on one of the questions. 

I assigned each group a different type of graph 


to study and discuss. Then I asked each team to 
recast its data in this type of graph and present 
the new graph to the class. It took the students 
longer than I had expected to complete the new 
graphs, but after they were finished we posted 
them on the board and talked about how each 
team presented the data in its graph, how each 
graph could be improved, and how each graph 
could help us answer our question. Then each 
team reconstructed its graph incorporating the 
suggestions for improvement, and we posted 
these final graphs in the hall for other students to 
see. We also wrote thank-you notes to the third- 
grade classes that had participated in the survey. 

From our survey we learned that the third 
graders at our school prefer to read the A to Z 
mystery books (35%), followed by the Nancy 
Drew books (25%), the Peewee Scouts books 
(21%), and the Junie B. Jones books (17%). 
Most third graders prefer fiction (63%), and their 
favorite book of the given options is The Adven- 
tures of Captain Underpants (34%). The results 
from survey questions 2 and 4 opened the door 
to discussion of issues such as designing sur- 
veys, collecting reliable and accurate data, and 
handling outliers. There were big differences in 
the number of books that each third-grade class 
read; to explain these differences, my students 
concluded that many respondents did not answer 
the questions accurately. They discussed ways to 
make the data more accurate or even collect data 
by using different methods, such as by checking 
library records. 


My Reflections on 
This Experience 


Implementation of the study unit went far better 
than I had expected. After six days of work, the 
students had been introduced to statistics through 
problem solving and had gone through the process 
of asking questions, collecting data, analyzing data, 
interpreting the results, and sharing them with the 
school. Afterward I sat down with two students and 
asked their opinion about the project. Both com- 
mented on how fun and interesting it was, and both 
were very interested in the unusual data and the 
results. All the students were engaged in the proj- 
ect; they seemed eager to learn and looked forward 
to seeing what we would do next. 

In this study unit I incorporated a number of 
statistical concepts I had learned from my univer- 
sity course, and I considered several issues we read 
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Dot plot of the number of books read in April by third graders 
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about in the case studies. In the course, we learned 
about the importance of student participation in 
selecting and defining questions for statistical 
inquiry. We looked at different representations of 
data and ways to analyze them. Finally, we studied 
the importance of going back to the original ques- 
tion to generate more questions for further study. 
I also used several of the course strategies for the 
students’ statistical activities, including having 
teams post their charts on the board, providing 
sticky notes to create graphs, and modeling stu- 
dents’ group work in the same way we did at the 
university. 

Taking this class made me aware of all the pos- 
sibilities and activities that I could try with my 
students. Since then, I have written an educational 
grant for mathematics materials to obtain additional 
teaching resources for a study unit on probability. 
Because of the university class assignment, I now 
see that my third graders can understand many 
statistical concepts that I had previously thought 
were too difficult for them. I have been pleasantly 
surprised with the results. I was very excited to 
hear my students using terms such as data, range, 
line plots, outliers, and, of course, statistics. Most 
important, I am now better qualified to teach math- 
ematics to my students. I see the importance of 
creating a classroom culture that promotes under- 
standing and the need for the teachers to understand 
student thinking. 

My experience in this program has helped me 
understand what it means to be a “highly quali- 
fied” mathematics teacher. Teachers who know 
and understand mathematics understand what 
mathematics is appropriate to teach, how students 
learn, how to help students develop a scientific 
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way of thinking. They know how to develop a rep- 
ertoire of teaching strategies and are committed to 
enhancing their own learning (Council of Scientific 
Society Presidents 2004). During the semester 


‘I spent working to become “highly qualified,” I 


learned about data analysis concepts important in 
elementary school and how to teach these concepts 
to my students. I had the opportunity to “practice” 
these theories and experience firsthand how my 
students struggled with and learned about statistics. 
Most important, I learned to appreciate the kind of 
knowledge that is important for mathematics teach- 
ers to teach mathematics for understanding. 
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For more information on NCTM'’s events, visit 
www.hctm.org/meetings or call (800) 235-7566. 
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TCM Celebrates Children’s 
Book Week November 13-19, 
2006 


Children’s Book Week is an annual nationwide 
celebration of literature 
sponsored by the Chil- 
dren’s Book Council. 
Since 1919, educators, 
librarians, booksell- 
ers, and families have 
celebrated Children’s 
Book Week during the 
week before Thanks- 
giving. Many children’s 
books offer opportuni- 
ties to make connections to mathematics. While 
some clearly present mathematical concepts, others 
provide a basis for developing problems that natu- 
rally capture students’ interest. The Editorial Panel 
of Teaching Children Mathematics is proud to have 
this opportunity to promote literacy and to support 
elementary school teachers as they expand their 
collection of literature-related resources. Visit the 
official Children’s Book Week Web site—www. 
cbcbooks.org/html/book_week.html—for infor- 
mation, activities, and links. 





CHILDREN’ S BOOK WEEK 
HiNovember 13-19, 2006 — 


Books 


For Students 


How Do I Love You? Leslie Kimmelman, 2006. 
32 pp., $14.99 cloth. ISBN 0-06-001200-5. 
HarperCollins Publishers; (212) 261-6500; www. 
harperchildrens.com. 


Colorful pictures and 
language greet readers 
as they begin How Do 
I Love You? written 
by Leslie Kimmelman 
and illustrated by Lisa 
McCue. A parent alli- 
gator counts the ways a little alligator is loved, 
and each page features the number name and the 
numeral (for example, “two” and 2). Because the 
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parent is counting ways, not tangible objects, this 
book does not contain objects illustrating the quan- 
tity. For this reason I do not feel it could be used 
as a counting book, although it would be appro- 
priate for reinforcing the counting sequence. The 
kindergartners I read the book to enjoyed the silly 
things the young alligator did throughout the book; 
they could relate to many of the activities, such as 
jumping on a bed or needing a bath. They thought 
that “Seven, I love your chocolate cheeks” was a 
very funny line. This is a delightful book that pre- 
kindergartners to second graders will enjoy as they 
listen to the language and view the illustrations, 
but I would not recommend it as part of your class- 
room mathematics library—WMary Ellen Bardsley, 
Niagara University, Lewiston, NY 14109. 


Kids Quilt Together: The 
ABCs of Group Quilts, 
Kathy Emmel, 2005. 96 
pp., $24.95 paper. ISBN 
1-57120-297-8. C&T Pub- 
lishing; (800) 284-1114; 
www.ctpub.com. 


The quilts in this book are 
gorgeous and support any theme you can imagine 
in an elementary school classroom. I applaud the 
ideas behind this book: real-life application of 
mathematics, interdisciplinary teaching, the use of 
graphic organizers, and teaching students both a 
useful and creative skill—sewing! However, I do 
not have a background in sewing, and the thought 
of using a sewing machine makes my butterflies 
start to flutter, so I will offer a few caveats. This 
book is for you if (1) you are knowledgeable about 
the quilting process and understand such terms as 
“double-fold straight grain binding”; (2) you have 
access to and understand the use of such profes- 
sional quilting items as light tables, pressing pads, 
Teflon pressing sheets, and fusible web; (3) your 
students have access to sewing machines; (4) you 
have access to parent volunteers; and (5) you have 
funds available to purchase supplies. 





ipricas on Eepiereh books: and materials are subject to change. Consult the aupphers for the | 
_ current prices. The comments reflect the reviewers’ opinions and do not imply endorsements 
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The author provides several ideas for securing 
funding and many resources for finding quilting 
materials. As I read through the book, I had dif- 
ficulty determining how much of each project the 
author or teacher designed and completed and how 
much the students designed and produced. The sec- 
ond-grade pattern block quilt is adorable, but most 
of the mathematics is left for the adult to do and the 
symmetrical pattern block designs are easy enough 
to do with just paper. Many of the finished quilts are 
quite professional looking, and I am doubtful that I 
could get the same results. I recommend this book 
only for the most serious quilters in the teaching 
population.—Karen Soanes, Rochester City School 
District, Rochester, NY 14621. 


Know Your Numbers Series, Michael Dahl, 2006. 
24 pp. ea., $16.95 ea. cloth. Grades Pre-K—2. Ants 
at the Picnic, 1-4048-1318-7; Bunches 
of Buttons, 1-4048-1315-2; Plenty of 
Petals, 1-4048-1317-9; Speed, Speed, 
Centipede! 1-4048-1316-0; Tail 
Feather Fun, 1-4048-1319-5; Toasty 
Toes, 1-4048-1320-9. Picture Window 
Books; (877) 845-8392; www.picture 
windowbooks.com. 


Know Your Numbers is a series of 
eighteen mathematics concept books 
that is targeted for pre-kindergarten 
through second grade and that lends 
itself to integrating mathematics and 
reading. The six new titles in the series 
work nicely with kindergarten and first- 
grade students (the concept of counting 
by tens is too easy for second graders). 
The text is large enough that children 
can easily read along with the teacher. 
The books provide a nice read-aloud 
for kindergarteners; with first grad- 
ers they can be used as a read-aloud 
or shared reading (some first graders 
could read the books independently). 
The stories are simple but engaging. 
I read these books to kindergarten- 
ers and first graders, who loved them 
(Bunches of Buttons and Toasty Toes 
were their favorites). Each book in the 
series revisits the concept of counting 
by tens. Bunches of Buttons, Speed, 
Speed, Centipede! and Toasty Toes 
focus on adding by ten. Ants at the Pic- 
nic, Plenty of Petals, and Tail Feather 


Fun focus on subtracting by ten, starting with 100. 

The appealing and colorful collage illustrations 
draw the children into the books and nicely support 
the text, set in a font that appears to be handwritten. 
The authors have added “Fun Facts” (which the 
children especially enjoyed), “On the Web,” “Find 
the Numbers,” and a list of other books in the Know 


Your Numbers series. Be prepared for a surprise on 


the last page! 

I would recommend purchasing at least two if 
not all of these books for your classroom library. 
The whole series would be a worthwhile addition 
to a school library—Mary Lou Damjanovich, Bella 
Vista Elementary School, Jordan School District, 
Salt Lake City, UT 84121. 


Teeth, Tails, and Tentacles, Christopher Wormell, 
2004. 64 pp., $18.95 cloth. ISBN 0-7624-2100-2. 
Running Press; (800) 371-1669; www.running 
press.com. 


In this counting book of animals, readers can count 
from one to twenty. Beautiful colored woodcuts 
feature a different animal on each page. These 
large, uncluttered illustrations make the featured 
part of each animal easy to see and count. The 
book begins with one rhinoceros horn, two camel 
humps, three chameleon colors, and the four legs of 
a giraffe. Some of the illustrations portray numbers 
in interesting ways, such 
as the symmetry of the 
twelve antlers of a red 
deer stag or the group- 
ings by twos and fours of 
the whiskers on two blue 
catfish. The endnotes 
give additional informa- 
tion about each creature, 
such as its habitat and the 
function of its featured part (such as the markings 
on a rattlesnake, which provide camouflage). The 
book’s one drawback is that it is unclear at times 
which of the numbers are accurate for certain ani- 
mals. For instance, it is stated that an ochre starfish 
has five arms that will regenerate and that a Bac- 
trian camel has two humps for storing fat (allowing 
it to go for long periods without food or water). 
However, it is not clear whether a cinnabar moth 
caterpillar always has thirteen segments or whether 
a crocodile always has nineteen teeth. Teachers 
might point out this ambiguity to their students 
and invite them to do further research to find out. 
Despite this concern, the book demonstrates some 
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interesting connections between numbers and the 
natural world.—David J. Whitin, teacher-educator, 
Wayne State University, Detroit, MI 48236. 


Ten Little Mummies: An Egyptian Counting 
Book, Philip Yates, 2005. 40 pp., $6.99 paper. 
ISBN 0-14-240367-9. Penguin Group; (800) 366- 
2612; www.penguin.com. 


This counting book gives a new look at counting 
down from ten. Embedded 
in the poetic text are details, 
facts, and cultural interests 
of ancient Egypt. My sec- 
ond graders were thrilled 
with the lively illustrations 
and rhyming verse, and the 
pages of facts, piled up in 
“pyramid” style, are amus- 
ing. In addition, this count- 
ing book can easily be used with older students. 
Laced with puns and silly mummy high jinks, it 
cleverly introduces the culture, climate, and animal 
life of ancient Egypt. I recommend this book for an 
elementary classroom library—Barbara Lemme, 
primary school teacher, Wawaloam Elementary 
School, Exeter, RI 02822. 


Wild Fibonacci: Nature’s Secret Code Revealed, 
Joy Hulme, 2005. 32 pp., $14.95 cloth. ISBN 1- 
58246-154-6. Tricycle Press; (800) 841-BOOK; 
order @tenspeed.com. 


Ry Ee 


Although this book has 
a colorful and intrigu- 
ing cover, its contents 
are a disappointment. 
The book begins with 
the best of intentions. 
In a letter to the reader, 
the author discusses 
the prevalence of the 
Fibonacci sequence in nature. She notes how the 
sequence can be used to plot an equiangular spiral 
and mentions that many animals have tusks, horns, 
beaks, and claws that curve to fit this spiral. She 
also mentions its appearance in the bracts of pine- 
cones and pineapples. However, the book’s contents 
contradict this introduction. To show this numerical 
sequence, the author uses different sets of animals 
on each page. For instance, two alligators join one 
crocodile, 2 + 1 = 3; on the next page three hawks 
join two eagles, 3 + 2 = 5; and so on. Such a rep- 
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resentation is misleading and wrong. Although the 
animals feature a claw or a tusk that reflects the spi- 
ral, the true meaning of the Fibonacci sequence is 
lost when readers are led to count these discrete sets 
of animals. The book misrepresents the sequence’s 
recursive nature by showing these disparate groups 
on each page. No connection is made between the 
previous set and the new one. The book also inac- 
curately portrays the scientific basis for the design. 
Random groups of animals grouped together on 
each page implies that the numerical sequence 
arises out of happenstance rather than by deliberate 
design. This book is not recommended.—David J. 
Whitin, teacher-educator, Wayne State University, 
Detroit, MI 48236. 


For Teachers 


Oral Storytelling and Teaching Mathematics 
Pedagogical and Multicultural Perspectives, 
Michael Stephen Schiro, 2004. 280 pp., $38.95 
paper. ISBN 0-7619-3010-8. Sage Publications; 
(800) 818-7243; www.sagepub.com. 


As the title suggests, this text is filled with informa- 
tion on a variety of topics 
associated with teaching 
mathematics. It contains i lesicainG 
two detailed examples INA = e arses 
of using oral stories to 
teach mathematical con- 
tent and processes in an 
elementary school set- 
ting and then uses these 
cases as the context to 
develop theoretical perspectives. An accompanying 
CD-ROM contains a complete text of each story 
along with other related handouts. 

The first story focuses on exploring the tradi- 
tional addition algorithm from multiple perspec- 
tives (kinesthetic, linguistic, and symbolic), an 
exploration that then frames a discussion about how 
the elements of storytelling make it a worthwhile 
instructional method. In the second story, the focus 
is on mathematical problem solving by using vari- 
ous concepts such as the context. The discussion 
following this story addresses issues of multicul- 
tural mathematics and the instruction of mathemat- 
ics in multicultural settings. 

Oral Storytelling and Teaching Mathematics 
is intended for teachers interested in combining 
mathematical and literary experiences. It is not 
for every teacher, but those who connect teaching 
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with storytelling or are interested in multicultural 
mathematics will find much of interest here. While 
it might be tempting to simply take the prepack- 
aged materials and use them as written, I would 
suggest that any interested teacher read the entire 
text first. Then take the author’s advice presented in 
the book’s final paragraph, and look forward to see 
how the ideas presented apply to each individual’s 
instructional practice—David Coffey, Grand Valley 
State University, Allendale, MI 49401. 


Too Much Work... 
Too Little Time? 


NCTM’s i Only 
can help—www.nctm.org/members 


Being an NCTM member has its advantages. Individual 
members have exclusive access to a wealth of information 
online in the Members Only section of the NCTM Web 
site. And best of all, it’s free to members! | 


Log on today and let us help you find the latest mathematics 
resources, activities, products, and professional development 
opportunities, including: 


* The most current journal issues (and archives )— 
thousands of articles available 

* Activities and lesson plans 

* Principles and Standards for School Mathematics 

* Student Math Notes 

* ON-Math online journal 

* Member-only grants 


NATIONAL COUNCIL OF 
TEACHERS OF MATHEMATICS 
(800) 235-7566 | WWW.NCTM.ORG 
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Additional NCTM Resources 


Exploring Mathematics through Literature: 
Articles. and Lessons for Prekindergarten 
through Grade 8, Diane Thiessen, ed., 2004. 288 
pp. ISBN 0-87353-553-7. Stock #12581. 


How to Use Children’s Literature to Teach 
Mathematics, Rosamond Welchman-Tischler, 
1992. 75 pp. ISBN 0-87353-349-6. Stock #428. 


New Visions for Linking Literature and Math- 
ematics, David J. Whitin and Phyllis Whitin, 2004. 
170 pp. ISBN 0-8141-3348-7. Stock #12777. 
Copublished with the National Council of Teachers 
of English. 


The Wonderful World of Mathematics: A 
Critically Annotated List of Children’s Books in 
Mathematics, Second Edition, Diane Thiessen, 
Margaret Mathias, and Jacquelin Smith, 1998. 355 
pp. ISBN 0-87353-439-5. Stock #673. 


Visit nctm.org/catalog for more on these resources. 
Visit nctm.org for information on all of NCTM’s 
resources, including professional development 
offerings, publications, and online resources. A 
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Problem Solving Resources 
from NCTM fa 


Problem solving is an integral part of all mathematics learning. In everyday life and in the workplace, ; an ability — 
to solve problems is a tremendous advantage. Teachers can introduce most mathematical concepts through © r 
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*¢ 

_ problems based on familiar experiences in students’ lives or arising from intriguing mathematical contexts. : 
. e e . : a > a’ e »s>g 
_ Navigating through Problem Solving and Reasoning 2 
_ These books present investigations that nurture reasoning and problem solving strategies in young a .4 
e« 







_ children and call on students to apply mathematical ideas from the five main content areas— 
_ number, algebra, geometry, measurement, and data analysis. In conducting the investigations, young 
_ students infer, generalize, reason by analogy, recognize relationships, and make representations. 
They guess at, check, and revise proposed solutions, and they genry their results by a variety of 
' methods. 
N avigating through Problem Solving and Reasoning in Prekindergarten-Kindergarten 
| Stock #12582AJ _ List Price $25.95 | Member Price $20.76 — ° 
_ Navigating through Problem Solving : ned Reasoning in Grade 1 +. 
7 Stock #12583A] List Price $25.95 Member Price $20.76 , ; 
| Navigating through Problem Solving and Reasoning in Grade 200+ f 
_ Stock #12584AJ —_ List Price $25.95 Member Price $20. i .a 
Navigating through Problem Solving and Reasoning i in Grade 3 
Stock #12719AT List Price $29. 95 Member Price $23. 96 
Navigating through Problem Solving and Reasoning in Grade 4 Li c5 
Stock #128864] List Price $29.95 _ Member Price $23. 96 *' (ees 


 «¢<>o 3 * 


“Teaching Mathematics through Problem Solving 


Bees 


= ed 1 ae ea 


-L BF cnematical concepts and method br engaging oo in eee sense of casks i in which thea as 
essential mathematics is embedded. These companion volumes furnish the Coherent and direction — ' 
that teachers need to use problem solving to teach mathematics. i +eeeees 
Teaching Mathematics through Problem Solving: Prekinderguscen® Grate 6 a 
Stock #12576AJ List Price $38.95 | Member Price $31.16 
_ Teaching Mathematics through Problem Solving: Grades 6-12 
eee” #1257, 7AJ List Price $38.95 | Member Price $31.16 


- 


Renate and Compare: 
: A Teacher’s Story about Helping Children Become Problem Solvers in Mathematics 


_ Written by an experienced elementary teacher especially for teachers in the elementary grades (K—5), this book 


SHARE & § 
COMPARE 


2 TU PESTON BNR HOLS OOLENEN BECOSE 


See ee 


explains how to implement problem solving in the classroom. It includes questions and answers designed 


tpl: ae 


F help address cones ne parents may have about problem solving in the mathematics curriculum. 


Stock en List Price $25.95 _ Member Price $20.76 


POPS @4 ben, 


as 


oi ee ne 


‘This book nee range of Poticms! he, Sh Problem Solvers column in Teaching Children Mathematics, 
NCT M's journal for elementary school teachers. The situations that the problems offer engage students in explorations 
pin eich they do challenging, i interesting problem solving with significant mathematical content. 


Stock ee - List Price $28.95 Member Price $23.16 | 
7 bastetegg: {i petra de cre tis ; i aves 

Ns Sb ® NATION NAL. COUNCIL OF 7 Pes* or more ait ormation or to p ace an OF oo Visit 
hi NC TM TEACHERS OF MATHEMATICS _ -www.nctm.org/catalog or call (800) 235-7566. 


Want insights into your youngest 
students’ math skills? 


She needs help 
on patterns 
and sorting. 





Sh abhdahan 






He's a bit behind in geometry. 





Ask The Fox. 


Introducing Fox Adds Up™, the comprehensive, observational assessment 

that measures early learners’ understanding of math concepts. Using hands- 

on manipulative blocks, connecting cubes and base-ten models, Fox Adds Up 
gives your teachers the diagnostic information and intervention tools they need 


to target problem areas before kids fall behind. 


Fox Adds Up Helps You: 


¢ Observe and assess children in a one-on-one setting, using engaging activities 





e Monitor individual progress throughout the school year 








e Select intervention activities to target ins eeeeyy eeegpepenenpepapepengpecnzagaage peepee | 
e Capture milestones to discuss with parer 
9vS2-1Zz8v IW LIOYL30 
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Fox Adds Up aligns to the curriculum standards of the National 
Council of Teachers of Mathematics, including: Number and 
Operations, Algebra, Geometry, Measurement, and Data Analysis 
and Probability. 









To learn more, call 888.282. 5¢ 0 
or go to www.ctb.com/fo> 
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Though at Curriculum Associates, we deliver tens of thousands of TEST READY® books each 
yeat—our primary mission, like yours, reaches deeper than “the test.” Helping teachers to 


improve student performance has been our mission for more than 35 years. 


With our STEP-BY-STEP MATH Series, students in grades 1-8 learn both the process and 


the strategies for solving real-world problems. 


STEP tres i Learn more at www.CurriculumAssociates.com with FREE resources: 
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Word Problems _ * CA107° e-Training for Teachers to help you get started at CAtraining.com 
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¢ Summary of the supporting research 


¢ Sample lessons and brochure 
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The Road to [CM: 
Celebrating 100 Years of 
the Mathematics Teacher 


into existence? The road to this journal actu- 

ally predated the founding of the National 
Council of Teachers of Mathematics (NCTM). 
Nearly 100 years ago, the first mathematics educa- 
tion articles relating to the elementary school level 
began to emerge in a journal aptly named the Math- 
ematics Teacher; hence, the history of Teaching 
Children Mathematics also begins at that moment. 
The Mathematics Teacher originated in 1906 as an 
annual publication of the Association of Teachers 
of Mathematics of the Middle States and Maryland. 
It became a quarterly publication in September 
1908; the four issues published in the academic 
year 1908-09 constitute volume 1. In 1920, the 
National Council of Teachers of Mathematics was 
established with 100 members. The following year, 
the founders of the Mathematics Teacher gave the 
journal to NCTM, which increased the number of 
issues to eight per year. 

The primary emphasis of the Mathematics 
Teacher in its early years was secondary school 
mathematics, but elementary school mathematics 
soon found its way into the mix. In this issue, we 
celebrate our shared history by reprinting an article 
on algebra in the elementary schools first published 
in the Mathematics Teacher in 1912 (page 244) and 
coupling it with a “Mathematics Teaching Then and 
Now” retrospective (page 248). 

Changes in education in the 1950s required 
increased attention to the mathematics curriculum 
in secondary schools, and these changes, as teach- 
ers and educators soon realized, required significant 
adaptations in the lower grades as well. Along with 
the need to address new issues came the need for 
a journal dedicated solely to elementary school 
mathematics. Hence, the Arithmetic Teacher was 
founded as an elementary extension of the Math- 
ematics Teacher. 

The focus of the Arithmetic Teacher, which 
began as a quarterly in 1954, was “the improve- 
ment of the teaching of mathematics in the kinder- 
garten and the grades of the elementary school.” 
The teaching community had much to share about 


| ow did Teaching Children Mathematics come 


elementary school mathematics, and the journal 
increased to five issues per year in 1955, six issues 
in 1956, eight issues in 1960, and nine issues in 
1979. The Arithmetic Teacher sought to commu- 
nicate how to improve mathematics in K~grade 
8 classrooms through the new mathematics era, 
through the back-to-basics movement, and into the 
early part of the information age. 

In the 1990s, the winds of change were again 
blowing. With the publication of Curriculum and 
Evaluation Standards for School Mathematics 
(NCTM 1989) came a need for an expanded cur- 


-riculum at multiple grade levels. Articles directed 


to middle-grades mathematics teachers were a 
continuing need; in addition, a new focus was the 
prekindergarten years. As a result, NCTM decided 
to launch a middle-grades journal, Mathematics 
Teaching in the Middle School, to meet the needs 
of one audience and to redefine the audience of 
the Arithmetic Teacher to include prekindergarten 
through upper elementary grades. With this rede- 
fining of audience came a new name more befit- 
ting the curriculum recommendations set forth in 
Curriculum and Evaluation Standards. In 1994 
the Arithmetic Teacher, with a redefined audience 
and mission, was renamed, and Teaching Children 
Mathematics was launched. 

With 100 volumes of history behind us, we now 
look forward to the next 100 years. As the future 
unfolds before us, we pause to celebrate the 100th 
anniversary of the first issue of the Mathematics 
Teacher! The celebration activities include pub- 
lication of a special commemorative issue of the 
Mathematics Teacher, to appear in January 2007, 
which will also include a poster with 100 favorite 
mathematics problems from past issues. In March 
2007, a centennial celebration will take place at the 
NCTM’s annual meeting and exposition in Atlanta, 
Georgia. 

Congratulations, Mathematics Teacher, for 
reaching this milestone. Happy 100th! 


P. Mark Taylor, Chair 
TCM Editorial Panel & 
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Algebra in the 
Elementary Schools 


being satisfied with the first-year pupil’s knowl- 

edge of common fractions, and the other day a 1. 
A. [a specific grade level] girl frankly admitted that 
she could not multiply 12 2/3 by 15 3/4 because she 
had skipped one grade, had then had algebra and 
geometry, and the review didn’t touch on mixed 
numbers. Of course, this was not the fault of any 
teacher, but the fault of a system which is trying to 
_ crowd too many things into too small 
| a space. The real efficiency of the 
| schools does not depend upon their 
| being housed in million-dollar build- 
( ings, under a well-organized admin- 
_ istrative force, excellent equipment, 
_ etc.; it depends on two things,—what 
| is taught, and how it is taught; and 
' more especially upon the latter; for 
_ every teacher of mathematics knows 
| that a pupil can derive as much per- 
| manent good from the study of a few 
_ topics or theorems, so presented as 
: to be pleasing to the pupil, or at least 
* interesting, and at the same time make 


have never yet heard of a high school teacher’s 










him think, as he can from ten times the amount of 


material “rammed home” with the sole object of 
being reproduced at examinations. The policy of 
standardizing everything by examinations is doing 
our expensive school system an untold injury; the 
report of the city superintendent compares the 


schools according to the number of their pupils who 
pass the examinations, and the principal warns the 
teacher that he is rated according to the number of 
his pupils that pass, and this pressure is passed on 
to the pupil. Until some method of close class-room 
observation and supervision is introduced with a 
view to allowing free rein to a teacher’s individual- 
ity and originality even at the expense of his pupil’s 
failing the conventional examinations, it is hardly 
worth while suggesting other changes. 

And waat is taught is not of paramount impor- 
tance; a well-informed, broad-minded, ingenious 
teacher of history, who can instill patriotism into a 
pupil and impart to him a desire for further reading 
of history after he leaves school, can do him more 
good, as a future citizen, than a poor teacher of 
algebra might; or a teacher of algebra, by present- 
ing the subject in an intelligent and intelligible way 
sO as not to overburden the pupil or put him under 
too much duress, but lead him to see some of the 
interesting features of the subject, can do him more 
good than a poor teacher of history, who only tries 
to make the pupil accumulate facts. And so with the 
mathematics in the elementary schools; if all teach- 
ers are obliged to cover more matter than they really 
have time for, no one can do anyone any good, and 
poor teachers and good teachers are reduced to 
about the same level. When a person stops to think 
of all the things that he has learned at one time 
or another, and then considers how much of it he 


This year marks the 100th publication year of the Mathematics Teacher. To commemorate this golden 
anniversary, the Teaching Children Mathematics Editorial Panel reprints a 1912 article that originally 
appeared in the Mathematics Teacher 4, no. 4 (June 1912): 136-43. Immediately following is Jennifer 
Bay-Williams’s article “Still Hazy after All These Years?” —a reflection on the teaching of algebra in the 
elementary schools from a current perspective.—Ed. 


en ee Se eae 
A word on the editorial approach to reprinted articles: Obvious typographical errors have been silently 
corrected. Additions to the text for purposes of clarification appear in square brackets. No effort has been 
made to reproduce the layouts or designs of the original articles, although the subheads are those that first 
appeared with the text. The use of words and phrases now considered outmoded, even slightly jarring to 
modern sensibilities, has likewise been maintained in an effort to give the reader a better feel for the era in 
which the articles were written.—Ed. 
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remembers, he can realize of how little importance 
the subject matter really is. Of two boys, taught in 
two different ways, for two different reasons, one 
might say that “‘m is the ratio of the circumference 
of a circle to its diameter,’ and the other would 
say that he had measured the circumferences and 
diameters of several circles and always found the 
circumference to be a little more than three times as 
long as the diameter. 

As many things as possible should be forced out 
of the elementary curriculum so that what remained 
might be studied more leisurely and thoroughly. 
For example, to try to teach music to some of the 
boys is a farce, for the boy “who hath not music in 
his soul” is more “fit for rapine, plunder and mur- 
der” after the process than before; and about the 
same can be said of free-hand drawing and several 
other things. In place of these and geometry, could 
and should be introduced a course in elementary 
mechanical draughting [drawing out or sketching]. 
This is something in which 99 boys out of a 100 are 
interested; it teaches them to be neat and accurate, 
it interests them in geometric forms and prepares 
the way for formal geometry, and it is the beginning 
of a profession; for a good draughtsman [a person 
who draws plans and sketches, as of machinery or 
structures] is usually in demand. 

As for pupils getting algebra in the elementary 
schools, there is no reason why they should not 

‘have it from the very start, and become as used to 
the algebraic methods as they are to the arithmetic, 
for the algebraic method is clearer and admits more 
readily of explanation; it would also admit a larger 
variety of verbal problems, even to the extent of 
two unknown quantities, which pupils find very 
easy. The fact of these problems being practical or 
not is immaterial—the effort to introduce so called 
practical things into the curriculum is somewhat 
misdirected, for if a pupil in either the elementary 

or high schools can be taught enough English and 
arithmetic to see him through life, and in addition 
can be taught to think quickly and correctly and 
independently, he has acquired the most practical 
thing possible, and it makes little difference what 
he has studied to acquire this end, so long as he 
has been given an impulse to continue his work in 
literature or history or language or mathematics or 
biology, after he leaves school, as a recreation or 
pastime, free from compunction. 

There are many ways in which algebraic methods 
can be used in arithmetic with the result of making 
processes appear more rational, thereby breaking 
up the mechanical method of presenting matter, and 


at the same time preparing for formal algebra those 
who are destined to take it. For example, pupils 
always seem to be interested in discovering a new 
way of doing the following example, 7-5+6-3+ 
6:7+8:34+9:-7+43-11, that is, instead of finding 
the value of each term in order, and adding, taking 
them by 7’s and 3’s,5-7+6°74+9:°7=20°7= 
140; and6-3+8-3+11-3=25-3=75, and 140+ 
75 = 215. This is an important algebraic principle 
which many authors even have overlooked, and 
pupils seem to like it; it can be used in addition and 
subtraction: 
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Few pupils coming from the grammar schools 
can add a long column in groups of 10 which is so 
much more rapid and which helps them in algebra; 


-and the majority of them are quite surprised when 


told that the easiest way to subtract is to add, very 
much like cashiers do. This idea is very helpful 
both in arithmetic and algebra, for example: 


15 2/3 8 1/2 
—6 3/4 —3/4 
8 11/12 7 3/4 


In order to get 15 2/3 it is necessary to add to the 
subtrahend, 


8 + 1/44 2/3 =8 11/12. 


In the second example it is necessary to add 7 
and 1/4 and 1/2 to 3/4 in order to get 8 1/2. 

Multiplication can be easily explained and many 
examples made easier by the algebraic method. 
How many pupils in multiplying 47 by 5 would 
multiply the 40 first and then the 7, or how many 
really know that it is 40 + 7 multiplied by 5, and it 
makes no difference which one is multiplied first; 
or that the quickest way to multiply 723 by 3 is to 
consider it as 700 + 20 + 3 and multiply from the 
left. This same principle appears in denominate 
numbers, and this subject can be taught more ratio- 
nally in this way, instead of by rule—I think that it 
is a mistake to ever introduce a rule. 


5 yds. + 2 ft. + 8 in. 
ete ea 
20 yds. + 8 ft. + 32 in. 


Each one must be multiplied, and then the pupil can 
change these denominations afterwards. 
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In multiplying 45 by 37 what we really do is 
to multiply the 40 and 5 first by 7 and then by 30 
and add, but it can be done mentally very easily by 


MATHEMATICS, beginning with 30, thus 


eAC HER 


To square a number by this principle is still easier 
as (50 + 7)? 

Such a presentation of multiplication has three 
advantages, it shows the pupil a reason for the usual 
arrangement of numbers in multiplication, it gives 
him an easy way of doing examples mentally in less 
time than by writing, and it prepares him for the 
general principle of (a + b) (x + y) if he goes on to 
algebra. This same principle is of great use in frac- 
tions, yet not one pupil in 75 can apply it to such an 
example as 12 2/3 - 15 3/4, and I doubt if all teachers 
can, but why should not this method be generally 
used? In the first place, how many pupils have had it 
called to their attention that 12 2/3 means 12 + 2/3? 
Mistakes are continually made in surds [irrational 
roots or numbers or expressions containing one or 
the other] on account of this very thing; for example 


(4) (ex 


But to come back to 12 2/3 - 15 3/4, which nearly 
all pupils would do by reducing to fractions, how 
easy a mental problem it becomes if taken as 


12 2/3 
15 + 3/4 


The same is true of division such as 12 3/4 +3 or 
27 3/4 by 4, and 125 yds. + 2 ft. + 11 in. divided by 
3—there would be 1/3 as many yds., 1/3 as many 
ft., and 1/3 as many inches, and then these could be 
changed afterwards. In an ordinary example like 
2316 + 24 = 96 1/2 (remainder 12) there is hardly 
a pupil who could not get the correct answer, yet 
hardly one who could tell what he really does with 
the remainder—he doesn’t realize that he has been 
dividing the dividend by parts, and that the part 
remaining must also be divided by 24, giving 12/24 
or 1/2, which must be added to the quotient as part 
of it; from not knowing this, beginners in algebra 
get such quotients as b 
a—b 





a+b 


The algebraic method of finding the H. C. F. 
[Highest Common Factor] and L. C. M. [Least 
Common Multiple] recommends itself on the 
same grounds as these other principles, that is, it 
makes the work easier, lends itself more readily 
to explanation, and is therefore more rational and 
less mechanical; 3 - 5 - 7 - 2 can more readily be 
divided by 2 - 7 than 210 can by 14, and they are 
the same thing in two different forms. So in the fol- 
lowing example, the algebraic method can be used 
throughout 


Vie oe 13/ 
oe 1514 
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_11-2:54+9°3+74+7-2-74+13°3°5 
Die Bin 5 oF 


_ 110 +189 +98 + 195 
a 210 


=etc. 


Fractions afford the greatest field for algebraic 
work. Cancellation as such should be abolished; 
pupils use it on all occasions, everywhere, and are 
usually wrong; cancellation seems to mean to them 
drawing lines through any two things that happen 
to look alike. A great deal of such work can be 
prevented by keeping away from rules, and giving 
axioms as reasons for doing things. Often on ask- 
ing a pupil what he has done and why he has done 
it, he points helplessly at his correct work and lets 
it speak for itself. For example instead of teaching, 
as is usual, that 2/3 is changed to 12ths by dividing 
12 by 3 and multiplying by 2, an axiom should be 
introduced to the effect that we can multiply the 
numerator and denominator of a fraction by the 
same number and not change its value, and then 
the only question is “by what is it necessary to 
multiply?” The same is true in reducing fractions 
to lower terms—if we make the parts 3 times as 
large we need only 1/3 as many, etc. Pupils like to 
see this compared with adding the same number to 
numerator and denominator. When a pupil has seen 
these axioms he has a reason for doing things, and 
he also has something useful if he is going on to 
algebra proper. 

In arithmetic there could be a more extended use 
of algebraic symbols, especially parentheses. Who 
knows what 30 + 5 x 2 means unless some one has 
told him? If two successive examples could be writ- 
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ten (30 + 5) x 2 and 30 + (5 x 2) the pupil would 
be made to think, and anything tending to this end 
is a “consummation devoutly to be wished”; also, is 
there any difference between 10 —7 + 2 and 10 -(7 
+ 2)? Instead of the cumbersome sign of multiplica- 
tion, the dot could be used as in algebra. Complex 
fractions, in which are involved so much patience 
and care, could be extended, and attention drawn to 
such combinations as 
2/5 and sl etc. 
3 5/3 

Arithmetic and geometric progressions could be 
introduced in an elementary way as an interesting 
side light on insurance and interest, as well as in 
other ways, and even very young children could 
get lots of pleasure out of combinations and per- 
mutations if adroitly handled—give them pieces 
of card-board in four different colors and let them 
see in how many different ways they could arrange 
the four, or how many different groups of two they 
could get; or let the boys figure out how many base- 
ball batteries they could make up from their old 
arithmetic friends John, James, Henry, and Wm. as 
catchers, and Reginald, Percy, Fortescue, and Mike 
as pitchers; and after they have found out a few of 
these things, tell them that the seven boys in the first 
row could be seated in 5,040 different ways, or that 
the captain of an eight-oared crew has a choice of 
about 40,000 different ways of arranging his men, 
or that the ten books on the teacher’s desk might 
easily get out of order, as there are 3,600,000 differ- 
ent orders that they could be in. A grilling and gru- 
eling recitation in algebra or arithmetic might very 
profitably be stopped by a gentle transition into a 
discussion of the various methods of signaling on 
a warship, or into a lesson on word-analysis which 
is so sadly lacking from all of our courses—how 
many teachers have time to call attention to the 
endings of addend, minuend, dividend, multipli- 
cand, or show that a dividend is so called for the 
same reason as some of the things that Standard Oil 
declares; and would it not be true that pupils would 
be less apt to confound subtrahend and minuend 
if they knew that the former came from “sub” and 
“traho,” or “tractum,” and for the same reason, 
less prone to say that the product of 3 and 5 is 8 as 
some invariably do in every class that comes into 
the high school? If a pupil is asked to go down one 
certain stairway out of several, he is more likely to 
remember which one to take if he knows the reason 
for going that way. It is such side-stepping from 
the regular hum-drum work of school that gives 


the pupils some interest in their work, and broad- 
ens their view, and a teacher who can pause long 
enough in the mad rush for examinations to present 
some such alleviating information in an interesting 
talk is really a “superior teacher’ and is doing the 
pupil more good than one who can force ten times 
the amount of knowledge into the pupil’s head with 
the result of disgusting him with the subject, the 
teacher, and the school; such “superior” teachers, 
and there are many of them, should be sought out 
and besought to radiate their effulgence on their 
less “superior” comrades. 

Just one more topic, and that is graphs. As used 
in elementary algebra they are simply a kindergar- 
ten method of representing only crudely and more 
or less clearly, usually less, something which is 
already as clear as it can be made; in algebra 


2x +3y=5 
3h 2V = 7 


means that there are in existence two numbers such 


that two times one of them plus three times the 


other equals five, and three times the first plus two 
times the second equals seven; and then there is a 
clear way of finding what those numbers are. To 
invent an entirely new system in order to put a new 
interpretation upon what is already clear, seems 
unnecessary; yet is interesting, and should by all 
means serve as a side issue to be followed up by 
an elementary discussion of curves; for any pupil 
in either the elementary or high school is interested 
in learning how to make an ellipse with a cord, and 
to find that it is really only a flattened circle with 
two centers instead of one, and that the sun shining 
through the round hole in the shade casts an ellipse 
on the wall and that the curtain cord forms a cat- 
enary [a curve of a cord hanging between two fixed 
points or something in the form of this shape], and 
that a piece of tape on the tire of a moving bicycle 
goes like this —~~~\—~ —and dozens of other 
things which make the pupils observing. But the 
real place for graphic tables and curves of all kinds 
is arithmetic; here is a great field for the tabulation 
of all sorts of interesting features and statistics— 
the boys could arrange a table for the base-ball 
league or interest tables for varying sums, time, and 
rates, tables of railroad fares, multiplication tables, 
etc. An ingenious teacher could make such work 
tremendously helpful and not boresome, and in 
connection only with a versatile teacher of English 
could give a boy a more useful education than he is 
getting now—more useful because it could be made 
more reasoning and resourceful. A 
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Jennifer M. Bay-Williams 


Still Hazy after 
All These Years? 


A Reaction to “Algebra in the 


Elementary Schools” 


Paul Simon (1974) writes, “I seem to lean on 

old familiar ways.” Shipley’s article “Algebra 
in the Elementary Schools,” written in 1912, offers 
the opportunity for us to reflect on what we have 
accomplished, what we have learned, and what 
remains hazy even 100 years later with respect to 
teaching and learning mathematics. Do we still 
lean on old familiar ways of teaching algebra? This 
article has many messages that are relevant to us 
today in thinking about algebra and about teaching 
and learning mathematics in general. In addition, it 
raises the following questions: How does Shipley’s 
conception of algebra compare with our conception 
of it today? What broader issues does he address 
that are still prevalent today? How far have we come 
in our implementation of his ideas? What aspects of 
teaching and learning mathematics in elementary 
school remain hazy after all these years? 


. n his song “Still Crazy after All These Years,” 


What Is Algebra in the 


Elementary Schools? 

Carraher et al. (2006) describe algebra in the 
elementary schools as “a move from particular 
numbers and measures toward relations among 
sets of numbers and measures, especially func- 
tional relations” (p. 88). Although Shipley never 
defines his phrase “algebraic method,” he uses it 
to describe a sequence of examples that illustrate 
his meaning. His first set of examples (see fig. 1) 
focuses on the distributive property, reserving the 
multiplication by 7 (13 in the second problem) until 
the other numbers have been added (or subtracted). 
The distributive property can be used as a tool to 
solve arithmetic problems more efficiently. Implicit 
in all of Shipley’s examples is the belief that stu- 


Jennifer M. Bay-Williams, jbaywilliams@louisville.edu, is an associate professor at the Univer- 
sity of Louisville, Louisville, KY 40292, where she teaches undergraduate and graduate courses 
in mathematics education. Among her interests are developing students’ number sense and 


algebraic reasoning skills. 


248 


by James H. Shipley 


dents must have a strong understanding of place 
value in order to generalize arithmetic procedures. 
Another example he offers is 12 3/4 + 3. If students 
understand the distributive property and can turn 
12 3/4 into 12 + 3/4, this becomes a simple mental 
problem. 

Shipley argues that if students are able to 
decompose and recompose numbers, they are more 
likely to understand what they are doing and will be 
better prepared for a formal course in algebra. He 
does not advocate that arithmetic be a foundation 
for later work with variables or symbols, both of 
which can often be the interpretation of “algebra as 
generalized arithmetic”; instead, he suggests that 
in exploring alternative approaches to the standard 
ones of the day, students will find arithmetic more 
“rational,” a word that today would be replaced 
with “conceptual” or “meaningful.” 

Are these ideas prevalent today? In addition to 
considering algebra as generalized arithmetic and 
functional relationships, Principles and Standards 
for School Mathematics (NCTM 2000) adds model- 
ing mathematics and analyzing change to the study 
of algebra and algebraic thinking in the elemen- 
tary schools. Much of what Shipley addresses is 
described extensively in Principles and Standards 
(2000), under the Number and Operations Standard: 


In prekindergarten through grade 2 all students 

should— 

e develop a sense of whole numbers and repre- 
sent and use them in flexible ways, including 
relating, composing, and decomposing num- 
bers.... (p. 78) 


In grades 3-5, all students should— 

¢ recognize equivalent representations for the 
same number and generate them by decom- 
posing and composing numbers; ... 

¢ understand and use properties of operations, 
such as the distributivity of multiplication 
over addition. (p. 148) 
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Shipley’s illustrations of the “algebraic 
method” 
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In advocating for algebra in the elementary 
schools in 1912, Shipley is suggesting that students 
have a strong conceptual foundation in place value 
and the distributive property, thereby enabling 
them to use flexible strategies for the operations, 
including mental mathematics, in order to be better 
at computing. Similarly, Adding It Up (Kilpatrick, 
Swafford, and Findell 2001) articulates the impor- 
tance of place value, properties, and representations 
in learning about number. In both cases, place value 
and the distributive property are described not as 
topics to be studied in and of themselves; rather, 
they should be applied to solving arithmetic prob- 
lems more efficiently. 

Shipley proposes that “processes” (algorithms) 
should be made more “rational” (meaningful). A 
part of this is sharing with students the reason- 
ing behind algorithms and sharing alternative 
‘algorithms. Shipley states: “If a pupil is asked to 
go down one certain stairway out of several, he is 
more likely to remember which one to take if he 
knows the reason for going that way.” Compare 
this statement with the following one in Adding It 
Up: “The more transparent an algorithm, the easier 
it is to understand, and a child who understands an 
algorithm can reconstruct it after months or even 
years of not using it” (Kilpatrick, Swafford, and 
Findell 2001, p. 103). Adding It Up offers explicit 
guidelines for the “stairway” that students should 
use, grounding their decision in the transparency, 
efficiency, generality, and precision of the algo- 
rithm. The use of invented strategies and alterna- 
tive algorithms has become more common in U.S. 
classrooms and textbooks, yet much of this is 

_ limited to whole-number concepts. 

Shipley’s vision of an algebraic approach to 
learning arithmetic is a subset of the emphasis of 
algebra in the elementary schools today. The study 
of repeating and growing patterns, grounded in 
contexts, is important throughout the elementary 
school years. Students in third grade, for example, 
might study a geometric pattern that starts with 


Typical growing pattern problem 


AAA 
AAA 
AAA 


AAA 


AAA es 





three triangles and grows by three triangles (fig. 
2); they could build it, describe it in words, and 
possibly even assign variables. They could create 
tables and graphs to model and explore growing 
patterns. Providing a wide range of contexts as 
students explore functional relations helps them 
develop meaning for variables and equations. In 
100 years, we have enriched our study of algebra 
by including more emphasis on context and on 
functional relations. We have learned that concrete 


explorations and meaningful contexts provide a 


necessary foundation for the study of algebra. Are 
we still hazy about what algebra to teach in the 
elementary schools? While we continue to expand 
our knowledge about what elementary students can 
do with respect to learning algebra, we have a much 
clearer picture now of the importance of the study 
of algebra and algebraic thinking beginning in pre- 
kindergarten and continuing through high school. 


issues in School Mathematics 


Are we still hazy about what students need to learn 
and how they should learn it? Taking a step back 
from algebra, let’s look at some of the contextual 
issues Shipley addresses and consider where we 
are today. 


A crowded curriculum 

Imagine a world with no computers or calculators, 
no globalization, no commercial airlines, and no 
international mathematics assessments and yet, 
still, a curriculum that is “trying to crowd too many 
things into too small a place.” Shipley states, “If 
all teachers are obliged to cover more matter than 
they really have time for, no one can do anyone 
any good, and poor teachers and good teachers are 
reduced to about the same level.” Even with results 
from the Trends in Mathematics and Science Study 
(TIMSS) indicating that other countries have a 
more focused curriculum and higher achievement 
in mathematics, the United States has had little 
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In 100 years, we have 
enriched our study of 
algebra by including more 
emphasis on context and 
on functional relations. 
We have learned that 
concrete explorations 
and meaningful contexts 
provide a necessary 
foundation for the study of 
algebra. 


success in accomplishing the “depth over breadth” 
issues. Curriculum Focal Points for Prekinder- 
garten through Grade & Mathematics: A Quest 
for Coherence (NCTM 2006) is an effort to make 
progress in this area. 


Impact of testing 

Shipley argues that testing is causing teachers to 
attempt to ram home too much material in prepara- 
tion of examinations. He implies that such testing 
limits teacher effectiveness. In his opinion, “What 
is taught is not of paramount importance,” but 
teaching should focus on the “interesting features” 
of the field. It may be disturbing to think that what 
is taught is not important, but in today’s fast-chang- 
ing world, more and more we need to be preparing 
students to be flexible problem solvers, creative 
thinkers, and users of information rather than pro- 
ducing graduates with a finite set of core concepts. 
One hundred years later, we are still assessing 
content expectations, hazy about how to assess 


_ dispositions, and unwilling to admit to the negative 


impact that testing often has on classroom practice. 
Still, the goal is to prepare students to be lifelong 
learners, adequately prepared for the careers they 
will encounter. 


Student misconceptions 

How often have we heard someone reflect that 
today’s students just do not know [fill in your 
favorite mathematics concept] the way students 
did years ago [fill in a number larger than 
twenty]? How many of the following misconcep- 





tions that Shipley identified in 1912 still hold true 

today? 

e “Ihave never yet heard of a high school teacher’s 
being satisfied with the first-year pupil’s knowl- 
edge of common fractions.” 

e “How many pupils in multiplying 47 by 5 would 
... really know that it is 40 + 7 multiplied by 5 

o” 

e “Few pupils ... can add a long column in groups 
of 10 which is so much more rapid....” 

e “... not one pupil in 75 can apply [the distribu- 
tive property] to such an example as 12 2/3 x 15 
3/4, and I doubt if all teachers can....” 

e “Cancellation as such should be abolished; 
pupils use it on all occasions, everywhere, and 
are usually wrong.” 


Shipley suggests that the pressures of teaching a 
broad curriculum and preparing students for test- 
ing result in teachers not spending time to develop 
meaning for these operations. The Mathematics 
Report Card (Dossey et al. 1988) reported that sev- 
enth and eleventh graders described mathematics as 
being mostly memorizing (nearly 50%) and a rule- 
bound subject (80%). Today we are still hazy about 
how to teach procedures conceptually and flexibly, 
particularly when it comes to rational numbers. 


Purpose of school mathematics 
In 1912 only a small percentage of elementary stu- 
dents were going on to college, and most of those 
were boys. Still, the elementary school curriculum 
was intended to prepare students for more advanced 
study. In addition, school mathematics was a nec- 
essary foundation for interesting careers such as 
drafting. Finally, as Shipley notes, if a student has 
been “taught to think quickly and correctly and 
independently, he has acquired the most practical 
thing possible.” Students in today’s elementary 
school classrooms are still engaged in tasks in 
which they are independently solving arithmetic 
problems for speed and accuracy. In 1912 this 
approach was taken to help prepare students for the 
Jobs that would be available to them. Does the ratio- 
nale still hold? In other words, in a technologically 
advanced world, how important is it for students to 
work independently, quickly, and correctly? 


Summary 


Many aspects of teaching and learning mathemat- 
ics have changed since 1912. First and foremost, 
our standard today is to educate everyone. High 
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school algebra has gone from being an elite course 
for a few students to a sequence of courses for all 
students. We know much more about how children 
learn. The work of Piaget, Vygotsky, and many oth- 
ers has resulted in a shift from seeing the brain as 
an organ to be exercised to seeing it as an organ that 
actively constructs knowledge. Research abounds 
in many content areas, particularly for elementary 
students. Nationally, there is significantly more 
support for practices described by Shipley, support 
that includes NCTM’s Standards documents (1989, 
2000), print resources, and textbooks (notice that 
Shipley makes no references to any documents 
or other reform initiatives). While much more 
research is available today to guide the implemen- 
tation of a more “rational” approach to teaching 
arithmetic, it is still the case that U.S. elementary 
students can do computation but lack flexibility in 
applying it to new or unusual situations (Wilson 
and Blank 1999). For example, only 17 percent of 
fourth graders were able to answer the following 
NAEP item correctly: 


Sam can purchase his lunch at school. Each day 
he wants to have juice that costs 50¢, a sand- 
wich that costs 90¢, and fruit that costs 35¢. His 
mother has only $1.00 bills. What is the least 
number of $1.00 bills that his mother should 
give him so he will have enough money to buy 
lunch for five days? 


As a country, we are still hazy about how to widely 
implement teaching practices that enable students 
to apply their knowledge to new situations and 
multistep tasks. 

The year 2007 will mark eighteen years since 
the launch of the current standards-based reform 
movement, in which advocates and critics alike 
refer to “new” ideas, such as teaching algebra 
before high school and teaching invented strate- 
gies for computation. National and international 
tests indicate that U.S. students are still not strong 
in number sense and that the very approaches that 
Shipley recommended are in place in only a limited 
number of classrooms. This lack of progress is 
due not to a pendulum-shifting curriculum; such 
a reality would mean that at some point in Ameri- 
can history the majority of U.S. classrooms were 
teaching as Shipley proposed—that is, teaching 
students to develop flexible approaches to learning 
algorithms. Rather, the United States has a change- 
resistant education system; such suggestions are 
implemented only in pockets around the country 


In today's fast-changing 
world, more and more 
we need to be preparing 
students to be flexible 
problem solvers, creative 
thinkers, and users of 
information rather than 
producing graduates 
with a finite set of core 
concepts. 


where willing teachers or an accepting local sys- 
tem pursues them. What would it take for effec- 


-tive instructional approaches such as the practices 


Shipley recommended in 1912 to really take hold 
in this country? On this we are still hazy, after all 
these years. 
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The Answer Is 50 Cookies. 


What Is - 
the Questio 


he answer is 20 cookies. What is the ques- 
tion? 


Before reading further, decide how you would 
respond to this question. This is exactly what 
hundreds of elementary students did during the 
2004-2005 school year. The answer was not always 
20 cookies. Sometimes it was 28 pigs. At other times 
it was 15 snowmen or 90 cents. Regardless of the 
answer, the students were being asked to create their 
own word problems. But was this time well spent? 
According to the Teaching Principle set forth in 
Principles and Standards for School Mathematics 
(NCTM 2000), effective teaching includes provid- 
ing students with mathematical tasks that are both 
engaging and challenging. Such tasks provide 
students with opportunities to make connections 
and deepen understandings (Stein and Smith 1998). 
In examining mathematical tasks, Stein and Smith 
described characteristics of varying levels of tasks 
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with respect to their cognitive demand. On the basis 
of these criteria, tasks at the highest st level call on 
students to use relevant knowledge and consider- 
able cognitive effort. a 

Reflect on how you felt when responding 
to the opening question. Did you experience a 
moment of anxiety? Did you immediately know 
how to complete the task? Or did you begin to 
analyze the situation and think about how to 
proceed? Did you stop to think about a real-life 
context that could be used to illuminate this task? 
How do you think elementary students would 
react to this problem? Such responses and actions 
are what make this a worthwhile task. For ele- 
mentary students, the process of writing a word 
problem is a useful task that serves to develop a 
deeper understanding of mathematics. Additional 
benefits of problem writing for students include 
growth in problem solving and improvement in 
mathematical attitudes (Whiten 2004). 

Recognizing the importance of providing engag- 
ing tasks in mathematics classrooms, we worked 
in a staff development setting to enable teachers 
in three Title I schools to incorporate worthwhile 
mathematics tasks into their elementary class- 
rooms. One task the teachers used involved having 
students write word problems. The purpose of this 
article is to describe this task so that other teachers 
may implement it in their classrooms. In addition, 
we share sample student responses along with the 
lessons learned through this experience. 
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A third- ani student’s response to the task “The 
answer is 20 cookies. What is the question?” 


os pro blome 
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Photograph by E. Renee Davis; all rights reserved 


The Task 


One task we suggested that teachers use was what 


we called “The Answer Is ...” task. This task, as 
described by Jenner (2002), calls on students to 
create word problems that have a specific answer. 
Jenner’s strategy involved a target answer, such as 
16. To prevent students from simply replying with 
number facts, we modified this approach to include 
units, such as 16 cookies. 

As we planned the staff development sessions, 
we saw this as an excellent task for teachers to 
begin with for two reasons. First, the task was fairly 
easy to use in any classroom. Many teachers used 
it as part of their students’ morning work or as part 
of their daily calendar routine, others as a journal 
writing assignment. Second, the task provided 
teachers with immediate feedback on what prob- 
lem-writing skills their students already possessed, 
if any. Did the students already recognize what con- 
stitutes a word problem? Were they ready to write 
word problems? Did they need practice in creating 
number sentences before venturing out to write 
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eric eh graders’ responses to the task ” “The 
answer is 45 red cars. What is the question?” 


The Answer 

45 ved Cals 
Thefe are Jo clowns. Each pail needs 
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You need. 
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There are 
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story problems? These questions could quickly be 
answered with this strategy. 


Lessons Learned 


After learning about the task, these elementary 
teachers returned to their classrooms to try it out. 
At follow-up meetings, they shared anonymous 
samples of student work as well as what problems 
were encountered. From this process, we were able 
to compile a list of lessons learned. 


Give clear directions 

Several teachers gave their students the following 
problem—‘The answer is 20 cookies. What is the 
question?”—and asked them to write the question. 
Because the students were unfamiliar with this type 
of activity, most of them did not understand these 
directions. Initially, many returned a blank stare. 
One second grader wrote, “How many cookies is it.” 
The teachers found that the students were more suc- 
cessful with the task when they used more detailed 
directions such as these: “Write a story problem (or 
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Sample problem statements demonstrating student 
difficulties 
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Sample problem-writing format 


‘s Word Problem 


My story: 





My question: 


My number sentence: 


My illustration: 


word problem) that has an answer of 20 cookies.” 
Figure 1 shows a third grader’s response to these 
directions. To successfully complete this task, this 
student created a multistep problem that requires 
the reader to understand that two people took five 
cookies each. 


Provide specific units 

Providing units for this problem, such as cookies 
or snowmen, is important for two reasons. First, 
students tend to respond with number facts when 
no units are given. In our work with summer school 
students, we posed this problem: “The answer is 
20. What is the question?” Students responded 
with “What is 10 + 10?” and other number facts 
that resulted in 20. Later, when we provided units, 
these same students instead tried to create word 
problems. Second, providing units can often draw 
on students’ creativity in writing their problems. 
Figure 2 provides two fourth graders’ responses to 
the following problem: “The answer is 45 red cars.” 
Writing a realistic problem about cookies is a little 
easier than writing such a problem about cars. After 
all, how realistic is it to say that a person has 44 
red cars and then is given | more by a friend? By 
including red cars as the units, we were asking the 
students to be more creative in developing a real- 
world context. 


Anticipate difficulties 

When the students, particularly in the younger 
grade levels, first began writing problems, the 
teachers anticipated several difficulties. One dif- 
ficulty was that some students, in their formulation 
of the problem, either did not ask a question or 
included the answer as well as the problem question 
(see fig. 3). These students were struggling with the 
idea of having the answer, or solution, before they 
had formulated their problem. For older students, 
class discussions of problems such as these were 
beneficial in aiding them to write better problems. 
These discussions centered on questions such as 
“If we took this problem to another class, would a 
student in that class be able to solve it?” or “What 
difficulties might someone have if you gave them 
this problem?” 

For younger children, however, the teachers 
found that providing more structure was more ben- 
eficial. These teachers developed a template for the 
problems that involved the student telling a story, 
asking a question, providing a number sentence 
that represented the problem, and then drawing a 
picture of the problem (see fig. 4). This structure 
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enabled the students to be more successful in writ- 
ing problems and gain understandings that would 
later help them complete the task without the for- 
mat. In addition to providing more structure, the 





Samples of Amazing Student Problems 


teachers also engaged students in writing number Student's _—‘ Target 
3 Student-generated Problem 

sentences that had a target answer, representing Grade Answer 
number sentences with pictures, and then telling 1 8 bugs “I have 10 bugs. | squwash 2. How many are left?” 
stories about the pictures. All these activities helped 
develop the prerequisite skills for completing the 2 28 pigs “There are 30 pigs on the farm. They killed 2 pigs 
task of writing word problems. for Pork Chops how many pigs are left?” 

In addition to the instructional challenges that 
emerged with the strategy of giving the students 2 90 cents “Tristan has 1 nickel. He gets 1 more from 


Williams. Tristans mother gave him 4 dimes. 
His other frind gives him 4 more dimes. How 
mech money do | have in all.” 


prior knowledge of the answer and then having 
them construct a related problem situation, many 


teachers also faced the developmental challenge of 
students who did not naturally move beyond creat- 
ing simple addition problems. The teachers devel- 
oped two ways to deal with this. First, rather than 
just providing the answer, they asked for a problem 
that could be represented by a particular number 
sentence, such as 3 x 4. Second, some teachers 
challenged the students with additional require- 
ments for the problems, such as designating the 
operation to be used in the problem or stating that 
the problem must be a multistep problem. 


Prepare to be amazed 

Perhaps the most important lesson we learned was 
that students will amaze you! Initially, many of the 
_ teachers were skeptical about their students’ ability 
to write their own word problems. This skepticism 
quickly faded as the students became involved in 
the task and began to surprise their teachers with 
their creativity. Table 1 contains sample student- 
generated problems that made us smile and say, 
“Wow!” 


Conclusions 


At the end of the school year, the teachers were 
asked to write about the impact of this problem- 
writing task on their classrooms. Their responses 
reflected their enthusiasm for having their students 
write problems. One second-grade teacher wrote, 
“T am so thrilled that they are so smart and great 
thinkers and really enjoy problem [writing]. If we 
skip a day, they complain.” A third-grade teacher 
responded, “They have surprised me by their cre- 
ativity and ability to solve/create what I considered 
a ‘hard’ problem.” 

In addition to the benefit of engaging students, 
the teachers also reported that their students 
seemed to be braver when it came to solving math- 


ematics problems. Once students had written word 
problems that had multiple steps and contained 
extraneous information, they were more willing to 
tackle such problems, whether in their homework 


’ or class work or on standardized tests. 


“The Answer Is ...’ task proved to be an excel- 
lent method of engaging students with a mathemati- 
cal task that requires a higher level of cognitive 
demand. Students in any elementary classroom can 
be involved in writing problems. Through this task, 
students can demonstrate not only their creativ- 
ity but also their understanding of mathematics. 
Clearly, this is a worthwhile mathematical task for 
all students. 
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: LEM SOLVERS | Donna Toll and Sheryl Stump 


The Broken Calculator 


Callie and her friend Chris are trying to use a calculator to solve 88 x 8. However, when Callie 
got out her calculator, she noticed that it had two broken keys. Both the 8 key and the x key 
were broken! Chris suggested that if they changed the numbers in the problem and did not use 
the x key, they could still use the broken calculator to find the answer. Is Chris right? Find a way 
for Callie and Chris to use other keys on the broken calculator to solve 88 x 8. What solution 






Extensions 


he goal of the “Problem Solvers” depart- 

ment is to foster improved communication 

among teachers by posing one problem each 
month for teachers of grades K-—6 to try with their 
students. Every teacher can become an author: 
Pose the problem to your students, reflect on your 
students’ work, analyze the classroom dialogue, 
and submit the resulting insights to this depart- 
ment. Through contributions to the journal, every 
teacher can help us all better understand children’s 
capabilities and thinking about mathematics. 


Donna Toll, dtoll@bsu.edu, and Sheryl Stump, sstump@bsu.edu, teach mathematics content 
and methods classes in the Department of Mathematical Sciences, Ball State University, 
Muncie, IN 47306-0490. 


Edited by Joyce Bishop, jdbishop@eiu.edu, Department of Mathematics and Computer 
Science, Eastern Illinois University, Charleston, IL 61920, and Sheryl Stump, sstump@bsu.edu, 
Department of Mathematical Sciences, Ball State University, Muncie, IN 47306-0490. Read- 
ers are encouraged to submit problems to the editors to be considered for future “Problem 
Solvers” columns. Receipt of problems will not be acknowledged; however, problems selected 
for publication will be credited to the author. 


strategies did you try? Explain why your method works. 


e Find the answer to the problem by using number keys other than the 8 key 
and only the + key. Explain why your method works. 


¢ How can Callie and Chris solve the problem by using number keys other than 
the 8 key and both the + key and the — key? Explain why this strategy works. 


e Is there a way for Callie and Chris to solve the problem by using the + key some- 
where in the solution? Explain why this approach would work. 


¢ Suppose that the 8 key was still broken but that the x key began to work again. 
Explain how Callie and Chris could use the x key but not the 8 key to solve 
88 x 8. In other words, what are some other pairs of numbers that have the same 
product as 88 and 8? Explain why those numbers have the same product. 


¢ Write a word problem that can be solved by multiplying 88 by 8. 


Remember that even students’ misconceptions 
provide valuable information. 


Classroom Setup 


Discuss this problem with your students but 
avoid giving too much guidance. Allow your stu- 
dents to work with a partner or in small groups. 
Understanding operations requires more than 
memorizing facts, and this challenge offers an 
opportunity for students to use number sense and 
reasoning. Encourage them to experiment with 
counting manipulatives to combine equal sets and 
separate a set into subsets. Ask them to use pictures, 
words, lists, or other methods to record their work 
and explain their solutions. Collect students’ work, 
make notes about interactions and discussions that 
took place, and document the variety of student 
approaches that you observed. As you reflect on 
your experience with the problem, keep in mind the 
following questions: 
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¢ What difficulties did the students have in under- 
standing the problem? 

¢ What strategies did you see students using to 
solve the problem? 

e Were you surprised by any students’ responses 
or interpretations? 

¢ What methods did students use to record their 
work? 

¢ Did the students relate this problem to any others 
that they have investigated? 

e What extensions to this problem did you or your 
students pose? 

¢ What did your students learn from investigating 
this problem? 


Share Your Student Work 


We are interested in how your students responded 
to the problem and how they explained or justified 
their reasoning. Please send us your thoughts and 
reflections. Include information about how you 
posed the problem and samples of student work or 
even photographs showing your problem solvers 
in action. Send your results with your name, grade 
level, and school by February 1, 2007, to Sheryl 
Stump, Department of Mathematical Sciences, Ball 
State University, Muncie, IN 47306-0490. Selected 
submissions will be published in a subsequent 
issue of Teaching Children Mathematics and will 
be acknowledged by name, grade level, and school 
unless otherwise indicated. 


Editor’s Note 


For an interactive version of a similar problem, visit 
ON-Math, NCTM’s electronic journal, accessible at 
www.nctm.org/onmath: 


Collison, George, Judith Collison, and Judah 
Schwartz. “Learning Number Sense from a 
Broken Calculator?’ ON-Math: Online Journal 
of School Mathematics 4, no. 1 (2006). 


Visit www.nctm.org for more information on all of 
NCTM’s resources, including professional devel- 
opment offerings and publications available in the 
online catalog. A 


Teaching Children Mathematics / December 2006/January 2007 


atlas Mem eM Pel akeg 


This problem requires the use of number sense. As they think about the 
problem, students may decide to break the number 88 into parts. The 
problem also requires students to think about the meaning of multiplica- 
tion as repeated addition. In the early grades, multiplication is introduced 
as joining equivalent sets or as repeated addition. The operation 6 x 4, for 
example, can be interpreted as putting together 6 sets of something with 4 
objects in each set, represented as4+4+4+4+4 +4; thus, students come 
to understand that multiplication is repeated addition. Multiplication can 
also be understood as the inverse of division. Through exploration, students 
will discover that multiplication, represented by combining equivalent sets, 
and division, represented by separating a set into equivalent subsets, are 
inverse operations. When restated as ? + 8 = 88 and ? + 88 = 8, this problem 
demonstrates that multiplication and division are inverse operations. Older 
students who have grasped this concept will make the connection to alge- 
bra and solve for the unknown. The extensions encourage students to find 
multiple solutions to the problem. The last extension, which asks students 
to write a word problem, reinforces the connections between mathematical 
symbols and contextual situations that involve multiplication. 


(Solutions to a previous problem 
begin on the next page) 


bet 


Daily materials from edHelper.com 


Daily math practice 
Daily word problems 
Test prep review 
And so much more! 


Buy a school license: 
Only $19.99 per teacher 
for a full year! 
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Solutions to the 
Cheerio Count Problem 


January 2006 “Problem Solvers” section was 
stated as follows: 


Thinking out loud as he watched the re- 
maining Cheerios floating in his breakfast 
bowl, Eric wondered, “How many Cheerios 
are in the entire cereal box?” His younger 
sister, Lori, predicted there were a million 
Cheerios in the box but his older sister 
said, “There is no way a million Cheer- 
ios could fit in that box.” Can you help 
Eric? How can he estimate about how 
many Cheerios are in a 15-ounce box? 
If his older sister is correct, how many 
boxes would you need to have a million 
Cheerios? Devise a plan and explain your 
strategy. Ils there more than one way to 
count the Cheerios? Try more than one so- 
lution strategy. Explain the steps you took 
to find your answer and why you believe 
you have a reasonable estimate. 


iE problem appearing in the December 2005/ 





Mary Kay Varley’s fourth-grade class joined 
forces with Diana Isbell’s first-grade class at Fort 
Worth Country Day School in Fort Worth, Texas, 
to tackle the Cheerio Count problem. Varley and 
Isbell had been looking for a problem that would 
bring their two classes together. To prepare her first 
graders for the problem, Isbell showed them the 
Reading Rainbow video How Much Is a Million? 
The video provided the perfect backdrop to the 
Cheerio Count problem by engaging students in a 
conversation about large numbers. 

When the day arrived for the two classes to meet 
and explore the Cheerio Count problem, Varley and 
Isbell paired each first-grade student with a fourth- 
grade student. The fourth graders were excited 


Carla Tayeh, Carla.tayeh@emich.edu, teaches elementary mathematics methods and content 
classes at Eastern Michigan University, Ypsilanti, MI 48197. 
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because they would be recording the thoughts and 
ideas of their first-grade partners. Varley picked 
three fourth graders to act out the problem and role- 
play the parts of the two sisters and brother. “They 
got into their roles easily, and it made the first 
graders feel comfortable [about trying] the problem 
and even the fourth graders were curious about 
it,’ wrote Varley. Before passing out the materials, 
Varley asked the students which sister they agreed 
with. The students were confident that there were 
fewer than a million Cheerios in the box. “Most stu- 
dents guessed that it would take from 2 to 7 boxes 
to have a million Cheerios,” Varley noted. 

It was time to start counting Cheerios. To assist 
the students in their counting, Varley provided 
them with a variety of materials from small bowls 
to measuring cups. The students agreed that they 
would all use the clear plastic 9-ounce cups. Their 
strategy was to determine how many Cheerios 
would fill one plastic cup and then count the num- 
ber of cups of Cheerios in the box (fig. 1). “I don’t 
know if the fourth graders realized how engrossed 
their first-grade partners were in counting in order 
to make that first group of 100 Cheerios” in the 
cup, wrote Isbell. “Once each group made 100, you 
could feel the momentum of the activity increase as 
you walked around the room.” The fourth graders 
kept a tally on whiteboards as they counted with 
their first-grade partners (fig. 2). Many of the fourth 
graders gave their first-grade partners a choice of 
how to count; some counted by Ss and others by . 
10s. Some groups needed help figuring out the best 
system for tallying as they counted. The class con- 
cluded that there were approximately 300 cheerios 
in a 9-ounce plastic cup and that 17 of these cups 
filled one box of Cheerios. The fourth graders mul- 
tiplied 300 by 17 and predicted that each box of 
Cheerios has about 5,100 Cheerios. 

“It was not evident to the students just how 
many boxes it would take to reach a million,” wrote 
Varley. “We rounded the number of Cheerios in the 
box to 5,000. One student wanted to multiply by 2, 
but that left us still far away from a million. Another 
student said we should multiply by 10 and another 
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by 20. Those answers were still too far away. Bo 
finally thought to try multiplying 5,000 by 100. The 
fourth graders got excited to see that we were now 
halfway to a million. Again, it was Bo who said that 
200 boxes would get us to the million that we were 
searching for.” Isbell commented, “My first-grade 
students could hardly believe that it would take 
about 200 boxes of Cheerios to make a million.” 

“The true excitement of doing this problem 
with another grade level was that it gave the fourth 
graders the confidence to make predictions without 
worrying that their guess would be wrong or sound 
silly, because the first graders thought everything 
the fourth graders did was terrific. After the first 
graders left the room, my students were anxious to 
know when we could do another activity like this 
one with the first-grade class. They were genuinely 
thrilled by the whole experience,’ summarized 
Varley. 

Lynn Harcezak of John V. Leigh School in Nor- 
ridge, Illinois, also presented the problem to her 
fourth-grade class. Her students’ initial guesses 
about how many boxes were needed to make a mil- 
lion Cheerios ranged from 100 to 10,000 boxes. 
Harczak’s students had some clever ideas about 
how they wanted to approach the problem of count- 
ing the number of Cheerios in one box: 


One group suggested that they line up the Cheer- 
ios in a straight row down the middle of the 
hall. They planned to use the floor tiles to help 
them count the Cheerios. Another group sug- 
gested that they cover a 9-by-12-inch paper with 
glue and cover the paper with Cheerios. They 
planned to multiply the number of Cheerios that 
ran along the length of the paper by the number 
of Cheerios that ran along the width of the paper 
to determine the number of Cheerios that would 
fit on one piece of paper. Then they would mul- 
tiply this number by the number of “sheets of 
Cheerios” that they could cover from one box of 
cereal. Another group suggested that we fill a tall 
beaker with Cheerios, count the Cheerios in one 
beaker, and multiply that number by the number 
of beakers of Cheerios in one box. Another boy 
eagerly offered to weigh himself, eat the entire 
box of Cheerios, then weigh himself again. This 
appeared to be a good plan to most of the class 
until a student pointed out that the result of this 
experiment would simply measure the weight of 
the Cheerios, but it was a nice try. Another group 
of students examined the nutrition facts label, 
and learned that one cup equaled one serving 


Spencer (first grade) and Shane (fourth 
grade) count their Cheerios. 








Olivia (first grade) watches as Emily 
(fourth grade) tallies their count on a 
whiteboard. 





size and that there were about nine servings per 
package. They intended to multiply the number 
of servings by the number of Cheerios in one 
serving. 


After having brainstormed a variety of approaches 
to solving this problem, Harczak encouraged each 
group of students to choose the strategy that made 
the most sense to them. Final counts varied among 
the groups. Harezak encouraged the class to think 
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One strategy for estimating the number of Cheerios by 


volume 
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about what may have caused the discrepancy in 
their predictions. The students volunteered that 
perhaps the information on the box label was an 
approximate number of servings in the box and 
could alter the count. Harczak wrote that this proj- 
ect was a great way to engage students in problem 
solving; their enthusiasm as they followed through 
on the procedures that they developed was inspir- 
ing to her as a teacher. Harczak’s approach to this 
problem with her class could serve as a model for 
other teachers: She first encouraged her students 
to brainstorm a variety of approaches to the prob- 
lem. Then she engaged the class in a discussion of 
the strengths and weaknesses of each approach. 
Finally, she had the students generalize their find- 
ings by using the data that they collected. 

Ann Michalis posed the problem to her fifth- 
grade class at St. Andrew School in Newtown, 
Pennsylvania. Using the school’s science lab with 
balances, measuring cups, and calculators, the 
students concluded that it would take about 196 


boxes of Cheerios to get to a million. The students 
calculated the number of. Cheerios in 1 gram; 
then, knowing that 15 ounces is equivalent to 425 
grams, they were able to estimate the number of 
Cheerios in the box. One student came up with a 
creative approach to this problem by using what he 
knew about volume. First, he measured 1 ounce of 
cereal. Filling a box with just 1 ounce of Cheerios, 
he observed that he could fit 10 Cheerios across, 
5 Cheerios deep, and 6 Cheerios high. In other 
words, the bottom layer had 50 Cheerios, and 
there was a total of 6 layers; this meant that there 
were 300 Cheerios in 1 ounce and 4,500 Cheerios 
in 15 ounces (see fig. 3). “This problem was a 
good opportunity to revisit and clarify misconcep- 
tions about units of measure including grams and 
ounces,” Michalis wrote. “In addition, I required 
the students to explain their procedure in sentence 
form for homework and found that this made them 
reflect on their thinking as well as express them- 
selves clearly in words.” 

Kathy Tuttle of A. W. Holloway School in 
Mobile, Alabama, wrote on behalf of her school’s 
Math Professional Learning Team, which included 
Tuttle herself, the kindergarten teacher; Jana Ren- 
egar, the second-grade teacher; Tiffani Wiggins, 
the fourth-grade teacher; and Angelita Massey, the 


Estimating how many Cheerios will fit in 
a spoon 


How many cheerios will fit on each spoon? Predict . Count and glue 
cheerios. Write the number. 
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Predict . 
How many cheerios will fit on the spoon? 








Predict . 


How many cheerios will fit on the spoon? 





Predict , 


How many cheerios will fit on the spoon? 
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fifth-grade teacher. They decided to focus on this 
problem and explore ways to adapt the problem 
to meet the needs of the students in their different 
grade levels. 

Tuttle adapted the lesson for her kindergarten 
class by using three different sizes of spoons. Stu- 
dents were asked to predict how many Cheerios 
would fit in each spoon. “Students predicted how 
many Cheerios would fit in the small spoon. Then 
we scooped a spoonful of Cheerios to see how 
many could actually fit on the spoon,” Tuttle wrote. 
On the second day, Tuttle distributed an activity 
sheet with pictures of spoons (see fig. 4). Students 
were to predict how many Cheerios would fit on 
each spoon and write down their prediction; then 
they were to glue Cheerios in the “bowl” part of 
each spoon and record how many actually fit in 
their spoon. “I think that it would be beneficial for 
my students to have more opportunities to make 
predictions so that they can make more reasonable 
predictions,” reflected Tuttle. 

Jana Renegar’s second-grade students’ esti- 
mates of the number of Cheerios in the box ranged 
from 100 to a million. The class decided that they 
might get a better estimate if they knew how many 
Cheerios were in a handful (about 50) and then 
a cupful. Students were allowed to change their 
estimate with this new information. This problem 
really highlighted for Renegar the fact that the 

_ students had little understanding of numbers larger 
than a few hundred. It did inspire her class to ask 
other “how many” questions. One student asked 
how many concrete blocks made up the walls in the 
hall, and another asked how many bricks were on 
the side of the building. 

Tiffani Wiggins reworked the Cheerios problem 
for her fourth graders to motivate a lesson in linear 
measure. The students used the Cheerios as a unit 
of measure, first estimating the length and then 
determining the actual length. As a final step, the 
students reflected on how close their estimates were 
to the actual measure. 

Angelita Massey also reworked the problem for 
her fifth graders because she wanted her students 
to focus on the facts provided in the nutrition label. 
They talked about possible questions that could be 
answered by using the information in the label. The 
students generated and solved a variety of problems 
that could be answered by using the information 
about calories, sodium, protein, and serving size 
listed on the side panel. 

The teachers at A. W. Holloway School did a 
nice job of showing how to take a problem and 
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either modify it to better meet the needs of their 
class or use it to inspire teachers to ask different 
questions. 

Gail Stafford of North Carolina Wesleyan Col- 
lege and Gina Beaman of Creekside Elementary 
School, along with teacher intern Sarah Foster, 
collaborated to introduce the Cheerio Count 
problem to the fourth-grade students at Creekside 
Elementary School, Winterville, North Carolina. 
The students worked in groups of four to devise 
a plan to determine the number of Cheerios in the 
box. They had a variety of materials readily avail- 
able to assist them, including plastic cups, small 
containers of various sizes, graph paper, measuring 
tapes, rulers, balances, calculators, buckets, and 
bowls. “Students approached the task with enthusi- 
asm,” wrote Stafford. The three teachers circulated 
among the groups as the students discussed their 
strategies. Ethe, Taylor, Denautica, and Nicholas 
explained that they were going to count the number 
of Cheerios in one scoop and multiply that number 
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by the number of scoops in the box (see fig. 5). 
They concluded that there were 4,789 Cheerios in 
the box. Stafford challenged the group members to 
use another method to verify their estimate. They 
repeated the same strategy but used a different 
size of scoop. Their second estimate was 4,379 
Cheerios—surprisingly close to their first estimate. 
Near the end of the lesson, Stafford pulled the class 
together so that the groups could share their strate- 
gies, estimates, and conclusions. The class settled 
on 4,789, the middle number, as an estimate for the 
number of Cheerios in a 15-ounce box. This discus- 
sion provided a nice introduction to the concept of 
medians. One of the students volunteered that they 
would need 209 boxes of Cheerios to have a million 
Cheerios. Stafford, Beaman, and Foster did a good 
job of encouraging the students to look at the prob- 
lem in more than one way and to verify their results 
using another strategy. 

This problem has the potential to lead students 
down a number of paths as they think about the 
mathematics involved—from developing strategies 
to making better estimates, from thinking about the 


size of big numbers to introducing the concept of 
volume and units of measure for volume. In addi- 
tion, this problem can give students a point of refer- 
ence as they begin to work with large numbers. 


Special thanks to the following teachers and stu- 
dents who submitted their solutions to the Cheerio 
Count problem: Mary Kay Varley and her fourth- 
grade students along with Diana Isbell and her 
first-grade students at Fort Worth Country Day 
School in Fort Worth, Texas; Lynn Harczak and her 
fourth-grade students at John V. Leigh School in 
Norridge, Illinois; Ann Michalis and her fifth-grade 
students at St. Andrew School in Newtown, Penn- 
sylvania; Kathy Tuttle and her kindergarten class 
along with Jana Renegar and her second-grade 
class, Tiffani Wiggins and her fourth-grade class, 
and Angelita Massey and her fifth-grade class at 
A. W. Holloway School in Mobile, Alabama; and 
Gail T. Stafford of North Carolina Wesleyan Col- 
lege along with Gina Beaman and Sarah Foster and 
their fourth-grade students at Creekside Elemen- 
tary School in Winterville, North Carolina. & 
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Learning 
Environments 
That 
Mathematical 
Understanding 


eaching occurs within an environment. The 

learning environment encompasses the physi- 

cal setting, the climate, and the expectations 
that become part of the classroom culture. Although 
teachers guide the interactions, the learning envi- 
ronment can significantly influence what and how 
students learn. Inquiry-based learning environments 
allow students to develop a robust understanding of 
mathematics, encourage and motivate students from 
different cultural and mathematical backgrounds, and 
build on each student’s strengths. How are such envi- 
ronments established? 
How do the NCTM Pro- 
cess Standards empower 
teachers to create an 
inquiry-based learning 
environment? What tran- 
sitions do teachers and 
students experience as 
they attempt to establish 
a community of prac- 
tice with which they are 
unfamiliar? 





ygraph by Renata Jasinski Laszuk; all rights reserved 


The Editorial Panel of Teaching Children Math- 
ematics is seeking manuscripts that provide insights 
regarding these issues. We are particularly interested in 
manuscripts that— 


e help readers understand how to establish appropriate 
mathematics learning environments; 

e describe the process or phases that teachers experi- 
ence as they attempt to alter the mathematics learn- 
ing environment so that it is aligned with NCTM’s 
recommendation; and 

e consider the implication of various mathematics 
learning environments. 


Topics to explore include but are not limited to the 
following: 


e The role of teachers and students in establishing the 
mathematics learning environment encouraged by 
the NCTM Standards documents 
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e Methods of designing learning environments that 
engage and motivate a diverse group of learners, that 
are culturally responsive, or that are responsive to 
the needs of all students, including English language 
learners and special needs students 

e Phases that teachers and students experience as 
they transition to a more reform-based instructional 
approach or curriculum 

e How the use of challenging tasks or curriculum 
affects the learning environment 

e How a technology-rich learning environment influ- 
ences the teaching and learning of mathematics 

e How particular learning environments promote or 
hinder students’ meaningful learning of mathematics 

e Encouraging reluctant students to become active 
participants in the established learning environment 

e Methods for getting students to unpack and share 
their thinking 


Manuscripts should be no longer than ten double- 
spaced pages, not counting figures and photographs 
(these should be included at the end of the manuscript). 
Submit completed manuscripts to Teaching Children 
Mathematics by accessing tem.msubmit.net by July 
31, 2007. On the cover page, please state clearly that the 
manuscript is being submitted for the October 2008 TCM 
focus issue “Creating Learning Environments.” Author 
identification should appear only on the cover page. 
For manuscript preparation guidelines, visit my.nctm 
.org/eresourcs/submission_tcm.asp. 
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MATH aay ws MONTH Kristen Forrest, Denise Schnabel, and Margaret E. Williams — 


Special Days 


he “Math by the Month” activities are designed to engage students to think as mathemati- 
cians do. Students may work on the activities individually or in small groups, or the whole 
class may use these as problems of the week. Problems are grouped by suggested grade 
levels; however, you are encouraged to adapt the problems as appropriate to meet your students’ 
developmental needs. Because no solutions are suggested, students will look to themselves for 
mathematical justification, thereby developing the confidence to validate their work. 
At this time of year, we often look ahead with anticipation. All cultures celebrate special days 
in many different ways. This month we will explore the mathematics connected to some of those 
celebrations. Sources: www.fathertimes.net; www.chinapage.com; and www.x-rates.com. & 





WEEKLY ACTIVITIES 


SPECIAL DAYS: K-2 DECEMBER 2006/JANUARY 2007 






Calendar time. Make a 2007 calendar that shows all the special days that your class can 
look forward to. How many months are in a year? Does every month have the same number 
of days? Ask an adult to help you make sure your calendar is correct. Next, collect informa- 

tion from your classmates about special days they are looking forward to this year—for 

example, their birthdays and their siblings’ birthdays as well as dates of family trips, Ct : 
grandparents’ visits, important soccer games, and so forth. How many special days i j 
does your calendar have? Which month has the most? Which month has the least? io 


Year of the dog. The Chinese calendar gives each year a different animal name. 
There are 12 animals in the cycle. The year 2006 was the Year of the Dog. What is the 
next year that will be the Year of the Dog? What was the last Year of the Dog before 
2006? 


Dark days. The winter solstice, the shortest day of the year in the Northern Hemi- 
sphere, falls on December 21. Use the library or Internet to find out how many 
hours of daylight there will be on December 21 this year. Ask an adult to help 

you. Use that information to figure out how many hours of darkness there will be 
that day. The longest day of the year in the Northern Hemisphere is the summer 
solstice. Continue your research and find the date of the summer solstice in 

2007. How many hours of daylight will there be on that day this year? 


A time for giving. This is the time of year when people think of others who 

have many needs. If your class was given a $50 donation to buy food for the local 
food bank, what would you buy? Find an advertisement for a grocery store in your 
community to help you determine approximate prices of various items. Consider items that 

are nonperishable—that is, that do not have to be eaten right away, such as a can of fruit or a box of 

pasta. If the grocery store has a special price on canned vegetables—two cans for $1—how many cans of vegetables 
will your class be able to purchase? 


Edited by Kristen Forrest, kristen.forrest@anoka.k12.mn.us, Denise Schnabel, denise.schnabel@anoka.k12.mn.us, and Margaret E. Williams, margaret 
-williams@anoka.k12.mn.us, teachers at Riverview Specialty School for Math and Environmental Science in Brooklyn Park, MN 55444, Readers are encouraged 
to submit problems to be considered for future “Math by the Month” columns to Margaret Williams. Receipt of problems will not be acknowledged; however, — 
problems selected for publication will be credited to the author. 
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WEEKLY ACTIVITIES 
SPECIAL DAYS: 3-4 DECEMBER 2006/JANUARY 2007 





Chinese calendar. The Chinese calendar is based on a combination of lunar and solar movements. The lunar cycle is 
about 29.5 days. How many lunar cycles are there in one calendar year? (A calendar year has approximately 365 days.) 
How many lunar cycles would there be in 5 years? 


Chinese New Year. In the Chinese calendar, each year is represented by an animal. For example, if you were 8 years 
old at the end of 2006, you were born in the Year of the Snake. If you were 9 years old at the end of 2006, you were 
born in the Year of the Dragon. If you were 10 years old then, you were born in the Year of the Hare, and if you were 
11 years old then, you were born in the Year of the Tiger. The calendar uses the same twelve animals over and over 
again, in the same order, to designate twelve years in a row: rat, ox (or buffalo), tiger, rabbit (or hare), dragon, snake, 
horse, goat or sheep, monkey, rooster, dog, and boar (or pig). What year will it be when your “animal year” comes 
around again? 


Japanese New Year. To celebrate this holiday, also called Oshogatsu, many Japanese grandparents will give their 
grandchildren a red envelope filled with money. One U.S. dollar is equal to about 112 Japanese yen. If the grandpar- 
ents put 3 U.S. dollars in the envelope, how many yen would that equal? Using the same exchange rate, if you had 
5,000 yen, how many U.S. dollars would you have? You can find the current exchange rate on the following Web site: 
www.x-rates.com. 


U.S. New Year. The continental United States extends across four time zones. When New York is celebrating the 
beginning of the new year, it will be 9:00 p.m. in California. What time will it be in New York when it is midnight in 
California? The flight from California to New York takes 6 hours. If you left California at 9:00 a.m., what time would it 
be in New York when you arrived? What time would it be in California? 





WEEKLY ACTIVITIES 
SPECIAL DAYS: 5-6 DECEMBER 2006/JANUARY 2007 






a holiday celebration, how many cookies do you need? A gingerbread cookie recipe makes only 60 cookies. Would 
that yield enough cookies for your celebration? The recipe for 60 cookies calls for 2 3/4 cups of flour. If you need 
to increase the recipe in order for it to yield 7 1/2 dozen cookies, how much more flour will you need? The 
recipe for 60 cookies calls for 1/4 teaspoon of nutmeg. How much more would you need for the larger recipe? 
If 16 cookies fit on 1 baking sheet, how many sheets of cookies will you need in order to use all the batter from 
the recipe for 60 cookies? For the recipe for 7 1/2 dozen cookies? 


Gingerbread cooking. Many people bake special pastries at this time of year. If you need 7 1/2 dozen cookies for & 
. 


‘aX 
a 


Yuan or dollars? Some people celebrate Chinese New Year by attending festive acrobatic performances. 
Adult tickets to a performance cost 500 yuan (the Chinese monetary unit), and student tickets cost 400 yuan. 
The yuan’s value to the dollar changes, but assume that 90 yuan equal $1. If your family attends a Chinese acro- 
batic performance, what would be the total cost for your family in yuan? In dollars? 


Play time. Most Hmong people call Laos, Thailand, or Vietnam their cultural homeland, although their ancestral 
history can be traced to mainland China. During the Hmong New Year, which coincides with the rice harvest, Hmong 
children play a game called Forfeit. In this game, the children organize themselves into two rows facing each other 
and throw a large, soft ball back and forth. Imagine that where each child standing in the row is a dot and that you are 
connecting the dots. If a child lets the ball drop, that player has to pay a forfeit—that is, he or she loses a turn. If there 
are 2 children in each of the 2 rows, in how many different, or unique, paths could the ball be thrown? As the children 
throw the ball back and forth, along how many unique networks or paths can the ball be tossed? Along how many 
unique paths can the ball be tossed if there are 3 children in each of the 2 rows? Are you ready for a challenge? Can 
you determine the number of unique paths the ball can be thrown if there are 4 children in each of the 2 rows? Five 
children? Keep track of your strategies and solutions. What do you notice about your solutions? 


Music math. Beethoven's birthday is December 16 (he was born in 1770). If a quarter note represents 1 beat, how 
many beats would 3 sixteenth notes plus 2 eighth notes represent? How about 5 sixteenth notes minus 1 eighth note? 
Make up your own music math problems for a friend to solve. Find a piece of music and add up the value of the notes 
in each line (called a staff). 
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Fraction Action 


he “Investigations” department features chil- 

dren’s hands-on and minds-on explorations 

in mathematics and presents teachers with 
open-ended investigations to enhance mathemat- 
ics instruction. These tasks invoke problem solving 
and reasoning, require communication skills, and 
connect various mathematical concepts and prin- 
ciples. The ideas presented here have been tested in 
classroom settings. 

A mathematical investigation— 


e has multidimensional content; 

e is open ended, with several acceptable solutions; 

e is an exploration requiring a full class period or 
longer to complete; 

e is centered on a theme or event; and 

e is often embedded in a focus or driving question. 


In addition, a mathematical investigation 
involves processes that include— 


researching outside sources; 

collecting data; 

collaborating with peers; and 

using multiple strategies to reach conclusions. 


Although this department presents a scripted 
sequence and set of directions for an investiga- 
tion in this particular classroom, Principles and 
Standards for School Mathematics (NCTM 2000) 
encourages teachers and students to explore mul- 
tiple approaches and representations when engag- 
ing in mathematical activities. This investigation 
addresses the contextual and conceptual under- 
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: School, Stone Ricuenh NY 12484, She i isa member of the Nou sank State K- -8 Mentor Network. 


She also instructs in the graduate program in ¢ educational technology at Ramapo College of 
New Jersey, Mahwah, NJ 07430. Cornelis de Groot, degrootc@newpaltz. edu, is an instructor 
at State University of Nee ace NY 12561. 


Edited by Cornelis de Groot, Gearon ennai edu, State University of Now’ York, Neve Paltz, 
NY 12567. TI his section is designed for teachers who wish to give students in grades K-6 new 
f insights ‘into familiar topics. Classroom teachers may reproduce this material for use with 
their own students without requesting permission from the National Council of Teachers of : 
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standing of fractions and equivalent fractions. It 
links well with Your Better Half (Colomb and Ken- 
nedy 2005), a previous investigation focusing on 
the fraction 1/2 and using set and area models. In 
this investigation we will focus on the array model 
and use ice cube trays, egg cartons, muffin tins, and 
other readily available array shapes. 

An array is a multiplicative structure applicable 
to many concepts throughout K-12 mathematics 
and beyond, and we will make good use of arrays in 
the activities that follow. First, we will use the array 
shapes in a context of the scenario. For example, we 
will visualize an ice cube tray as a barn with pens, 
which can be occupied by farm animals such as pigs. 
But other metaphors are useful as well when children 
cannot relate to a farm context. We can also think of 
the ice cube array as a school bus with 12 seats, as a 
floor of an apartment building in which apartments 
are occupied by families, or even as a classroom in 
which children occupy seats. In this investigation, 
to assist your students in making sense of fractions, 
choose the context that they best relate to. 


Learning Goals, Rationale, 
and Pedagogical Context 


Fractions are often difficult mathematical concepts 
for children. The rules that children learn for work- 
ing with fractions seem to go against their sense 
of whole numbers. This disconnect is evident, 
for example, when children add numerators and 
denominators to arrive at the sum of two fractions 
(as in 1/2 + 1/2 = 2/4) or when they believe that 1/6 
is smaller than 2/12, because it has been “reduced” 
to smaller numbers. You can probably think of some 
other common mistakes from your own teaching. 

Many students do not see the relationship 
between the following two problems: 


Two friends had a collection of 8 toys. The first 
friend contributed 3 toys to the collection. How 
many toys did the second friend contribute? 


Two friends had a collection of toys. The first 
friend contributed 3/8 of the collection. What 
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Students drawing a floor plan of Farmer Brown’s barn in their mathematics journals 


. 
~~ 
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Photograph by Grace Moone; all rights reserved 


part of the collection did the second friend pens. As you will see, this becomes important when 
contribute? we develop understanding of equivalent fractions. 
This investigation took place during the fall in a 
The difference between the two problems is thatin fourth-grade classroom in Ulster County, New York. 
the first problem the unit is a toy and in the second 
roblem the unit is the collection of toys. In addi- 3 
och the second problem could be aaa in Objectives of the 
two ways: the collection could contain 8 toys, or Investigation 
the collection could contain a multiple of 8.In other | The students will use context to— 
words, the 8 in the denominator could point to 8 
single toys or 8 equally sized groups of toys. Inthe ¢ give meaning to a fraction as representing how 


second problem, it is not important anymore how full something is; 
many toys are within each partition as long as thee understand the denominator as the number of 
same amount is in each section. For many children, equal groups that a whole is partitioned into; 
this is not a simple concept, but it is essential for ¢ understand the numerator as the number of parti- 
success in working with fractions. tions identified; and 

This investigation will demonstrate that using a ¢ understand that in equivalent fractions the whole 
context and concrete materials may help students is repartitioned (renamed). 


develop a deeper understanding of fractions and 
their numerical representations. The context here is a 5 
barn with pens occupied by pigs. In this context, the Materials 

fraction taken as a whole symbol tells us something —_- For each student— 

about how full the barn is, the denominator tells us 

how many equal groups of pens are in the barn, and =e one ice cube tray (twelve-cube) or egg carton 
the numerator tells us how many of these groups are ¢ 12 identical objects to represent “pigs” (e.g., 
identified. Notice that we emphasize equal groups of small cubes, 6 each of two colors) 
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Students repartitioning Farmer Brown's “barn” vertically by using 


the long skewer 


as 
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Smartboard screen capture of student 
representation of 6/12 = 1/2 using a short 
skewer placed horizontally on the barn 
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e 6 bamboo skewers per ice cube tray (5 small, cut 
to the width of the tray) and 1 long (cut to the 
length of the tray) (As a safety precaution, be 
aware that skewers have one pointed end. For this 
particular investigation, the skewers were precut 
and the sharp end removed. However, other mate- 
rials, such as straws, may also work well.) 


For the teacher— 


e overhead transparencies of a 2 x 6 array and 
other arrays as needed 


e a large supply of objects to function as “pigs” 
e an overhead projector or Smartboard 


Previous Knowledge 


The students who participated in this investigation 
were comfortable with their multiplication facts 
and also had learned to see arrays as multiplicative 
structures through their work with the Math Trail- 
blazers curriculum materials in the previous grades. 
Students also had a beginning idea of fractions 
and were familiar with words such as denominator 
and numerator. They had prior experiences with 
partitioning a set of objects into equal groups and 
identifying a subset of these groups. 


Lesson 1 
Establishing the context 


To begin, we wanted to know what perceptions the 
students had about equivalent fractions. We asked 
them, “Could 1/2 be the same as 6/12?” A majority 
of the students said no and cited various rationales: 


e “Too many of the numbers are different.” 

e “1/2 means 1 out of 2.” 

e “The other has 6 in the numerator, so they can’t 
be the same.” 


One student said, “They should be the same,” but 
did not know how to justify this statement. With 
this background in mind, we set out to explore 
equivalent fractions via Farmer Brown’s barn. 

We began by exploring Farmer Brown’s barn (the 
ice cube tray) and assigning it contextual properties. 
We established the rule that there should always be 
1 pig in each pen and no pens in the barn left empty. 
Then we counted how many pens we currently had 
in the barn (12). First, we put 6 pigs (6 cubes of one 
color) in individual pens. We decided that these pens 
needed to be adjacent (because pigs like to be close 
together). These 6 pigs, we informed the students, 
would be fed regular pig food by Farmer Brown. The 
remaining 6 pigs would be fed chocolate milk. Then 
each student put 6 more pigs (6 cubes of another 
color) into the remaining pens, again making sure 
there was only | pig per pen. We asked the students 
how many pigs were being fed chocolate milk. They 
responded correctly: 6 pigs. In their mathematics 
journals, the students then drew a floor plan of the 
barn and noted that 6 pigs were on a chocolate milk 
diet (see fig. 1). They also represented this concept as 
6/12 of the pigs in the barn being on a chocolate milk 
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diet. The students had now created, according to the Cite 
pigs’ diet, 2 rows of 6 pens. 

Farmer Brown decided that he wanted to feed Students recording their observations in 
his pigs more efficiently—he was tired of having to their mathematics journals 
carry two kinds of food around throughout the barn. 
He decided to partition his barn; he would build new 
walls so that all the pens with pigs on the same diet 
would be grouped together. To help the students 
identify this partition, we gave each one a bamboo 
skewer cut to the vertical length of the ice cube tray; 
they placed these lengthwise in the middle of the 
tray (see fig. 2). Now we had two groups of 6 pens 
each, and we still had 12 pens with only | pig in each 
pen. Again, the students recorded the design in their 
mathematics journals. We counted how many groups 
of pens were in the barn now (2) and how many of 
these had pigs on the chocolate milk diet (1). There- 
fore, 1/2 of the pigs in the barn were getting the 
special diet. We counted how many pigs were still 
getting the chocolate milk diet and found that the 
number was still 6—half the pigs in the barn! 

We then challenged the students to draw a differ- 
ent floor plan of Farmer Brown’s barn that still had 2 
groups of pens. The students were encouraged to try 
various configurations, being sure to follow the barn 
rules: each pen has | pig in it, and pigs of the same 
diet are grouped together. We distributed five short 
bamboo skewers to each student. Many students 
removed the vertical divider and replaced it with a 

, horizontal divider (see fig. 3) and moved the pigs so 
that the 6 on the special diet were grouped together 
and the 6 on the regular diet were grouped together. 
Again, the students recorded the design in their 
mathematics journals (see fig. 4). We counted how 
many groups of pens were in the barn now (2) and 
how many of these pigs were getting the chocolate 
milk diet (6). Therefore, 6/12, or 1/2, of the pigs in 
the barn were getting the special diet. We counted 
how many pigs were still getting the chocolate milk 
diet and found that the number was still 6—half the Partitioning Farmer Brown’s barn into 
pigs in the barn! fourths 

The students put their designs on the Smartboard 
(see fig. 5) so that the whole class could compare 
the diagrams and see if any additional designs were 
possible under the given rules. After some work in 
small groups, the students decided that the possi- 
bilities had been exhausted. 


Photographs by Grace Moone; all rights reserved 





Smartboard screen capture of student 
representations of 1/2 





Lesson 2 


Equivalent fractions 
The next day we reviewed the previous day’s 
designs for Farmer Brown’s barn. The students 





Teaching Children Mathematics / December 2006/January 2007 269 


Photographs by Grace Moone; all rights reserved 


Smartboard screen capture of Farmer 
Brown’s barn partitioned into fourths 





A student repartitioning Farmer Brown’s 
barn into sixths 





were then told that Farmer Brown’s barn was in 
danger of flooding (our region had recently had 
heavy rain) and that he needed to move his pigs to 
the barn of his neighbor, Farmer Green. The only 
difficulty, Farmer Green informed him, was that 
her 12-pen barn already had been partitioned into 
4 groups of pens. Farmer Brown wanted to make 
sure that he could keep the pigs on the same diet 
together in groups. He sat:down to see if he could 
plan ahead for his pigs and draw a design before 
he actually moved the pigs. Working in pairs, the 
students were challenged to create any designs for 
him (see fig. 6). They recorded their designs in their 
mathematics journals. We reviewed the results to 
see how many groups of pens there were (4) and 
how many groups were getting the chocolate milk 


diet (2). We then counted how many pigs were get- 
ting the special diet and found it was still 6. So, 
even with 2 of 4 groups of pens getting the special 
diet (2/4 of the pigs in the barn), the number was 
still 6—half the pigs in the barn! (See fig. 7.) 


Lesson 3 


More fraction action 

On the third day, the students learned that Farmer. 
Brown could’ return home with his pigs but that 
he would need to reorganize his pigpens. Farmer 
Brown wondered if there were any other ways 
he could organize his pigpens, besides in twos or 
fours, and still keep the 6 pigs on the chocolate 
milk diet together. Students worked in pairs to cre- 
ate alternative designs and recorded them in their 
mathematics journals. They found they could make 
several arrangements of pairs of pens, such that 3 
pairs of pens had pigs on the chocolate diet; they 
then identified this arrangement as 3/6 of the pigs 
in the barn (see figs. 8 and 9). But the number of 
pigs getting the special diet was always 6—half the 
pigs in the barn! 

As we reviewed each diagram and compared 
them, we wrote the following fractions on the 
board: 6/12 (original design), 1/2, 2/4, and 3/6. 
When we asked the students if these fractions were 
equivalent, one exclaimed that “they had to be 
because the number of pigs on the diet had never 
changed. It was always 6 pigs, even when the num- 
ber of pens in a group changed!” 

Another student pointed out, “It was always 
1/2 of the groups of pens that were getting the 
special diet. Since that was true, the fractions 
must be equal.” A third student observed that 2, 
4, and 6 were all factors of 12. A few students 
pointed out that 3 is also a factor of 12 and won- 
dered if they could divide the barn into 3 groups 
of pens to solve the problem. When the stu- 
dents tried this, they found that they would need 
1 1/2 groups of pens for Farmer Brown, a number 
that did not fit the rules for this project. 


Beyond the Lesson 


Although this investigation focused on equivalents 
of one-half (2 diets), this method can be extended 
to equivalents of thirds (3 diets), fourths (4 diets), 
and sixths (6 diets) by using a 2 x 6 array or a3 x 4 
array. Each time, the underlying concept is that the 
total number of pigs on a given diet does not change; 
mathematically, this means that the value the equiva- 
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Smartboard screen capture of Farmer National Council of Teachers of Mathematics (NCTM). 


Principles and Standards for School Mathematics. 
Reston, VA: NCTM, 2000. 


Brown’s barn partitioned into sixths 





The authors wish to thank the fourth-grade math- 
ematicians and the principal, Jackie Sinatra, of 
Marbletown Elementary School in Stone Ridge, 
New York. & 


Too Much Work... 
Too Little Time? 








lent fractions represent is the same. Of course, you 
can find other arrays to work with using other parti- 


tions (in area department stores we found ice cube NCTM’s embers Only 


trays of 16 and 60 compartments). With each array —Wwww. 
they work with, the children will further understand ee WTS hy -nctm.org/members 


the relationship between the factors of a denomina- : : “he 
, P ha ; Being an NCTM member has its advantages. Individual 
tor and its equivalent fractions. Using denominators 


such as 12, 30, and 60 is advantageous because these members have exclusive access to a wealth of information 
have a large number of factors. online in the Members Only section of the NCTM Web 
site. And best of all, it’s free to members! 


Reflections Log on today and let us help you find the latest mathematics 
The students enjoyed working with the fractions and resources, activities, products, and professional development 
the various divisions of the barns. Because our region opportunities, including: 


had recently had significant flooding, this investiga- 


y ies 
tion posed a real-life scenario as well. We noticed PU CB orloks mete costa [olelutr BCom eTeCem Cate (od) 


that the students retained a more concrete under- thousands of articles available 

standing of equivalence of fractions (renaming), * Activities and lesson plans 

even several weeks after this lesson, as we continued ° eateries and Standards a School Mathematics 
our study of fractions. In particular, the students NEY MPa sre 


have a better grasp of maintaining equal groups as 
we work with other equivalent fractions. As a group, 
the students decided that renaming fractions was a 
helpful term to describe equivalence. We are always * And more. 
checking to be sure that the number of objects (here, : 
the pigs) does not change as we change the fractions 
by repartitioning the whole (here, the barn). The stu- 
dents are diligent about this now because they realize 
that repartitioning does not change the story! 


* ON-Math online journal 
* Member-only grants 
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Barbara O'Donnell and Ann Taylor 


A Lesson Plan as 
Professional Development? 
You've Got to Be Kidding! 


“T ... thought I didn’t need to plan anything or even 
think about it because I had the lesson/problem 
right there. I can see the difference when we did 
take the time to really think about each aspect of the 
lesson.” —Gwen, after using a four-column lesson 
plan in a lesson study 


esson planning is central to good teaching, and 

yet it is also the butt of many jokes by teachers: 

Its purpose is seen as pleasing others, such as 
university supervisors or principals. Teachers often 
find the process tedious, time consuming, or just 
another hoop to jump through. So why would we 
suggest it as a way to improve teaching? We believe 
the lesson plan format proposed in this article 
requires teachers to grapple with content, examin- 
ing it from many angles; use strategic knowledge 
to negotiate troublesome teaching situations and 
analyze student actions; and, above all, reflect on 
the teaching-learning process. 

According to Shulman (1987), teaching is a 
process of “pedagogical reasoning and action” 
that involves the need for teachers to grasp, probe, 
and comprehend an idea, to “turn it about in his or 
her mind, seeing many sides of it. Then the idea is 
shaped or tailored until it can in turn be grasped 
by students” (p. 13), but still this is not enough. 
Teachers also need to develop strategic knowledge 
(Shulman 1986) to confront troublesome, ambigu- 
ous teaching situations and build a “wisdom of 
practice” (p. 13). 

A multicolumn lesson-plan format is part of 
most lesson studies (Fernandez and Yoshida 2004; 
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Lewis 2002) and has been used by many other edu- 
cators, notably the Middle Grades Math Project, 
which evolved into the Connected Mathematics 
series (Lappan et al. 2004). The multicolumn lesson 
plan format helps teachers, professional develop- 
ers, and mathematics educators raise important 
questions about pedagogy, mathematical content 
knowledge, and students’ thinking about and learn- 
ing of mathematics. 


Teachers’ Responses to the 
Four-Column Lesson Plan 


For the past two years, as part of our research on 
using a four-column lesson plan (see fig. 1), we 
have collected data from thirty-three teachers and 
sixty preservice teachers. Teachers’ responses to 
this lesson-planning process indicate that they find 
it to be thought provoking and worthwhile, although 
they do not believe the process flows easily. They 
recommend using this format for problematic les- 
sons when “you need to think it out from different 
angles”; it helps “keep us [teachers] from straying 
away from higher level thinking in our lessons.” In 
addition, beginning teachers also benefit from using 
it to “work out all the details” in a lesson. 

Figure 2 shows a complete listing of benefits 
and concerns raised by research. Here we summa- 
rize the teachers’ comments about the benefits: 


1. Understanding the mathematics from students’ 
point of view and anticipating their responses. 
One teacher commented, “It [the four-column les- 
son plan] requires you to think in the mind of the 
student.” Another teacher noted that “the switch 
in roles allowed me to think as my students ... to 
have a more personal relationship with my stu- 
dents.” These statements correspond directly with 
Shulman’s (1987) transformation subcategory of 
adaptation and tailoring to student characteristics 
in that this lesson plan asks teachers to “fit the 
represented material to specific students in one’s 
classroom rather than students in general” (p. 17). 
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Components of the four-column lesson format with suggested planning questions for teacher reflection 




















Intervention: Anticipated 
Actions and Questions to Keep 
Task at High Level of Cognitive 
Demand 








Description of Task Portions 
with Allotted Time 


Anticipated Student Activity 
and Thinking 






Teacher Activity 





































Who is the principal partici- 

pant of each segment? 

e Do students have ample 
segments in which they are 
principal investigators? 

e Am, as the teacher, domi- 
nating the lesson by direct- 
ing most of the lesson? 

e Am |allotting enough time 

for students to understand 

and engage in the activity 


Have | worked through the 
mathematics of this problem 
myself? 

e Do the questions | ask and 
the statements | make help 
students understand the 
concepts? 

e Amusing proper terminol- 
ogy and phrasing to help 
students make the connec- 
tions needed? 


Have | anticipated students’ 
misconceptions as well as 
their understandings? 

e Have | anticipated at 
least three different ways 
students may understand 
the mathematical ideas in 

response to my directions? 


e Are my interventions 
helping students get at the 
mathematical concepts and 
connections in the problem? 

e How will my interventions 

maintain or increase the 

lesson’s high cognitive 
demand on some or all 
children? 

















within each segment? 








activity? 


Follow-Up Reflection Questions 


Why were these students off task? 


What didn’t these students understand? 


As a result, teachers felt that their lessons were 
“better developed” and that they connected more 
fully with the “deeper meaning in the lessons” and 
student learning. Many also stated that the plan 
helped them think about “maintaining higher level 
thinking.” Because they were able to see the dia- 
logue that would unfold in the lesson, they stated 
overwhelmingly that they needed to improve their 
questioning techniques by devising more “open- 
ended questions,” “allowing more think time,” and 
“not telling or leading their students.” 

This process of anticipating student responses 
was both the greatest benefit and the greatest chal- 
lenge, because anticipating what students would say 
or do—in particular, determining what questions or 
problems students might have—is not a familiar 
step for many teachers. We expected this response 
from preservice teacher candidates, because of their 
limited exposure to teaching and planning, but we 
also found that new and veteran teachers had the 
same reaction. As one teacher pointed out, “Only 


e Am |giving students too 
much information or not 
enough to engage with this 


Was | able to anticipate what my students would do and say? 

Were my interventions effective? What ideas did my students have that | did not anticipate? 
In what ways did the lesson plan help my teaching of the lesson? 

Did the quality of my interactions with students improve? 

What changes do | need to make to maintain the mathematical challenge for all my students? 


What possible mathematical misconceptions might they have to make this happen? 


What was preventing them from completing the task? 


having three years of teaching experience, I didn’t 
feel comfortable enough [in] knowing exactly 
how to question.” Even teachers with as many as 
twenty-two years of experience felt that anticipat- 
ing student questions and actions was new to them, 
“something unfamiliar” to their everyday work. 

We suggest some possible reasons for this dif- 
ficulty in anticipating student responses. First, 
teachers who use direct instruction methods and 
rely on the scope and sequence of their text typi- 
cally are focused on the lesson and their actions 
and do not necessarily think about how students 
will make sense of the lesson. Second, many 
teachers are grappling with content. They may not 
understand the connections within the discipline 
and are unable to dissect the content to anticipate 
students’ misconceptions or questions. Place value 
is one such area; although teachers instruct stu- 
dents in how to use algorithms, they do not always 
understand what they represent and why they 
work (Ma 1999). 
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Facilitators’ perceived benefits and concerns about the four-column lesson plan 


















e Requires focus on students and their learning 

e Anticipates and considers student thinking for 
a wide range of abilities 

e Raises questions about different ways of solv- 
ing a problem 

e Specifies exact language; imagines sequences 
of dialogue and how to develop dialogue 

e Links teacher pedagogical moves to student 
content ideas 

e Requires anticipating short cycles of interaction 
in which mathematics connections as well as 
main ideas are taught 

e Requires thinking through the content and 
highlighting content uncertainties 

e Dissects each teacher action, examines its ef- 
fectiveness for students, and provides interven- 
tions 

e Shifts lesson planning away from thinking of 
teaching as a sequence of activities to thinking 
of teaching as the interaction between teaching 
and learning 

e Breaks out of the false procedural-conceptual 
dichotomy; switches the conversation from the 
teacher's actions to what the teacher is doing, 
saying, and thinking in relation to what the 
student is doing, saying, and thinking 

e Can be used for any topic 

e Can be used individually or in a collaborative 

group 


If teachers have so much difficulty anticipat- 
ing student questions and actions, one might say 
that this plan is too difficult, not appropriate for 
preservice teachers. According to data collected, 
preservice teachers appreciated the level of detail 
involved, literally “everything that happens dur- 
ing a lesson ... not just how to teach it.” They felt 
their chances of teaching a successful lesson were 
improved because they were prepared with specific 
questions and had analyzed the content to antici- 
pate students’ responses. As one preservice teacher 
stated, “It [the four-column lesson plan] forces you 
to expect the unexpected.” Another acknowleged 
that, as a result of the thorough planning involved, 
“it has helped build my confidence in math.” 


2. Planning for misconceptions and problems, which 
leads to extending mathematical thinking. Another 
benefit that many teachers identified was that they 
were able to extend the lesson into more complex 
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e May be perceived as irrelevant by preservice 
or novice teachers 

e Nota natural action for new teachers in “the 
fantasy stage” of teaching 

e Challenging to do, requiring thought and per- 
sistence | 

e Nota regular part of experienced teachers’ 
habits; they are not used to thinking about 
teaching in such detail (teacher culture mili- 
tates against such thought) 

e May not know content well enough to antici- 
pate how the task will unfold 

e Lack of experience in asking critical questions 
and formulating ones that are other than pro- 
cedural 

e Overuse of textbooks, indicating that teach- 
ing has become a process of managing and 
distributing worksheets 

e May require word processing skills to achieve 

layout 

































mathematical ideas. Specifically, their prediction 
of students’ misconceptions and their planning for 
how to respond led to modification and adaptations. 
One teacher stated, “I began to brainstorm ideas of 
how to extend the lesson.... I realized many other 
things I could be doing to extend the activity.” This 
lesson plan requirement supports Shulman’s (1987) 
statement that effective teachers comprehend “how 
a given idea relates to other ideas within the same 
subject area and to ideas in other subjects” (p. 14). 
In this same vein, other teachers remarked that the 
detailed planning involved in this lesson helped 
address classroom management problems, because 
the teacher anticipated problem areas in the lesson. 


implementing the 
Four-Column Lesson Plan 


If possible, find a colleague or two who are inter- 
ested in improving their teaching and invite them to 
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read this article. Decide how much time you want 
to use to try this process. Teachers we work with 
soon find that the process is so meaningful that they 
want to spend three to four hours planning just one 
lesson. Remember: You are completely in charge, 
so you can spend as much or as little time as you 
want on the process. Start with a one-hour block 
or arrange several shorter sessions. Check to see if 
your administrator will support this as professional 
development time. 

In preparation, identify one lesson that was par- 
ticularly difficult for you or your students. Do not be 
tempted to think of this as a “rewriting” of a block of 
curriculum. Remember that the purpose is intensive 
planning of one lesson. Now go through the follow- 
ing four-step process. Do not worry if you do not 
complete each step; often you will want to move on 
to another segment of planning and then cycle back 
through an earlier step in light of new insights. 


Step 1: Description of task 

portions with allotted time 

Divide the lesson into its natural segments and add 

the expected time commitment for each segment 

of the lesson. For example, the lesson might begin 

with a segment in which the teacher introduces a 

task or problem and invites the students individu- 

ally to construct their own ideas about the problem. 

A new segment could begin with the students talk- 

,ing in groups, sharing the ideas they just formulated 

about the problem. As activities change, add new 

rows to the lesson plan along with approximate 

times for each segment. Add these new rows under 

column | with the approximate time. 
Questions for reflection would include these: 

e Who is the principal participant of each seg- 
ment? 

e Do students have ample segments in which they 
are principal investigators? 

e Am I, as the teacher, dominating the lesson by 
directing most of the lesson? 

e Am I allotting enough time for students to 
understand and engage in the activity within 
each segment? 


Step 2: Teacher activity 

Start writing out exactly what you will say to stu- 
dents at each stage of the lesson. Record the exact 
wording in column 2: “Teacher activity.” To do 
this, you will need to understand the deeper con- 
cepts embedded in the lesson. Formulate probing, 
thought-provoking questions that promote higher- 
order thinking, and be prepared with follow-up 


questions you can ask to help students unpack the 
mathematics in the lesson. Enjoy dissecting and 
investigating the lesson concepts and sequence and 
content yourself with gaining a deeper understand- 
ing of the concepts embedded in the lesson. 

Example: One teacher was attempting to use 
the four-column lesson plan for a problem-solving 
activity that involved a task commonly known as 
the Locker problem. In the problem, students open 
and close 100 lockers on the basis of a sequence of 
multiples. This teacher realized that to complete 
column 2 in the lesson plan, she had to thoroughly 
solve the problem and work through it step by step. 
By planning exactly what she intended to say, she 
was able to see the reasoning behind why some 
lockers remained open and others were closed. 

Do not be surprised if you need to think and 
research the mathematical ideas—this is part of the 
process. You may find yourself reading past issues 
of Teaching Children Mathematics or sections of 
books such as Chapin and Johnson’s Math Matters: 
Understanding the Math You Teach, Grades K-6 


(2000) or doing research on the Internet. 


Questions for reflection would include these: 

e Have I worked through the mathematics of this 
problem myself? 

e Do the questions I ask and the statements I make 
help students understand the concepts? 

e Am using proper terminology and phrasing to 
help students make the connections needed? 

e Am I giving students too much information or 
not enough to engage with this activity? 


Step 3: Anticipated student 
activity and thinking 

So far, so good. Now comes the challenging part: 
Try to anticipate what students will think and do 
in response to your actions and statements. Draw 
on your past experience in teaching this topic. Just 
as Shulman (1986, 1987) suggests, you are delving 
into your “wisdom of practice.” Ask colleagues 
what they believe students’ mathematical responses 
will be. You may do more research here if you like. 
Completing this column is difficult, so just do your 
best and make a note to pay particular attention dur- 
ing the lesson to see if you can identify new and dif- 
ferent ways students understand the mathematics. 
Add these ideas to column 3. (After teaching the 
lesson, you may find it helpful to revisit this section 
and incorporate questions that the students raised 
during the lesson. Doing so wiil help you begin to 
build your own collection of valuable classroom- 
tested resources.) 
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A portion of a four-column lesson plan developed by an in-service teacher 


This in-service teacher introduced the problem this way: “How many of you have ever had a lemonade stand at a garage sale or ball 
game? Today, we are going to see what Maria and Chuck did with their lemonade stand. Let's read the problem together.” The teacher 
and students read the following problem together. 


Maria and Chuck have set up a lemonade stand at the local Little League Park. Their parents have given them all the ingredients and 
supplies. They are going to sell each glass of lemonade for 25¢. How much money will Maria and Chuck make if they sell 100 glasses of 
lemonade? 250 glasses? How many glasses must they sell to make $100? What pattern can you discover in the sales data? 


After answering any questions, the in-service teacher sets the students to work individually, first to think through the problem and then 
to try different strategies. Here is the next segment of her lesson. 


Description of 
Task Portions with 
Allotted Time 


Individual work 
time (5 minutes) 


Teacher Activity 


| begin with having the 
students work inde- 
pendently to formulate 
ideas about how to 
start the task with 
these directions: 


“Please record your 
attempts in your math 
notebook, and when 
something occurs to 
you, write down what 
you are thinking.” 


Anticipated Student Activity 
and Thinking 


Some students may make a table to 
develop the pattern. 


They may fill in every line of the table, 
showing sales for 1 glass all the way to 
100 glasses. 


Some students will begin multiplying 100 
glasses of lemonade and the cost of 25¢ 
per glass (100 x 0.25). 


Other students may look at the table and 
see the pattern that for every ten glasses 
of lemonade, the sales amount increases 
by $2.50. 


Other students may try the last question 
first. They would divide $100 by the cost 
per glass to get the answer. This divi- 

sion problem may be a stumbling block 


Intervention: Anticipated Actions and 
Questions to Keep Task at High Level of 
Cognitive Demand 


| will look at the table and how the 
students are calculating the data. | may 
prompt, “| see that you are completing 
the table line by line. Is there a way you 
might fill the table faster with larger incre- 
ments?” 


| will look at their algorithm and ask 
them, “Why did you choose to multiply?” 
or “Why did you choose to use those 
numbers?” 


| will ask them to explain by using the fol- 
lowing questions: “What pattern do you 
see?” “What number would come next in 
the table?” 


| may prompt, “Is there another way to 
solve this problem without using divi- 
sion?” 


because of the decimal point. © 





Note: Other sections—strategy sharing with the whole group, group work time, discussion, and conclusion—followed the portion of the 
lesson depicted in this sample. 
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Example: In the Fencing task, students are asked 
to build a rectangular rabbit pen that allows the 
most space when using 24 feet of fencing (Stein et 
al. 2000). Many students’ thinking while solving 
this problem is faulty. One error in student thinking 
that should be listed in column 3 is that students 
may confuse perimeter with area and construct a 
fence surrounding an area of 24 square feet. 

Questions for reflection would include these: 

e Have I anticipated students’ misconceptions as 
well as their understandings? 

e Have I anticipated at least three different ways 
students may understand the mathematical ideas 
in response to my directions? 


Step 4: Intervention: 
Anticipated actions and 
questions to keep task at high 
level of cognitive demand 
Misconceptions are part of student learning, and 
if the lesson is going well, these misconceptions 
will begin to surface. Effective teachers think 
about student errors but seldom record these in 
detail in a lesson plan. Think about how you 
will respond to each of the anticipated student 
responses recorded in step 3. Start first with the 
most significant ones, those that relate to the key 
mathematical ideas, and prepare your specific 
questions and activities to engage the students 
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in rethinking their misconceptions. Add your 

responses to column 4. 

Example: Let’s return to the Locker problem. 
As students work through the problem by using 
concrete objects and by constructing charts, they 
often jump to conclusions about the patterns they 
are recording. They see a pattern of open lockers 
that increases by 2 between each closed locker. 
They can then solve for the number of closed lock- 
ers fewer than 100, but they still may not realize 
why the lockers are closed. The teacher needs to 
redirect their reasoning by asking such questions 
as, “Why are these particular lockers closed?” 
“How many people touched the open lockers?” 
“How many people touched the closed lockers?” 
“What makes the closed lockers different from the 
open ones?” 

Such interventions are easily omitted yet are 
a crucial part of planning. Research presented 
by Stein et al. (2000) illustrates that preparing a 
challenging task or lesson is not enough. How the 
teacher and the students allow the task to be imple- 
mented determines the amount and type of student 
learning. 

Questions for reflection would include these: 

e Are my interventions helping students get at the 
mathematical concepts and connections in the 
problem? 

e How will my interventions maintain or increase 

, the lesson’s high cognitive demand on some or 
all children? 


See figure 3 for an example of one portion of a 
four-column lesson plan created by an in-service 
teacher. 


Step 5: Go teach it! 

Now that your planning is complete, it is time to 

go teach your four-column lesson plan! Remem- 

ber that the purpose of this planning process is to 

help you dig deeper into the complex activities 

you engage in daily and to support your deeper 

understanding of how your students learn math- 

ematics. Questions you can ask yourself would 

include these: 

e Was | able to anticipate what my students would 
do and say? 

e Were my interventions effective? What ideas did 
my students have that I did not anticipate? 

e In what ways did the lesson plan help my teach- 
ing of the lesson? 

e Did the quality of my interactions with students 
improve? 


e What changes do I need to make to maintain the 
mathematical challenge for all my students? 


If you find yourself commenting on classroom 
management issues, such as “Groups were tempted 
to get out of control and off task by talking to 
students in other groups,” try asking the following 
questions to examine how the mathematical ideas 
may be linked to behavior issues: 

e Why were these students off task? 

e What possible mathematical misconceptions 
might they have that caused this to happen? 

e What did these students not understand? 

e What was preventing them from completing the 
task? 


In short, reflect on what happened, revise your plan, 


add what you did not anticipate, change what did 
not work, and use your plan again. 


How You Can 


‘Use This Process 


1. On your own—This lesson-planning process 
benefits both preservice teacher candidates and 
in-service teachers. Although it cannot be used 
for every lesson you teach, it is a good analyti- 
cal process for problematic or important lessons. 
One teacher used the plan for her yearly lesson 
evaluation and received rave reviews from her 
principal for her questioning techniques. She 
attributed her success to the detailed questions 
she prepared and her anticipation of student 
responses. 

2. With colleagues—Working with a small 
group of teachers who can help analyze the les- 
son and suggest interventions is very effective. 
Many teachers around the country are forming 
lesson-study groups to analyze and improve their 
own teaching. This lesson plan provides a tool for 
discussion of content, student thinking, student 
misconceptions, possible interventions, and criti- 
cal questioning. 

3. At a professional development workshop— 
This process works well in a half-day format. If 
a number of groups are involved, follow-up ses- 
sions can be scheduled to discuss the results of 
the lessons. 

4. In graduate or undergraduate courses—We 
try to plant the seed of always considering three 
things: the content, how students think about the 
content, and how to respond to misconceptions 
about the key ideas. The process helps preser- 
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vice teachers develop their critical questioning 
techniques and focus squarely on how students 
learn. 

Why does producing a detailed lesson plan feel 
so satisfying to teachers? Teachers often report 
that they are not allowed time for such in-depth 
planning. They are often on their own in their 
classrooms and responsible for their own encour- 
agement and professional development. We believe 
this lesson plan provides those teachers who want to 
change their practice the capability to do so, alone 
or in groups. This planning process requires that 
teachers focus on teacher-student interaction, not 
just lesson activities; grapple with the mathemati- 
cal content of the lesson and how students think 
and act on it; formulate questions that facilitate 
conceptual learning over procedural understanding; 
develop critical thinking skills, such as question- 
ing; and reflect on the entire process. Thus, the 
time invested in the four-column lesson plan results 
in real benefits to teachers and their students. Put 
simply, teachers feel that they are developing as 
professionals and doing what they think teaching 
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is all about. As Shulman (1987) has articulated, 
they are engaging in “pedagogical reasoning and 
action,” and the ensuing “new comprehensions” are 
very satisfying (p. 13). 


Final Remarks 


The format proposed in this article is consistent 
with the work of Shulman (1987) as presented in 
his model of pedagogical reasoning and action. 
The lesson plan causes teachers to think about the 
interactions taking place during the act of teaching 
instead of merely focusing on directing a sequence 
of activities. As Shulman’s model proposes, teach- 
ers work through the cycles of comprehension, 
transformation, and instruction when preparing this 
lesson plan. But while teachers such as Gwen are 
experiencing the benefits of working with others in 
lesson studies (Lewis 2002; Takahashi and Yoshida 
2004), not all teachers can find the time or the col- 
leagues to engage in a full lesson study. We have 
found that teachers working alone find great benefit 
from the thinking that is required from planning a 
single lesson using the four-column lesson plan. 
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_ Yong S. Colen 


A Call for Early Intervention 
for Mathematically Gifted 
Elementary Students: 

A Russian Model 


News Bulletin, Cathy Seeley, president of the 

National Council of Teachers of Mathematics at 
that time, affirmed that “‘students deserve, and soci- 
ety demands, that we also support and advance our 
most able students” (p. 3). This article supports her 
call by examining U.S. gifted programs for elemen- 
tary students, the needs of mathematically talented 
students, and an advanced Russian mathematics 
lesson that demonstrates what is possible when 
precocious elementary students are provided an 
opportunity to think critically. For mathematically 
gifted elementary students to achieve a higher plane 
of mathematical learning, the education community 
needs to foster their ability much earlier than at 
the secondary school level, as is traditional; rather, 
elementary schools should be created specifically 
for these students. 


. n the July-August 2005 issue of the NCTM 


Elementary Mathematics 
Education for Gifted 
Students in the U.S. 


The Hoagies’ Gifted Education Page Web site, a 
comprehensive list of schools for the gifted in the 
United States, names sixty-two public, private, 
and magnet schools for gifted elementary school 
students (2006). Many of these American. schools 
specialize in certain areas, such as art and music, 
or emphasize a group of specific subjects, such as 
mathematics, science, and technology, as opposed 
to focusing exclusively on one subject. 

Several types of mathematics curricula, varying 
from online courses to magnet schools, are offered 


to gifted second graders throughout the United 
States. Distance education programs are one type. 
For example, Stanford University’s Education Pro- 
gram for Gifted Youth (EPGY) is an accelerated 
K-2 course designed to introduce students to the 
number system and fundamental arithmetic con- 
cepts. Students in this program submit their work 
electronically to instructors for review; if a student 
needs a tutorial with the material, instructors are 
available by telephone or e-mail (EPGY 2006). 
Similarly, the Johns Hopkins University Center for 
Talented Youth (CTY) program provides challeng- 
ing mathematics lessons to gifted students begin- 
ning with second graders. In this online program, 
children work with instructors via e-mail and also 
work in discussion rooms with other CTY distance 
learners (CTY 2006). Both EPGY and CTY are 
individually paced for students and often make use 
of interactive CD-ROMs and videos. 

Several magnet schools with a combined empha- 
sis on mathematics, science, and technology cater 
directly to early elementary students who show 
high aptitude in mathematics. Andrew A. Robinson 
Elementary School in Jacksonville, Florida, is a 
K-5 magnet school with a focus on mathematics, 
science, and pre-engineering. The school has a 
reported enrollment of approximately 500 students 
and provides a strong mathematics curriculum 
(Duval County Public Schools 2006). Casita 
Center, a magnet school in Vista, California, also 
provides a strong focus on mathematics, science, 
and technology to its students in grades K—5. Its 
mathematics curriculum centers entirely on hands- 
on discoveries and applications in real-life situa- 
tions (Casita Center 2006). And at Osceola Magnet 
School of Mathematics and Science, a K-5 school 


Yong S. Colen, yscolen@iup.edu, teaches at Indiana University of Pennsylva- 
nia, Indiana, PA 15705. He is interested in developing challenging, gifted cur- 
ricula for mathematically talented children and exploring ways to incorporate 
technology and the history of mathematics into mathematics education. 


in Vero, Florida, second-grade students carry out 
hands-on mathematical investigations that require 
the development and use of higher-level thinking 
skills. In addition, students have an opportunity to 
participate in an after-school enrichment program 
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A typical classroom in School 30 in 
St. Petersburg, Russia 








Photograph by Yong S. Colen; all rights reserved 


called Sunshine Math (Osceola Magnet School of 
Mathematics and Science 2006). 

Although these magnet schools provide chal- 
lenging curricula, they do not focus specifically on 
a single subject, such as mathematics. Furthermore, 
these schools represent exceptions to the prevailing 
practice of acceleration or enrichment within U.S. 
elementary schools. The State of the States survey, 
conducted in 2001 by the Council of State Direc- 
tors of Programs for the Gifted (CSDPG) and the 
National Association for Gifted Children (NAGP), 
reported that when the states were asked about their 
top three services for their K—3 gifted students, only 
,two states named specialized magnet schools. How- 
ever, at the high school level, sixteen states reported 
having mathematics and science schools for their 
gifted students (CSDPG and NAGC 2003). 


What Experts Suggest 


According to Gavin (2003), students who are 
highly gifted in mathematics do need a separate 
mathematics program, but they also need the oppor- 
tunity to engage in mathematical discourse and to 
meet regularly with their teacher in small groups. 
Flexible grouping and flexible pacing are other 
important factors of gifted mathematics education 
(Gavin 2003). In addition, gifted students are more 
challenged by an open-ended approach and when 
the teacher is viewed as someone who assists and 
encourages yet does not lecture (Ediger 1994). 

The distance education programs offered in the 
United States follow the teacher-learner model 
more closely than recommended by Ediger (1994). 
According to Johnson (1994), a curriculum for 
mathematically talented students should encompass 
six key elements: having a large scope of content, 


presenting that content in greater depth, presenting 
the content with a discovery orientation that allows 
for exploration, focusing on problem solving, using 
a metacognitive approach, and connecting math- 
ematics to other disciplines. 

Assouline and Lupkowski-Shoplik (2003) sug- 
gest that U.S. public schools may accelerate gifted 
students in mathematics so that they have access to 
fast-paced materials, but this approach still does not 
meet all requirements for an adequate mathematics 
curriculum for these students. In fact, accelerated 
students in public schools could face many disad- 
vantages, such as the possibility of teaching that is 
too slowly paced, the presentation of too little new 
content, and the likelihood of “running out of math” 
before they graduate from high school (Assouline 
and Lupkowski-Shoplik 2003). Likewise, U.S. 
students enrolled in schools for the gifted may face 
the same problems as public school students if the 
curriculum does not cater to their mathematical 
talents. 


Elementary Mathematics 


Education for Gifted 
Students in Russia 


In the late 1950s, a group of Russian mathemati- 
cians and scientists signed an open letter advocat- 
ing specialized schools for Russian children gifted 
in mathematics and science. As a result, several 
boarding schools and day schools opened, each 
partnering with a respective Russian university 
(Donoghue, Karp, and Vogeli 2000). One mission 
of these schools was to prepare the world’s future 
scientific leaders and, thus, advance Russian inter- 
ests. These specialized schools catered to gifted 
children ages seven to eleven (formal education 
in Russia does not begin until a child reaches age 
seven or older) and thrived. Three-fourths of Rus- 
sian mathematicians today are graduates of these 
schools. However, government-imposed sanctions 
on these schools in the 1980s caused them to 
decline. Today, many Russian schools for the gifted 
receive valuable funding from their graduates that 
enables them to continue their other mission: to 
provide specialized education opportunities (Dono- 
ghue, Karp, and Vogeli 2000). 

Russian schools for the mathematically gifted 
are filled not with prodigies but with children who 
have a higher-than-average interest and ability 
in mathematics. Typically, to enroll in a special- 
ized school, prospective students must undergo a 
rigorous, two-part application process. First, any 
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Russian students study circuit diagram to 
identify possible solution paths. 
‘ay: 








A diagram of Hamiltonian circuits used 
by Russian students in a problem-solving 
activity 





Tree diagram depicting the various paths 
of circuits that the students identified 





age-appropriate child who wishes to participate in 
the program is permitted to take a qualifying exam. 
Those who do well on the exam proceed to the 
second phase—the pre-entrance interview session 
in which prospective students are closely observed. 
Usually, only 30 to 50 percent of the interviewed 
applicants are selected. 

The following description of a mathematics 
lesson at a Russian school for the mathematically 
gifted provides a window into the rigor of the cur- 
riculum. 


A Visit to School 30 


In November 2000, twelve graduate students in 
the mathematics education program at Teach- 
ers College of Columbia University participated 
in a study trip to Russia. Our primary objective 
was to analyze School 30, an elementary school 
for advanced mathematics located in St. Peters- 
burg. To gain a better understanding of Russian 
mathematics education, we also met with policy 
makers, including the president of the University 
of the Pedagogical Mastery and the chief officer 
of the Ministry of Education, who is responsible 
for mathematics teaching. The following is an 
account of our visit. + 

On the group’s entrance into the classroom, 
the students, dressed neatly in uniforms, stood 
up promptly, turned around, and bowed slightly 
to recognize our presence. St. Petersburg is very 
cold in November, and all of us kept our coats on 
throughout the visit, even inside the school build- 
ing. The classroom was arranged in rows of desks 
so that pairs of students could sit together (see fig. 
1). The large windows let in lots of natural light, 
thus helping conserve energy. The only black- 
board, located in front of the class, had additional 
lights—this way the teacher could turn on the 
blackboard lights in the afternoon to “highlight” 
the lesson. 

The teacher began the lesson by displaying 
on the left of the blackboard a diagram of Ham- 
iltonian circuits (see fig. 2). This diagram (fig. 3) 
contains five colored vertices (labeled 44, 4, 3, 
6, 8), and the ten edges represent the four opera- 
tions (+, -, *, :). (In Russia, the symbols - and : 
are used to represent multiplication and division, 
respectively.) 

The teacher began at vertex 44 (hence the arrow) 
and demonstrated a circuit that connected, in order, 
vertices 4, 3, 8, 6 and back to 44. This, in essence, 
represents a Hamiltonian circuit—that is, ‘“‘a tour ... 
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that starts at a vertex of a graph and visits each vertex 
once and only once, returning to where it started” 
(Consortium for Mathematics and Its Applications 
2003, p. 33). She asked the students to write an arith- 
metic expression that represents this circuit. Second, 
she asked them to simplify the expression by apply- 
ing the operations “in order of appearance.” 

After giving the students time for individual 
work, the teacher called on one student to share his 
work. He wrote on the board: 44+4 :3+8-6+ 
44, Several students quickly raised their hands, yet 
the teacher seemed to ponder deliberately. Eventu- 
ally, she called on a student who exclaimed, ““There 
is a need to group 44 and 4 since the omission of 
this would lead to the traditional order of opera- 
tions.” At this point the first student paused before 
revising the expression to (44+ 4):3+8-6+44 
and correctly writing the answer 62. 

The teacher then guided the students to represent 
the circuit in an alternative way. She started with a 
red bead (representing vertex 44) and asked them 
what color should follow next (see fig. 4). Concur- 
ring with the students’ input, she put the blue bead 
on the second level. She then asked for the remain- 
ing colors to represent the circuit, and the students 
responded, “Green, yellow, orange, and red” (G-Y- 
O-R). (Notice that the original circuit has become 
the leftmost R-B-G-Y-O-R path of the tree diagram 
shown in fig. 4.) 

While still focused on the tree diagram, the 
teacher asked for another possible path starting 
with the red-blue-green sequence. The students 
answered, “Orange, yellow, and red,” thus complet- 
ing the R-B-G-O-Y-R path. The teacher repeated 
the previous instruction for formulating and sim- 
plifying the expression of the path. At this point the 
students turned to the first diagram to collect the 
needed information. After about a minute, another 
volunteer wrote on the board: (44+ 4):3-6-8- 
44 = 44, 

When directed to formulate and simplify the rest 
of the circuits, the students first completed the tree 
diagram. After working on the remaining expres- 
sions, four students wrote the following solutions 
on the board: 

(44+4-6):3+8-44=90 

[R-B-O-G-Y-R path] 

444+4-6-8+3+44=81 

[R-B-O-Y-G-R path] 

(44+ 4) : 8+3):6+44=98 

[R-B-Y-G-O-R path] 

((44+4):8-6):3+44=44 

[R-B-Y-O-G-R path] 


Our entire study group felt that this teacher at 
School 30 had presented a creative, cohesive lesson 
that incorporated the concepts of the Hamiltonian 
circuit and the tree diagram and encouraged formu- 
lating and simplifying complex arithmetic expres- 
sions. The lesson was initially challenging because 
of the unorthodox direction in which the students 
had to simplify the expressions—that is, “in order 
of appearance.” 


What Can We Learn? 


Unfortunately, a vast majority of mathematically 
gifted elementary students in the United States 
are not challenged to their full potential. Much 
progress has been made in developing curricula for 
K-2 gifted students, yet not much of the curricula is 
being implemented in distance education courses, 
day programs, and magnet schools (Ediger 1994). 

Tondeur (2005), the former director of the 
division of mathematical sciences of the National 
Science Foundation, strongly believes that “many 
mathematics and science education innovations are 
not tested in pilot programs for future widespread 
implementation in our faltering public schools... 
We are not investing enough in people.” Further- 
more, James Bryant Conant, former president of 
Harvard University and a philosopher of education, 
noted some years ago in The Child, the Parent, and 
the State (Parini 2005): 


Some teachers and administrators object at once 
to any line of argument which starts with such 
phrases as “the nation needs today.” Their atten- 
tion has been centered so long on the unfolding 
of the individuality of each child that they auto- 
matically resist any idea that a new national con- 
cern might be an important factor in planning a 
program. (p. 144) 


As a former teacher, I call for early intervention 
on behalf of our mathematically gifted students and 
the establishment of statewide elementary schools 
for advanced mathematical learning. Enrichment 
programs, acceleration into higher levels, online 
resources, and summer programs for gifted students 
do not meet their needs (Assouline and Lupkowski- 
Shoplik 2003; Ediger 1994; Gavin 2003). Our 
communities, educators, and policymakers need 
to support the concept of schools such as Russia’s 
School 30, where mathematically gifted students, 
regardless of their sex, socioeconomic status, or 
race, can thrive. 
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Books 


For Teachers 


Developing Math Talent: A Guide for Educating 
Gifted and Advanced Learners in Math, Susan 
Assouline and Ann Lupkowski-Shoplik, 2005. xxv 
+ 387 pp., $27.95 paper. ISBN 1-59363-159-6. Pru- 
frock Press; (800) 998-2208; www.prufrock.com. 


The authors, Susan Assouline and Ann Lupkowski- 
Shoplik, began their journey together as post- 
doctoral fellows studying gifted education under 
the direction of Julien C. Stanley, founder of the 
Pear aay Center for Talented Youth at 
the Johns Hopkins University. 
During their research, they 
discovered that most educators 
are not adequately trained to 
teach mathematically gifted 
students; any such training is 
usually on the job. This book 
evolved as a way to provide 
educators and parents with the 
resources necessary to advo- 
cate, identify, and teach stu- 
dents who are gifted and talented in mathematics. 

The book is well organized and easy to read. It 
consists of nine chapters on topics ranging from 
myths about mathematically talented students to 
educational assessment, talent searches, program- 
ming, curricula, and case studies. Each chapter 
is replete with tables and figures that support the 
authors’ research in this field. For example, one 
myth they dispel is that “mathematically talented 
students are computational whizzes.” The authors 
cite research showing that “many mathematically 
talented students have an excellent understand- 
ing of advanced mathematical concepts while 
simultaneously having relatively less-developed 
computational skills’—a fact that teachers need 
to be aware of. The student who can rush through 
timed mathematics tests accurately is not neces- 
sarily gifted, although in the past this is how some 
students have been identified as gifted. One of the 
book’s strengths is the inclusion of case studies, 
which demonstrate application of the book’s mate- 
rial in a real-world context. 

This book would be a wonderful resource for 
any teacher who needs to provide differentiated 
instruction for gifted students or for any parent who 
needs to be an advocate for his or her child. Another 
one of the book’s strengths is that it is written in a 
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reader-friendly fashion, so busy teachers will find it 
more of a handbook than a textbook. For example, 
if a teacher is looking for an assessment for a new 
child, the educational assessment chapter has a 
summary of the many tests that may be used to 
identify mathematically talented youth. This book 
certainly has a place on the professional develop- 
ment shelf.—Sue Vohrer, teacher, Baltimore County 
Public Schools, Towson, MD 21204-3711. 


Math Education for Gifted Students, Susan 
K. Johnsen and James Kendrick, eds., 2005. 160 
pp., $19.95 paper. ISBN 1-59363-166-9. Prufrock 
Press; (800) 998-2208; www.prufrock.com. 


A collection of articles from the journal Gifted Child 
Today on teaching mathematically gifted students, 
this book begins with an informative overview 
that enumerates characteristics of mathematically 
talented students, qualities of effective teachers of 
such students, and attributes of mathematical tasks 
appropriate for mathematically talented students. 

' The second section focuses on differentiat- 
ing mathematics for gifted students. The authors 
believe that the regular curriculum is often insuf- 
ficient in depth, breadth, and pace to meet the needs 
of the gifted child. Therefore, consistent use of a 
variety of instructional 
approaches to modify 
content, process, or 
product in response to 
the learning readiness 
and interest of academ- 
ically diverse students 
is necessary. One such 
instructional strategy 
is tiered lessons, the 
“meat and potatoes” of 
differentiated instruc- 
tion. A tiered lesson 
addresses a particular mathematics topic but allows 
several pathways for students to arrive at an under- 
standing of these components according to their 
interest, readiness, or learning profiles. Because 
differentiating instruction is often easier said than 
done, the clear directions for planning these lessons 
and the several examples of tiered lessons were 
very helpful to me. The final section gives specific 
strategies for both organizing a gifted program 
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REVIEWING AND VIEWING 


and teaching mathematically gifted students in the 
regular classroom or specific settings. 

Some articles focus on middle and high school 
and may not be of interest to elementary school 
teachers. However, this book will be a valuable 
addition to the library of mathematics coaches, 
supervisors, and teachers interested in working 
with mathematically gifted students.—Angela 
Giglio Andrews, assistant professor of mathemat- 
ics education, National Louis University, Lisle, IL 
60532. 


Now I Get It: Strategies for Building Confident 
and Competent Mathematicians, K-6, Susan 
O’Connell, 2005. xix + 119 pp. + CD, $23.50 
paper. ISBN 0-325-00766-7. Heinemann; (800) 
225-5800; www.heinemann.com. 


The title of Susan O’Connell’s new book clearly 
reveals her own teaching philosophy. What may 
not be immediately obvious is the way that her 
work, focused on the “art” of teaching mathemat- 
ics to diverse groups of children, is about building 
confident and competent mathematics teachers as 
well. Opening with an introduction that acknowl- 
edges the challenges of overcoming our own 
“misinformed beliefs” about teaching and learning 
mathematics and the negative feelings that parents 
and other adults sometimes have about their math- 
ematics experiences, O’Connell lays a foundation 
for her premise that improving teacher skills has 
greater potential for lasting improvement in math- 
ematics instruction than any textbook adoption ever 
could. 

Now I Get It is like shadowing a master teacher 
for a year and being privy to all her thoughts 
- - and observations 
about students and 
their work. Each 
of the eleven chap- 
ters includes guid- 
ing questions for 
the reader, samples 
of strategies and 
student work, and 
pictures (taken by 
O’Connell) of real 
kids doing math- 
ematics. Through- 
out each chapter are light bulb—shaped “Classroom 
Ideas,” call-outs with suggestions that can be 
implemented in the classroom tomorrow. Another 
icon that cues the reader is a CD that prompts the 
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reader to check the accompanying disk for more 
ideas, organizers, and templates included as easy- 
to-print files, just as if you had inherited a master 
teacher’s best lessons! 

Whether you read this book from cover to 
cover or use it in a mathematics methods course, 
mentoring relationship, or study group or just as a 
reference to center yourself in the belief that stra- 
tegic instruction develops confident and competent 
mathematicians, this book should be on your “to 
buy” list.—Kari Augustine, Cottage Grove School, 
Cottage Grove, WI 53527. 


Young Children Learn Measurement and 
Geometry, 2005. 356 pp., $26.00 paper. ISBN 
90-74684-25-4. Freudenthal Institute; (030) 263- 
5555; www.fi.uu.nl. 


Teaching-learning trajectories for measurement 
and geometry for grade K (levels 1 and 2), grade 1, 
and grade 2 are the focus of this book. Within each 
section, the first chapter describes the domain while 
the next two chapters focus on activities and in- 
depth lessons (including video clips on CD-ROM) 
for specific concepts. A final chapter focuses on the 
project’s Building with Blocks computer program. 
The writers’ intent is to “stimulate classroom prac- 
tice and inspire teachers to didactical efforts on a 
high level.” They aim to help practicing elemen- 
tary school teachers 
understand crucial ge, Youn CHILDREN LEARN 
learning steps (“inter- 
mediate attainment 
targets”) and ways in 
which teaching can 
contribute to reaching 
these targets (“teach- 
ing frameworks”). 

The strengths of 
the lessons presented 
here are many. They connect well with the chil- 
dren’s world by using stories, children’s literature, 
and correspondence with fictional characters (e.g., 
the Little Sailor). They frame measurement (e.g., 
comparing and ordering, pacing off, and reading 
off) and geometry (e.g., orienting, constructing, and 
operating on shapes) to optimize active and creative 
participation. Outdoor lessons such as investigating 
shadows in the school yard, playful lessons such as 
using puddles and spoons for mirrors, and concep- 
tual lessons such as making “‘cups-measuring-jugs” 
are inspirational. 

I recommend this book for practicing and pre- 
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service teachers for grades pre-K-3, especially 
for teaching geometry and measurement. Teacher 
educators could readily incorporate this resource 
(both text and CD-ROM) into mathematics educa- 
tion courses.—Ann Anderson, University of British 
Columbia, Vancouver, BC V6T 1Z4. 


Et Cetera 


From Other Publishers 


Activities for Advanced Learning Series: Camp 
Fraction! Solving Exciting Word Problems Using 
Fractions, Grades 4—6, Heidi Lang and Lisa Allan, 
2005. 50 pp., $11.95 paper. ISBN 1-59363-029-8. 
Math Problem Solvers: Using Word Problems to 
Enhance Mathematical Problem Solving Skills, 
Grades 2-3, Colleen Kessler, 2005. 46 pp., $11.95 
paper. ISBN 1-59363-026-3. Puzzled by Math! 
Using Puzzles to Teach Math Skills, Grades 3-7, 
Trish Caldwell-Landsittel, 2005. 60 pp., $11.95 
paper. ISBN 1-59363-028-X. Prufrock Press; (800) 
998-2208; www.prufrock.com. 


Under the guise of letters from and to campers, 
Camp Fraction! presents fun and interesting “Did 
you know?” statistics and provides students with 
real-world uses of fractions. These activities can 
be used as an extension activity for students who 
are comfortable with fraction concepts. The book 
addresses fraction concepts appropriate for grades 
4-6. I had to look carefully through the problems 
on each activity sheet, as each sheet includes a mix 
of problems with no specific grade indicators. My 
fourth graders could understand the fraction con- 
cept of some of the problems; other problems used 
numbers too high for them to work with. I loved the 
idea of a problem-solving format for fractions. This 
would be a great resource for sixth-grade teachers. 

Math Problem Solvers is a collection of math- 
ematical problem-solving activities that use various 
strategies. For use with grades 2-4, this resource 
provides practice with various methods to think 
about solving a math problem. This is a well-orga- 
nized resource. The activities help students develop 
problem-solving strategies such as drawing a 
picture, finding a pattern, working backward, and 
making a list. My students had lots of questions 
at first because the activities pushed them to think 
about mathematics in a different way, but the activi- 
ties are fun and the students grew more comfortable 
with practice. I would have liked for the author 


to have included more activities in each section, 
although there is an additional resources page in 
the back of the book. This is a great resource that 
provides mathematics practice very much needed 
to help students perform better in testing and build 
strategies to think about mathematics in life. 

Puzzled by Math! conveniently organized by 
specific skills, offers fun puzzle activities that sup- 
port the practice of basic mathematics skills. The 
material can be used for practice with everything 
from third-grade mathematics skills to basic alge- 
bra skills. The puzzles take students about 1 hour 
45 minutes to complete. Because of the nature of 
the puzzle format, students need a large amount of 
space to work. We tried the puzzles | hot afternoon 
with the windows open. After an hour of work, 
when the puzzles were almost completed, a stiff 
breeze came through the window and blew the 
pieces all over the floor. What a disaster! Reproduc- 
ing the puzzles on heavier card stock can easily 
remedy this problem. One approach that works well 
is giving a puzzle to a small group to work coopera- 
tively to do the mathematics and solve the puzzle. 
This is a great supplemental activity—students find 
it fun and entertaining—for practicing basic math- 
ematics skills—Karen Zwick, Cold Spring School, 
New Haven, CT 06513. 


FASTT Math, 2005. $250 for one computer 
license; includes a CD-ROM, teacher’s guide, and 
fact fluency guide. System requirements: Network 
Hybrid CD, PowerPC 350 MHZ, Mac OS X.2.6 
(native)/ X.3, 128 MB, thousands of colors, 800 x 
600 resolution; or Network Hybrid CD, Pentium 
350 MHZ, Windows OS 98/ 98SE/ ME/ 2000 / 
XPhome/ XPpro, 64 MB, 16 bit colors; 800 x 600 
resolution. Tom Snyder Productions; (800) 342- 
0236; www.tomsnyder.com. 


FASTT Math is an interactive software program 
with many features. The CD package includes a 
fact fluency guide and a teacher guide. The soft- 
ware is capable of tracking class and individual 
student progress, with printable reports based on 
accuracy and response time. Thus, a teacher can 
quickly identify which facts each student has mas- 
tered and which facts are problematic and then can 
designate which operations and range of numbers 
each student needs to study. 

My students found the FASTT Math program 
engaging and fun and repeatedly asked if they 
could have a turn. With consistent use of the pro- 
gram, I am confident that students could improve 
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their basic fact skills to the point that they are 
automatic. 

In my opinion, however, this improvement also 
depends on the resources at your disposal. I had 
a difficult time getting a computer station set up 
in my classroom that could run the program. Our 
technology teachers had to bring one of our newest 
computers to my classroom for the sole purpose of 
running the software because my older computers 
were not compatible. The program recommends 
dedicating 10 minutes a day for each student to 
use FASTT Math. If you have your students all day 
long, this might be possible, but if you are part of 
a departmentalized school, this could be very dif- 
ficult. FASTT Math could be a wonderful tool for 
any teacher, but you should first make sure you will 
be able to integrate the technology as required and 
recommended.—Robert Buyea, Bethany Commu- 
nity School, Bethany, CT 06524. & 
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Problem Solving Resources 
from NCTM 


Problem solving is an integral part of all mathematics learning. In everyday life and in the workplace, an ability — 
to solve problems is a tremendous advantage. Teachers can introduce most mathematical concepts through 
problems based on familiar experiences in students’ lives or arising from intriguing mathematical contexts. 


_ Navigating through Problem Solving and Reasoning 


These books present investigations that nurture reasoning and problem solving strategies in young 





children and call on students to apply mathematical ideas from the five main content areas— 
number, algebra, geometry, measurement, and data analysis. In conducting the investigations, young 
__ students infer, generalize, reason by analogy, recognize relationships, and make representations. 
They guess at, check, and revise proposed solutions, and they verify their results by a variety of 
_ methods. 
i; _ Navigating through Problem Solving and Reasoning in Prekindergarten—Kindergarten 
| Stock #12582A] List Price $25.95 | Member Price $20.76 
_ Navigating through Problem Solving and Reasoning in Grade 1 

Stock #12583A] List Price $25.95 | Member Price $20.76 

Navigating through Problem Solving and Reasoning in Grade 2 

Stock #12584A] —_ List Price $25.95 | Member Price $20.76 

Navigating through Problem Solving and Reasoning in Grade 3 
Stock #12719A] List Price $29.95 | Member Price $23.96 


Navigating through Problem Solving and Reasoning in Grade 4 
Stock #12886A] List Price $29.95 Member Price $23.96 





Teaching Mathematics through Problem Solving 
, Teaching mathematics through problem solving helps students develop a deep understanding of 
i mathematical concepts and methods by engaging them in making sense of tasks in which the 
essential mathematics is embedded. These companion volumes furnish the coherence and direction 
that teachers need to use problem solving to teach mathematics. 
Teaching Mathematics through Problem Solving: Prekindergarten—Grade 6 
Stock #12576A] List Price $38.95 | Member Price $31.16 


_ Teaching Mathematics through Problem Solving: Grades 6-12 
_ Stock #12577A] List Price $38.95 | Member Price $31.16 





SHARE & 

Share and Compare: COMPARE 
A Teacher’s Story about Helping Children Become Problem Solvers in Mathematics 

Written by an experienced elementary teacher especially for teachers in the elementary grades (K—5), this book 
_explains how to implement problem solving in the classroom. It includes questions and answers designed 

to help address concerns parents may have about problem solving in the mathematics curriculum. 
| Stock #12423A] List Price $25.95 Member Price $20.76 

Children Are Mathematical Problem Solvers 


- This book comprises a range of problems from the Problem Solvers column in Teaching Children Mathematics, 





NCTM’ s journal for elementary school teachers. The situations that the problems offer engage students in epiompy 
_ in which they do challenging, interesting problem solving with significant mathematical content. 


stock #12340AJ _—_ List Price $28.95 | Member Price $23.16 





| ( xX || NATIONAL COUNCIL OF For more information or to place an order, visit 
NCTM _ | TEACHERS OF MATHEMATICS www.nctm.org/catalog or call (800) 235-7566. 
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Ask The Fox. 


Introducing Fox Adds Up™, the comprehensive, observational assessment 
that measures early learners’ understanding of math concepts. Using hands- 
on manipulative blocks, connecting cubes and base-ten models, Fox Adds Up 


gives your teachers the diagnostic information and intervention tools they need 





to target problem areas before kids fall behind. . Peeper ee eee Ee ee 
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e Observe and assess children in a one-on-one setting, using engaging activities 









e Monitor individual progress throughout the school year 
e Select intervention activities to target instruction 


e Capture milestones to discuss with parents 


Fox Adds Up aligns to the curriculum standards of the National 
Council of Teachers of Mathematics, including: Number and 

Operations, Algebra, Geometry, Measurement, and Data Analysis 
and Probability. 


The McGraw-Hill companies 


Copyright © 2006 by CTB/McGraw-Hill LLC. All rights reserved. Fox Adds Up is a trademark of The McGraw-Hill Companies, Inc. 


292 
CRLUU ML LLS & 4 dailP 


CURRENT YR/VOL 
\ or Marygrove College Library 
X). 





8425 West McNichols Road 
Detroit, MI 48221 
CTM 





Think Outside the Bubble 


A FREE! Online inservices 
CAtraining.com 





FROM THE PUBLISHER OF THE: 
CARS’ and STARS’ > TESTREADY® - BRIGANCE® © WRITE/ * QUICK-WORD? Programs 





Easily Differentiate Math Instruction! 


An Ocean of Research-based Strategies 


CAMS® Series — Diagnose students’ strengths and weaknesses in 12 key standards-based 
math strategies. 


STAMS® Series — Tailor strategy instruction to each student's individual needs according 
to CAMS diagnosis. 


Extensions in Mathematics™ Series — Apply the CAMS/STAMS strategies with 
problem solving and math writing in lessons featuring graphic organizers. 


CAMS® Series II — Use for benchmarking and as a post test to measure 
student progress. 


Enter to Win a Classroom Collection — $278 Value! 
Total 75 Books, 3 Teacher Guides, and 1 Management CD worth $278 


A 


Visit www.CurriculumAssociates.com/bubble29 
or call 1-800-225-0248 today to enter! 


A winner will be drawn each month: 4 
February, March, April, and May 2007 


® 


CURRICULUM ASSOCIATES? 
RESEARCH. REPUTATION. RESULTS. 


TEACHING CHILDREN 


Mathematics 


| 292 


300 


308 


315 


336 





7 
CX J NATIONAL COUNCIL OF 


NCTM | TEACHERS OF MATHEMATICS 





ARTICLES 


Measuring Growth on a Museum 
Field Trip: Dinosaur Bones and 
Tree Cross Sections 

Maija Sedzielarz and Christopher Robinson 


Problem Solving in a Structured 
Mathematics Program 
Robert W. Buyea 


Fostering Mathematical Thinking and 
Problem Solving: The Teacher’s Role 
Nicole R. Rigelman 


What's on Your Nation’s Report Card? 
Anderson H. Norton III 


Tips for Including Elementary Students 
with Disabilities in Mathematics Classes 


James E. Truelove, Calli A. Holaway-Johnson, Katherine 
Mangione Leslie, and Tom E. C. Smith 


DEPARTMENTS 


291 


320 


322 


330 


Readers’ Exchange 


Math by the Month 
Birds of a Feather Stick ... with Math 
Kristen Forrest, Denise Schnabel, and Margaret E. Williams 


Research, Reflection, Practice 


The Power of Paper-Folding Tasks: Supporting 
Multiplicative Thinking and Rich Mathematical 
Discussion 


Erin E. Turner, Debra L. Junk, and Susan B. Empson 
Edited by Alfinio Flores 


Problem Solvers 

Nine Jumping Numbers 

Kyungsoon Jeon and Joyce Bishop 
Edited by Joyce Bishop and Sheryl Stump 


- Teaching Children Mathematics / February 2007 











Solutions to the Patterns Galore! Problem 
Barbara Britton 
Edited by Barbara Britton and Carla Tayeh 
341 Call for Manuscripts for the 2008 Focus 
issue: Learning Environments That 
Support Mathematical Understanding 
342 Supporting Teacher Learning 
Using NSF-Funded Middle School Materials in a 
University Mathematics Content Course 
P. Michael Lutz and Jorgen Berglund 
Edited by Fran Arbaugh and John Lannin 


347 Guide to Advertisers 


349 


Reviewing and Viewing 
Books; Et Cetera 


1 aE eb 


why PEST eB hee ee 





ae 


fo aS OR 





In “Measuring Growth on a Museum Field Trip: Dinosaur Bones 
and Tree Cross Sections,” Maija Sedzielarz and Christopher 
Robinson suggest taking your mathematics curriculum out of the 

~ classroom—make your next field trip a mathematical journey! ; 

Photograph by Maija Sedzielarz; all rights reserved 


hohe aa 
si Pak Tari ee ad ee ee 


EE hs 


@, S% 


289 


7 
CX / | NATIONAL COUNCIL OF 
NCTM | TEACHERS OF MATHEMATICS 














TEACHING CHILDREN MATHEMATICS 


All correspondence should be addressed to Teaching 
Children Mathematics, 1906 Association Drive, Reston, VA 
20191-1502. Manuscripts should be prepared according to 
the Chicago Manual of Style and the United States Metric 
Association’s Guide to the Use of the Metric System. No 
author identification should appear on the manuscript; the 
journal uses a blind-review process. To send submissions, 
access tem.msubmit.net. 


Permission to photocopy material from Teaching 
Children Mathematics is granted to persons who wish to 
distribute items individually (not in combination with oth- 
er articles or works), for educational purposes, in limited 
quantities, and free of charge or at cost; to librarians who 
wish to place a limited number of copies on reserve; to au- 
thors of scholarly papers; and to any party wishing to make 
one copy for personal use. Permission must be obtained to 
use journal material for course packets, commercial works, 
advertising, or professional development purposes. Uses of 
journal material beyond those outlined above may violate 
U.S. copyright law and must be brought to the attention 
of the National Council of Teachers of Mathematics. For 
a complete statement of NCTM’s copyright policy, see the 
NCTM web site, www.nctm.org. 


For information on article photocopies or back issues, 
contact the Customer Service department in the Headquar- 
ters Office. 


The index for each volume appears in the May issue. A 
cumulative index appears on the NCTM Web site at www. 
netm.org. Teaching Children .Mathematics is indexed in 
Academic Index, Biography Index, Contents Pages in 
Education, Current Index to Journals in Education, 
Education Index, Exceptional Child Education Resources, 
Literature Analysis of Microcomputer Publications, Media 
Review Digest, and Zentralblatt fiir Didaktik der Mathematik. 


Information is available from the Headquarters Office 
regarding the three other official journals, the Mathematics 
Teacher, Mathematics Teaching in the Middle School, and 
the Journal for Research in Mathematics Education. Dues 
support the development, coordination, and delivery of the 
Council’s services. Dues for individual membership are 
$76 (U.S.), which includes $32 for each Teaching Children 
Mathematics subscription, $16 for a nine-issue NCTM News 
Bulletin subscription, and ON-Math. Each additional school 
journal (Mathematics Teacher and Mathematics Teaching 
in the Middle School) subscription is $32. Each additional 
subscription to the Journal for Research in Mathematics 
Education is $56. Foreign subscribers add $18 (U.S.) post- 
age for the first journal and $4 (U.S.) postage for each ad- 
ditional journal. Special rates for students, institutions, bulk 
subscribers, and emeritus members are available from the 
Headquarters Office. 


Teaching Children Mathematics (ISSN 1073-5836) 
(IPM 1124463) is published monthly except June and July, 
with a combined December/January issue, by the National 
Council of Teachers of Mathematics at 1906 Association 
Drive, Reston, VA 20191-1502. Periodicals postage paid at 
Herndon, Virginia, and at additional mailing offices. POST- 
MASTER: Send address changes to Teaching Children 
Mathematics, 1906 Association Drive, Reston, VA 20191- 
1502. Telephone: (703) 620-9840; orders: (800) 235-7566; 
fax: (703) 476-2970; e-mail: nctm@nctm.org; World Wide 
Web: www.nctm.org. Copyright © 2007, the National Coun- 
cil of Teachers of Mathematics, Inc. Printed in the U.S.A. 
Teaching Children Mathematics is a member of the Society 
of National Association Publications (SNAP). 


290 














Editorial Panel 
P. MARK TAYLOR, University of Tennessee, Chair . 
ROBERT Q. BERRY III, University of Virginia 
CYNTHIA GARNETT, Kean University, New Jersey 
GLADIS KERSAINT, University of South Florida 
ROBYN SILBEY, Montgomery County Public Schools, Maryland 
MARYANN WICKETT, Carrillo Elementary School, California 
BONNIE J. HAGELBERGER, Monroe Elementary School, Minnesota; Board of Directors Liaison 
ELIZABETH M. SKIPPER, NCTM; Staff Liaison 


Journal Staff 
HARRY B. TUNIS, Director of Publications 
SANDY BERGER, Managing Editor for School Journals 
ALBERT GOETZ, DOLORES PESEK, ELIZABETH M. SKIPPER, Journal Editors 
PAMELA A. HALONEN, GRETCHEN SMITH MUI, JULIE K. SCHORFHEIDE, Editors 
LYNN S. GATES, Review Services Coordinator 
SHEILA J. BARKER, Review Services Assistant 


Marketing Staff 
KRISTA BARNES, Director of Member Services and Marketing 
TOM PEARSON, Advertising Manager 
SANDRA S. BELSLEY, Advertising Assistant 


NCTM Board of Directors 
FRANCIS (SKIP) FENNELL, McDaniel College, Maryland; President 
CATHY L. SEELEY, Charles A. Dana Center, University of Texas at Austin; Past President 
JAMES M. RUBILLO, NCTM; Executive Director 
DON S. BALKA, Saint Mary’s College, Indiana 
JENNIE M. BENNETT, Hartman Middle School, Texas 
JOHN A. CARTER, Adlai E. Stevenson High School, Illinois 
RUTH CASEY, Anderson County High School, Kentucky 
BEATRIZ S. D’AMBROSIO, Miami University, Ohio 
DAVID M. DECOSTE, St. Thomas Aquinas High School District, Alberta 
SHELLEY KIM FERGUSON, San Diego City Schools, California 
BONNIE J. HAGELBERGER, Monroe Elementary School, Minnesota 
AUDREY JACKSON, Claymont Elementary School, Missouri (retired) 
NORA G. RAMIREZ, Arizona State University, Tempe 
RICHARD T. SEITZ, Helena High School, Montana 
MARGARET (PEG) SMITH, University of Pittsburgh, Pennsylvania 





Mission Statement: The National Council of Teachers of Mathematics is a public voice of mathematics 
education, providing vision, leadership, and professional development to support teachers in ensuring 
mathematics learning of the highest quality for all students. Teaching Children Mathematics, an official 
journal of the National Council of Teachers of Mathematics, supports the improvement of pre-K-6 
mathematics education by serving as a resource for teachers so as to provide more and better 
mathematics for all students. It is a forum for the exchange of mathematics ideas, activities, and 
pedagogical strategies, and for sharing and interpreting research. The publications of the Council 
present a variety of viewpoints. The views expressed or implied in this publication, unless otherwise 
noted, should not be interpreted as official positions of the Council. 


Teaching Children Mathematics / February 2007 


Meet Me at the Fair 
I was intrigued by the “Math by the Month” feature 
“Meet Me at the Fair’ (TCM, August 2006, pp. 
32-33). Readers interested in some data on the Lon- 
don Eye might find the following URL useful: www. 
londoneye.com. The section “About the Eye” contains 
interesting figures for more problems. I was sur- 
prised to discover that the London Eye is not a Ferris 
wheel—its capsules are enclosed, they are positioned 
on the outside of the wheel, and the whole structure is 
supported by an A-frame from one side only. 

Charles Michener 

Audubon, NJ 08106 


Making the Most of 
Student Errors 


I feel there may have been some errors in the 
article “Making the Most of Student Errors” (TCM, 
October 2006, “Research, Reflection, Practice,” pp. 
182-86) that were not intended. While I strongly 
support the excellent messages within this article, 
there are some mathematical inconsistencies that 
need to be addressed. 

In Episode 4 (p. 185), Dallas is credited with devel- 
oping a rule for the relationship represented in the 
Beam problem in figure 4 (p. 186). His rule is given 
as 4L + 1. This rule seems to be accepted as correct 
and is not addressed as a student error. Should the 
relationship not be expressed as 4L — 1? The example 
of a length-4 beam in figure 4 shows a total of 15 rods, 
where 4L + 1 would result in 17 rods. 

In episode 4, both boys are credited with getting 
a correct answer of 21 rods for a length-5 beam. 
Should the answer not be 19 rods in this case? As 
the episode continues, the correct answer of 39 rods 
is given for a length-10 beam. 

Ironically, I enjoyed recognizing the errors in 
this article and am in the process of attributing and 
reconciling them. Or perhaps the errors are mine, 
and I haven’t recognized them yet. 

Maybe these errors were purposely placed? 

Ed Enns 

Waterloo, ON N2JIW4, Canada 


Dear Ed, 
Thanks so much for your interest and careful 
reading of the article. Indeed, the formula given 
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in episode 4—“multiply the length of a beam by 
4 and then add 1 rod,” which can be written as 
4L + 1—is incorrect, as is the value of 21 for a 
length-5 beam. 

The correct formula is 4L — 1. The correct 
answer for a length-5 beam is 19. 

I do not know how the errors were introduced, 
but they were certainly not intended, nor are they 
the authors’ fault. 

Alfinio Flores 

Editor, “Research, Reflection, Practice” 


TCM regrets these errors and apologizes for the 
confusion.—Ed. 


Corrections 


“Solutions to the Miniature Zoo Problem” (TCM, 


September 2006, p. 102, col. 2, para. 1) contained 
an error. The corrected text is as follows: “Whereas 
the second graders jumped right into the problem 
involving 18 figures in odd rows and columns, the 
fourth graders had a preconceived notion that 18 
in odd rows and columns would not work. Actu- 
ally trying it and discovering that it does work 
reinforces the idea that conjectures are not always 
correct; they must be tested” NCTM members who 
subscribe to Teaching Children Mathematics can 
download a corrected PDF version of this article 
at www.nctm.org/tcm; the September 2006 issue 
can be found under Back Issues. Thanks to Beatriz 
S. D’Ambrosio for drawing this to our attention. 
TCM regrets the error and any confusion it may 
have caused. 

The photograph on the TCM November 2006 
cover of the two girls at the computer was taken by 
Michelle Jenkins. 


The Editorial Panel appreciates the interest and 
values the views of those who take the time to 
send us their comments. Letters may be submitted 
to Teaching Children Mathematics at tcm@nctm 
.org. Please include “Readers’ Exchange” in the 
subject line. Because of space limitations, letters 
and rejoinders from authors beyond the 250-word 
limit may be subject to abridgement. Letters also 
are edited for style and content. 
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Cdsuring Gro 
yitseum Fiel 


ow do you measure a dinosaur leg? Does 

a willow tree grow faster than a box elder? 

What is the mathematical connection 
between dinosaur bones and trees? 

Staff members at the Science Museum. of Min- 
nesota wanted to include more mathematics oppor- 
tunities for school groups visiting the museum. As 
participants in a national project, Math Momentum 
in Science Centers, we wanted to increase school 


By Maija Sedzielarz and Christopher Robinson 


Maija Sedzielarz, maija@smm.org, develops programs to engage teachers and students in 
learning opportunities as school visits program coordinator at the Science Museum of Minne- 
sota, St. Paul, MN 55102. She is interested in helping students discover new ways of learning 
in museums. Christopher Robinson, crobinson@smm.org, develops mathematics activities for 
MathPacks and the Handling Calculus exhibition at the Science Museum of Minnesota. He also 
teaches mathematics courses to secondary students at the Center for Educational Programs, 
Institute of Technology, University of Minnesota. 
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groups’ mathematical understanding and engage 
visitors in experiencing the interplay of mathemat- 
ics and science. Our idea was that the Science 
Museum’s curator of paleontology, Kristi Curry 
Rogers (fig. 1), who studies dinosaur growth, would 
be a great role model as a scientist who uses math- 
ematics in the “real world.” A new program based 
on her work would fulfill both our priorities. 

With the support of our Math Momentum part- 
ners and financial support from Medtronic Founda- 
tion’s STAR grants, we saw an opportunity to intro- 
duce students and teachers to Kristi, show them 
how scientists use mathematics, and give them a 
chance to do hands-on mathematics with dinosaur 
bones and tree cross sections. The result was Mea- 
suring Growth MathPacks, the first of a series of 
mathematics-oriented enhancement materials for 
field trips, in which we invited fifth-grade students 
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to compare the size and rate of growth of Sauropod 
dinosaurs, Minnesota trees, and themselves. 


Mathematics Tool Kits for 
Science Investigations 


In a MathPacks Web site interview (www.smm.org/ 
mathpacks), Rogers tells fifth-grade MathPacks 
students and teachers how she uses mathematics in 
paleontology: “I use math all the time, especially in 
my studies of dinosaur growth. I have to use alge- 
bra. I use [statistics and] ratios to determine how 
fast a dinosaur might have been growing.... And 
just the simple process of measuring a bone relies 
on mathematical ability.” 

With this perspective in mind, the MathPacks 
program includes materials for use during a 
museum field trip as well as support materials for 
the classroom. All support materials are accessible 
to participating teachers on a designated Web site: 
www.smm.org/mathpacks. The backpacks, each 
used by a group of three to five students during 
the field trip, contain a selection of measuring 
tools: rulers, tape measures, and a simple caliper. 
Students can choose which tool would be most 
appropriate for the task or compare tools by repeat- 
ing measurements with different tools. The Math- 
Packs also contain a small hand lens, a clipboard, a 
calculator, pencils, and a cast of an actual museum 
,specimen—a juvenile dinosaur femur—for use 
in the measuring activities. Maps of each gallery 
allow students to use their map-reading skills to 
find exhibits to measure and also reinforce two 
other related ideas: 


e Scientists use maps to record and communicate 
their discoveries. 

e Coordinate grids communicate location infor- 
mation through graphs as well as on maps. 


What Do Students Measure 
with Measuring Growth 
MathPacks? 


Dinosaur femurs 

Students will consider factors of consistency in 
and accuracy of measurement as they measure the 
length and circumference of both adult and juvenile 
dinosaur femurs (fig. 2). Before the field trip, the 
students were required to measure their own and 
family members’ femurs at home. At that time they 
encountered the issue of consistency in measure- 
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Paleontologist Kristi Curry Rogers, shown 
here on a dinosaur dig 





ment. During the subsequent class discussion, the 
following questions arose: 


e “Why are there differences in measurements by 
different kids or by different groups?” 

e “Where should we start measuring?” 

e “Where should we measure the circumfer- 
ence?” 


In their small groups, the students discuss and 
decide on several factors relating to consistency and 
accuracy: what measurement units to use, what tool 
to use, and how to position the tool. 

The students choose from rulers, tape measures, 
and calipers, each with slightly different precision 
options (cm or mm). An added challenge is that 
some measuring devices are shorter than the object 
to be measured. As the students compare results 
within their group or with other groups, they see 
for themselves the need for multiple measurements 
of the same object. (They also begin to understand 
the rationale for the old carpenter’s adage “Measure 
twice, cut once.”) 

By comparing their measurements of adult 
and juvenile dinosaur femurs, the students are 
also applying the idea of ratios. In the museum’s 
testing phase of this program, it became apparent 
that students filled in the activity sheets without 
understanding the idea of ratio. In response to the 
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Using MathPacks tools, students measure 
the femur of an adult Apatosaurus 
dinosaur. 





question “How many times longer?” several groups 
subtracted the length of one femur from the length 
of the other (fig. 3). The students may have under- 
stood the question as “How much longer?” which 
Suggests subtraction. In a successful strategy to 
check their work, several groups used a nonstan- 
dard unit to check ratio calculations; for instance, 
some groups placed the cast of the juvenile femur 
along the length of the adult femur to see how many 
times larger the adult’s was than the juvenile’s. See- 
ing the value of this exercise, we added the direct 
comparison task (fig. 3) into the field trip. This 
comparison is a great illustration of the concept of 
measurement division (vs. partitive division). To 
give all students additional physical experiences 
with ratios, we added a classroom Hunt for Ratios 
(page 297). 


Slices of local trees 

Because both dinosaur bones and trees show 
growth rings, the students also measure the cir- 
cumference and radius of cross sections of tree 
trunks to help them understand the relationship 
between increasing circumference and rate of 
growth (fig. 4). Growth rings in dinosaur bones 


can be seen only under a microscope and are very 
difficult to measure with conventional measuring 
tools. The students have a chance to investigate 
evidence of bone growth rates in a supporting 
MathPacks Web page at www.smm.org/math 
packs/ (fig. 5). 

At the Science Museum, students measure the 
radius of several growth rings on the same tree 
specimen. The cross sections are not perfectly 
round, and many of the annual growth rings are not 
concentric circles. The results of radius measure- 
ments could vary widely. Despite differing results, 
many students could not explain why it might be 
important to show exactly where they made their 
measurements. In essence, where you measure 
may determine your results. The MathPacks activ- 
ity question asked: “Draw your tree slice and 
show where you measured. Why is it important to 
show where you measured on your slice?” Student 
answers included the following: 


e “so people can know your data” 
e “to show what you have done” 
e “how old it is” 


To the MathPacks activities we added a class- 
room follow-up, in which the students complete 
a chart of all cross sections, giving the number of 
tree rings and the radius of each. As the students 
compare their data with others’ data, they can 
see that the different groups may have different 
measurements for the same object. Discussing 
the results will allow the students to review and 
compare their drawings. They should notice that 
other measurements may not be “wrong” but 
rather based on another method, hence the need to 
make one’s method explicit in both mathematics 
and science. 

Sometimes measurements can indicate a pat- 
tern that is not obvious visually. As the students 
measured the tree growth rings, they noticed that 
the radii of rings 5, 6, and 7 were not consistently 
spaced the same distance apart. Students were 
asked to speculate why this pattern may have 
occurred. Trees (and dinosaurs!) grow at different 
rates in different years—but why? 

Finally, as the students compare their measure- 
ments of cross-sectional circumferences and the 
number of rings in the tree slice, they are asked 
to consider which tree grew the fastest. A com- 
mon response is that more rings means more 
growth—in other words, more equals more. One 
student, ignoring the data his group had just col- 
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lected, used his previous knowledge about a tree 
in his backyard at home that looked like the tree 
his group had measured but that grew very fast. In 
fact, the tree the students in his group measured 
was probably the slowest growing of the samples 
they examined. Our assessment of student think- 
ing convinced us that we needed to reinforce this 
museum measuring activity with online classroom 
support (fig. 6). Students are asked to choose 
which ring shows the most growth (the widest 
ring) and which shows the least growth (the most 
narrow ring). 


Strategies for Estimating 
Measurements of 
Inaccessible Objects 


In the MathPacks activities, students compare esti- 
mates with actual measurements to cross-check the 
accuracy of both, a useful life-long skill (Adams 
and Harrell 2003). In the dinosaur challenge activ- 
ity included in the MathPacks, the students must 
estimate the length of a Diplodocus dinosaur femur 
that is mounted and displayed nearly 2 meters off 
the ground and surrounded by an exhibit barrier. We 
ask the students to apply geometry skills by using 
similar triangles to estimate the dinosaur bone’s 
length. For the first triangle, the students measured 
the length of the ruler covering the femur and the 
, distance from their eye to the ruler; for the second 
triangle, the students measured the distance from 
themselves to the femur and calculated a ratio for 
the femur’s length. One teacher reported that her 
students, who had already studied similar triangles 
in school, were surprised that there could be a prac- 
tical application for the concept—of comparing 
the ratios of similar triangles. She could now use 
this example to answer at least one of her students’ 
“Why do we need to know this?” questions. 

This dinosaur challenge activity is slightly 
beyond the comfort zone of most fifth graders we 
observed. However, one participating teacher told 
us that—to her surprise—her students actually 
liked the challenge. Another teacher told us that 
one student we had observed working through the 
ratio challenges, understanding the reasoning, and 
explaining it to another student was a student usu- 
ally easily distracted in the classroom. 

Another estimation task included in the Math- 
Packs is to determine the circumference of a cross 
section of a huge Douglas fir. The cross section 
stands on its edge, its top about 2.5 meters above 
the floor. (The Science Museum does not allow 
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A common student error is to misinterpret “How many times 
longer?” as “How much longer?” and fill in the activity sheet using 
subtraction rather than division. Rephrasing the question did not 


guide the students to the correct operation. 


The adult Apatosaurus femur is __6_ times longer than the juvenile Apatosaurus 


femur. 
This means: 

242 x | Oe 
Juvenile femur length How many 


times longer? 


Students choose tools that help them 
measure the distance between tree 
growth rings and the circumference of 
the entire tree slice. 





visitors to scramble up to the top of this tree slice to 
measure it!) Formulas to determine circumference 
based on diameter are not part of the fifth-grade 
mathematics curricula of the schools that participate 
in the MathPacks program, so students are asked to 
devise a strategy for estimating the circumference 
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A microscope slide of a dinosaur bone shows variations in growth 
rate. MathPacks participants can observe when the most growth 
happened. 


~“MathPacks” 
m.org/mathpacks/classroom/ring2.php 


ae eg Y 


\Museum Visit | fi 


Which year did the Tyrannosaurus R grow the most? ste 
Type In the letter by the ring: mr) 


Which year did the Tyrannosaurus Rex. grow the Least? Fe 
Type in the letter by the rings! 











A microscope slide of a burr oak tree shows variations in growth 
rate. 


—_ MathPacks” 





ce Toure / 
Museum Visit 


This Is a slice of a Burr Oak Tree. 


(ANSE Ce DEED IEE IG) 


Which year did the Burr Oak Tree grow the MOST? 
Type In the letter by the ring:’ | 


Which year did the Burr Oak Tree grow the LEAST? 
Type In the letter by the ring:’ | 
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of this cross section in other ways. The students in 
one group determined that they could mentally par- 
tition the large tree slice into fourths, measure the 
outside length of the one-fourth partition that they 
could reach, and then multiply by four. 


Take a Mathematics 
Field Trip! 


Local resources such as museums, nature centers, 
zoos, botanic gardens, and science centers are all 
arenas in which to apply classroom mathematics 
lessons. By doing so, teachers can maximize the 
value of a field trip. As museum educators, we all 
too often watch field trip groups “do” the museum 
in a very short time, careening from one “cool” or 
“awesome” exhibit to the next. The excitement of a 
field trip can spark an interest in science, but it can 
also motivate students to fully engage in mathemat- 
ics activities and can allow the transfer of classroom 
skills. As one participating teacher noted, “My kids 
didn’t even realize they were doing math—they felt 
like scientists!” Through our observations of more 
than 400 fifth-grade students, we saw students who 
were engaged and on task. We heard, and teachers 
also reported, task-related mathematical conver- 
sations about how to measure, including how to 
measure the circumference of a giant tree. Students 
talked about their past experiences with measuring, 
measuring tools, and objects such as the ones they 
were measuring. 

Measurement is a key science skill too, a way of 
communicating precise information. Some students 
were surprised to learn that scientists use math- 
ematics. For example, one student commented that 
she did not think the students did much science the 
day they measured the tree cross sections. Kristi 
Rogers, the museum paleontologist, told us that 
when she was a student she worked hard at math- 
ematics because she was motivated by the science. 
She would agree with our partner teachers and oth- 
ers who have designed mathematics activities in a 
real-world context (Hodgson et al. 2003) that “the 
antipathy many students feel toward math could 
be reduced by situating mathematics in real-world 
situations where such a placement is appropriate... 
Engagement in science (or another discipline) can 
lead to better math” (Coulter 2004). An authentic 
blend of interdisciplinary tasks “involved the kids 
in a way that I haven’t seen on other field trips,” 
noted another participating teacher. 


(Continued on page 298) 
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A Hunt for Ratios 
Directions: 


Quietly move around the classroom to find the objects that meet the description of the 
problems given below. How do you know when you have a chosen a correct-sized ob- 
ject? (Hint: How many lengths of the smaller object does it take to make the length of the 
larger object?) Write the object on the line provided. 
1. Find an object that is 2 times longer than your leg. 
. Find something that is 3 times longer than your thumb. 
. Find an object that has 2 times the circumference of your arm. 


2 
3 
4. Find something that is 1/2 as wide as a piece of paper. 
5. Find an object that is 5 times longer than your pencil. 
6 


. Find an object that is 10 times longer than your foot. 
Tricky tasks: 


' 7. Find an object that is 1 time longer than your hand. 
8. Find an object that is 4.5 times longer than your pinkie. 
9. Find something that is 1/4 as long as your arm. 
10. Find an object that has 1/2 the circumference of your head. 


11. Find an object that is as big as you. 
So what is a ratio? 
It’s simply a comparison of two quantities with like units. Ratios can also be expressed 


with fractions, decimals, percentages, or words. They can also be written with a colon 
between the two numbers being compared. 


Science Museum of Minnesota 
www.smn.org/mathpacks 
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Share Your Journal 


Sharing articles from Teaching Children Mathematics (TCM) is an easy way to gain support for 
trying new activities or techniques in your mathematics classroom. Get other teachers excited 
about teaching mathematics; talk with your colleagues about ideas or activities featured in TCM. 
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Teachers also reported that they have been able 
to observe and assess student skill and growth in 
the context of a museum field trip. The use of small, 
problem-solving groups in the museum provides 
leadership opportunities for students who are timid 
or complacent in the classroom. 

Contact the science centers, museums, zoos, 
and nature centers in your area. Some may offer 
programs for schools that reinforce the mathemat- 
ics curriculum. For example, the Minnesota Zoo 
offers a Math Day every year for school groups, 
and the Children’s Museum of Houston in Texas 
regularly produces mathematics-related exhibi- 
tions. The Museum of Science in Boston lists on 
its Web site (www.mos.org) a teacher resource 
section that suggests mathematical questions 
connecting exhibits to the NCTM Standards. In 
addition, you could ask educators at your local 
museum to help devise measurement challenges 
for your students. 

Put together your own mathematics tool kits of 
rulers, calculators, tape measures, and real-world 
tasks and take your mathematics curriculum out of 
the classroom. Make your next field trip a math- 
ematical journey! 
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Robert Buyea, buyea01@yahoo.com, formerly taught third grade at Bethany 
Community School, Bethany, CT 06524. He now teaches biology at Northfield 
Mount Herman School, Northfield, MA 01360. 





Ad olving problems is not only a goal of 
learning mathematics but also a major 
means of doing so. Students should have 

frequent opportunities to formulate, grapple with, 

and solve complex problems that require a signifi- 
cant amount of effort and should then be encour- 
aged to reflect on their thinking.’—Principles and 

Standards for School Mathematics (NCTM 2000, 

Poe) 


Problem solving is an important component of an 
elementary school mathematics curriculum for 
many reasons. Young children find intriguing and 
complex problems highly engaging and exciting. 
When students are given a worthwhile mathemati- 
cal challenge, their natural curiosity will almost 
automatically lead them to ask questions. This 
problem posing occurs many times in the course of 
solving a complex problem as a result of “What if?” 
and even “What if not?’ questions—that is, when 
students wonder how a problem would be different 
if a certain part of it were changed. 

Sometimes these questions lead to simple solu- 
tions, and sometimes they spawn new investiga- 
tions. Regardless, it is the thinking behind the prob- 
lem posing that is important for teachers to foster 
in classrooms. A good problem will captivate and 
motivate students, making the teaching and learning 
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of important mathematical ideas and concepts more 
accessible. Problem solving requires the applica- 
tions of many mathematical ideas, thus allowing 
teachers to assess students’ levels of understanding. 
It also has the potential to bring students together in 
a cooperative situation in which they truly listen to 
one another, an ideal that is difficult to achieve oth- 
erwise. Perhaps most important of all, a worthwhile 
and meaningful problem allows students to develop 
good life habits, such as persistence, reflection, 
and communication. In this article I describe how 
to incorporate problem-solving investigations in a 
fourth-grade classroom within a rigidly structured 
mathematics program. 


Integrating and Facilitating 
within a Rigidly Structured 
Mathematics Program 


Some teachers have little time or freedom to inte- 
grate complex problems and investigations into 
classroom instruction. In such situations we teach- 
ers have to do our own problem solving and 
figure out how to integrate rich problem- 
solving experiences in our classrooms, 
because our answer simply cannot be “We 
can’t.” 

My school has recently made the transi- 
tion to a more rigidly structured mathemat- 
.ics program. Teachers are now given a one- 
hour block of time to deliver prescribed 
mathematics lessons. As a result, the 
time and freedom I once had in my 
mathematics instruction has changed 
dramatically. I have to figure 
out how to incorporate both 
short and in-depth investiga- 
tions into a more structured 
mathematics program. By “‘in- 
depth investigations” I mean 
problems that my students will 
delve into for several days, 
complex problems that 
will require significant 
amounts of time, effort, 
and reflection as Principles and 
Standards advocates (NCTM 
2000). The problems I select 
for my students to explore 
may go along with the unit we 
are studying in our prescribed 
program, they may precede a 
unit so as to help develop prior 
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knowledge, or they may 
serve as a culmination to a 
certain unit. In all cases, I 
carefully choose the prob- 
lems we use. 

I begin my daily math- 
ematics instruction with 
the outlined lesson in our 
school text, and then, as 
the students finish this 
work, they are presented 
with the more open-ended 
problem-solving experi- 
ence. I generally have the 
problem written on chart paper or typed up and 
photocopied. The students are given the problem 
and expected to work on their own or with a part- 
ner. I do not take time to formally introduce each 
and every problem. Sometimes I like to see if the 
students can interpret and understand the challenge 
on their own. 

Whenever a student finishes an open-ended 


| believe that students 
best learn mathematics 
by doing it, rather than 
having it talked to death 


problem, I have another one waiting for him or her. 


Because each student works at a different pace, 
a variety of problems are being explored at 
any one time in my classroom. I do not rush 
the students to finish a problem by a cer- 
tain time; instead, I let them wrestle with 
each challenge over several days. 
Most of my students finish their 
textbook work in about forty-five 
minutes, leaving them with fifteen 
minutes each day to tackle their 
open-ended problem. Of course, 
there are some days when several 
students get to work on their prob- 
lem for thirty minutes or more and 
some days when certain students do 
not get to their problem at all. 

I manage to accomplish our school 
mathematics program’s objectives in 
this timely fashion by keeping my 
whole-class instruction brief. I believe 
that students best learn mathematics by 

doing it, rather than having it talked to 
death. Most of my time is spent walk- 
ing around the classroom facilitating 
students’ progress. The students 
who are still a little confused or 
unsteady after the minilesson or 
direct instruction get my attention 
first. The open-ended problems 
do not demand a lot of atten- 
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tion from the teacher; rather, the teacher should 
facilitate as needed along the way. They do not, in 
any way, divert a teacher’s attention from students 
who may need more help with the daily lessons 
in the prescribed school mathematics text. After 
formally introducing a problem to the class, I give 
the students the option of initially working alone or 
with a partner. Working in small groups spurs each 
student to become engaged with the problem. In 
larger groups, students can go along with problem- 
solving strategies generated by other members of 
the group without really understanding the problem 
or solution for themselves. This can also happen 
in student pairs when one partner discovers a pat- 
tern or generalization that the other partner does 
not understand. In this case I usually question the 
student whose understanding is not solid to explain 
the pair’s work. If this student is unable to convey 
an adequate understanding, I may have him or her 
join a different group or partner with a person who 
is at a similar point in the problem, or I may ask 
him or her to individually redo some parts of the 
problem. After students have worked on a problem 
for a fair amount of time, the small groups, pairs, 
or several individuals come together to share their 
findings. I have found that this strategy truly pro- 
motes student discourse within the groups because 
each member is already so invested in the problem. 
NCTM considers communication an essential part 
of mathematics learning, which means it should 
be intertwined with problem solving throughout 
our mathematics lessons. This is why I carefully 
structure and combine my groups throughout the 
problem-solving activities. 


The Largest Product Problem 


As a part of our study on multiplication, I assigned 
my students the Largest Product investigation, in 
which they are asked to find the largest. product 
for any set of four digits (Burns 2000). The stu- 
dents, working in pairs, randomly select sets of 


four digits by drawing cards numbered 0 through 


9. Once they had a set of four digits, they had to 
determine how to arrange the four digits to pro- 
duce the largest product—whether as a three-digit 
number multiplied by a single-digit number or as 
a two-digit number multiplied by a second two- 
digit number—and then the exact order of the 
four digits. The students answered these questions 
through trial-and-error by using many multiplica- 
tion computations and through their understanding 
of place-value concepts. Once the pairs of students 


had enough data to look at—about five different 
sets of four digits and each set’s resulting largest 
product—each pair wrote a theory that explained 
how to arrange any set of four digits in order to 
generate its largest product. 

As an extension to this original problem, stu- 
dents were asked to repeat the challenge with a set 
of five digits. They were given time to do this at 
home. Figure 1 shows Kelvin’s work on the exten- 
sion of the five-digit Largest Product problem; his 
problem posing led him to generate a pattern and 
solution all the way up to nine digits. 

In solving this problem, Kelvin wondered what 
would happen if he were given more than five dig- 
its. He began problem posing by wondering if he 
could find a pattern in the solution to the five-digit 
problem. Kelvin’s work in figure 1 is evidence of 
his success in answering his own inquiries. When 
sharing solutions, the class agreed with Kelvin’s 
discovery that you always take the remaining digit 
and place it at the end of the smaller two numbers. 
For example, after drawing cards with the digits 8, 
5, 9, 6, and 7, Kelvin explained that the four largest 
digits would be used to create 96 x 87 and then the 
leftover digit—5—would be placed after the 7, in 
the ones place in the number 87, making it 875 x 96 
and giving us the largest product. Kelvin’s discov- 
ery intrigued all the students. 

Matt presented a different solution for the prob- 
lem. I still remember the heated discussion in our 
classroom that day when the students learned Matt 
had a different theory that also worked. Looking 
closely, we realized he had selected zero as one 
of his digits (he was the only student to do so). 
Therefore, whether he arranged the five digits as 


Kelvin’s work on the extension of the five- 
digit Largest Product problem 
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Photograph by Robert W. Buyea; all rights reserved 





Notation for one strategy for solving the King Arthur problem 


Die 


Round 1: Knights 1, 3, and 5 live; knights 2 and 4 die. 





Round 2 (continuing the pattern): Knights 1 and 5 die; knight 3 survives. 


960 x 87 or as 870 x 96, the product was the same. 
Because the object of the activity is to position the 
digits in such a way that the resulting product is 
the largest possible, both of Matt’s solutions were 
correct. Matt explained his solution by showing 
us that 900 x 80 is the same as 800 x 90 and that 
70 x 6 is the same as 60 x 7. Also, 900 x 7 is the 
same as 90 x 70, and 60 x 80 is the same as 6 x 
800. Therefore, the only thing that matters is the 
placement of the last digit; if it is a zero (as in 
Matt’s solution), it does not affect the final result. 
Another way to explain this is that, because of the 
associative and commutative properties of multi- 
plication, 96 x 87 x 10 is the same as 96 x 870 and 
also the same as 960 x 87. Important multiplica- 
tion and place-value concepts emerged through 
our whole-class discussions that day as well as 
through the student-led discussions that resulted 
from their engagement with this problem-solving 
experience. 
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The King Arthur Problem 


King Arthur wanted to decide who was most 
fit to marry his daughter. He sat all the knights 
down at the Round Table, pointed to the first 
one, and said, “You live.” To the next he said, 
“You die.” To the next, “You live.’ Then, “You 
die.’ And he continued until only one knight 
remained. (Burns 2000) 


Suppose five knights were seated at the table. 
According to King Arthur’s method, on round 1 the 
first knight would live, the second would die, the 
third would live, the fourth would die, and the fifth 
would live. He would then continue assigning the 
live-or-die pattern to the remaining knights until 
he had eliminated all but one. Thus, on round 2 the 
first knight would die, the third would live, and the 
fifth would die, leaving the knight in seat 3 as the 
only surviving knight, the knight who would marry 
the king’s daughter (see fig. 2). 


303 


304 
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In this problem, the challenge is to figure out 
where, if you were a knight, you would need to sit 
in order to survive no matter how many knights 
were seated in the circle. Figure 3 shows a pair 
of students working on the King Arthur problem. 
Table 1 presents the pattern resulting from this 
problem for the first 16 knights. In the table, notice 
the pattern that emerges when the safe seat is seat 1; 
this pattern has been highlighted. This information 
played an important role in the theory that one stu- 
dent, Gabe, discovered and that is described later. 





A pair of students working on the King 
Arthur problem 


age 














Table 1 


Pattern for the First 16 Knights 


Number of Knights 





In the course of trying to solve this problem, 
even after working together for a while, two pairs 
of students continued to have difficulty recognizing 
how they could use the pattern they had generated 
to help them predict where to safely sit each time. 
At this point I had them meet with another student 
who had prepared a statement and explanation for 
his theory on chart paper. Figure 4 shows Gabe 
presenting his theory to the small group that was 
struggling to find a way to predict where to sit each 
time. His theory can be seen in figure 5. 

Gabe initially tackled the problem by sim- 
ply choosing numbers and investigating the 
results. Next he moved from choosing random 
numbers to using an ordered approach. Then he 
organized his findings and discovered some of 
the patterns. At this point Gabe focused on the 
number of knights needed in order for seat 1 to be 
the safe seat. He picked seat 1 because initially he 
did not know when the pattern would restart. Soon 
he discovered that if there were 2, 4, 8, or 16 
knights, then seat 1 was the safe seat. He tested 
for 32 knights, wondering if that result would fol- 
low the pattern, and discovered that it did. He then 
tested for 64 knights, got the same result, and real- 
ized that he had a pattern for predicting when seat 
1 would be safe. 

After discovering this “secret,” Gabe pro- 
ceeded to find a way to use that information to 
predict the safe seat for any number of knights. I 
asked what would happen if he selected any ran- 
dom number; how would he know which seat 
would be the safe seat? Gabe suggested taking 
the number of knights—for example, 81—and 
subtracting from it the closest number of knights 
(64) that resulted in seat 1 being the safe seat: 
81 — 64 = 17. He then knew to double the 17 
because the pattern is every other number or 
just the odd numbers. There were 17 knights in 
between, but only odd-numbered seats would be 
safe. Initially, Gabe thought the 17 meant that 
the 17th odd number would be the safe seat, but 
as he explained this aloud to me, he recognized 
his error. He realized that he had to go the next 
odd number because the pattern actually starts at 
1 and not zero. 

Our school mathematics text regularly presented 
the students with isolated pattern questions. How- 
ever, the King Arthur problem gave my students an 
opportunity to grapple with a more complex pattern 
in a context and experience how patterns can be 
instrumental in solving problems, not just standard- 
ized test questions. 
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The problem posing that permeated this problem 
took place each time a student asked the question, 
“What if there were x number of knights?” As 
teachers, we can lead our students to pose problems 
more effectively by getting them to think about 
the original problem in a different way. Then, per- 
haps, we would have students investigating King 
Arthur’s method decide to say, “You die” to the 
first knight, “You live” to the second, and so on. 
Or maybe students would wonder what the results 
would be if King Arthur said, “You live,” to the 
first two knights, then “You die” to the third, “You 
live” to the next two knights, and so on. I missed 
this opportunity with Gabe and his classmates, but I 
have since learned more about the value of problem 
posing and I am striving to make it an integral part 
of my mathematics classroom. 


Other Problem-Solving 
Experiences 


Another method my classes use for presenting 
our mathematical solutions is the overhead pro- 
jector. The following challenge—Just a Second, 
taken from Teaching Children Mathematics’s 
“Problem Solvers” (Mann 2004)—was used as 
an application of our multiplication sense and in 
combination with our study of rates. This prob- 
lem was initially presented to the whole class and 
represented multiple challenges: 


1. Find how many seconds you spend at school 
each day. 

2. Describe what you were doing | million 
seconds ago. 

3. State how old you will be and what you 
expect to be doing | billion seconds from 
now. 


All the students explored these initial questions 
over a couple of days. However, by structuring my 
mathematics class to allow for problem-solving 
investigations each day, Scott was able to finish 
these questions and tackle the extension question: 
“If Michael Johnson can run the 100-meter dash in 
10 seconds, what is his speed in miles per hour?” 
Using the overhead projector, Scott shared his work 
with the class (see fig. 6). Not only was Scott’s 
work evidence of good problem solving, he fur- 
ther demonstrated his good habits by asking, “Mr. 
Buyea, is this right? Is it possible for a human to run 
22.4 miles per hour?” He was reflecting on his work 
and wondering if his answer made sense. 
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Gabe presenting his theory about the 
King Arthur problem 











Gabe’s theory for solving the King Arthur problem 
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Scott sharing with the class his work on 


the Just a Second problem 
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Jason's written explanation for the Foot Measuring problem 


Name 


See!) 


To do the problem of figuring out the area of one foot, a former student 
wanted to avoid counting squares and bits of squares. The student 
presented the following method: 


“| cut a piece of string equal to the perimeter of my foot. | did this by 
carefully placing string on the outline of my foot. Then | reshaped the 
string into a square and figured out the area of the square. This is how | 
got my answer.” 


1. As a group, discuss this student's method for figuring foot area. 


2. Each person within the group should apply this strategy to his/her 
foot, and then evaluate the effectiveness of the strategy. 


3. Each person should report his/her findings back to the group. All mem- 
bers of the group need to share their findings. 


4. Each person will write a report (1) stating whether you do or do not 
think this method is a good one, and (2) explain your reasoning. 
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I have witnessed the benefits of the daily inte- 
gration of problems that complement our school’s 
mathematics program. During our study of perimeter 
and area concepts, I had my students begin Marilyn 
Burns’s Foot Measuring investigation (Burns 1987). 
You can see from Jason’s written explanation (fig. 
7) that what we did in our previous school text 
mathematics activities with straws and changing 
shapes helped him reason about and explain the Foot 
Measuring problem. While working on this problem, 
Jason and others posed problems by wondering 
what their foot area might be in square inches. I had 
the students make a prediction of their foot areas in 
square inches and write explanations for how they 
made their predictions. The students figured that 
taking their square centimeter answer and dividing it 
by 2.5 (1 inch is about 2.5 cm) would give them the 
answer. After making their predictions and explain- 
ing, each student used inch grid paper to trace his 
foot and determine the actual answer. Of course, the 
students saw that their predictions were incorrect, 
but we were able to discuss why and reinforce the 
concept of area containing two dimensions—in other 
words, they needed to divide their square centimeter 
answer by 2.5 and then divide the resulting quotient 
by 2.5. This problem posed by the students led to a 
rich mathematical investigation that was meaningful 
and worthwhile. 


Conclusion and Reflection 


A true commitment to problem solving is an abso- 
lutely vital part of achieving the mathematics class- 
rooms described by Principles and Standards. As 
teachers, we play a critical role in the development 
of students’ problem-solving dispositions by foster- 
ing classroom environments that value exploring, 
risk taking, and questioning (NCTM 2000). When 
NCTM encourages risk taking and questioning, 
I believe it is referring to the idea of encouraging 
students to pose problems. To achieve this vision, 
problem solving should be seen not as a once-a-week 
formula but as the daily thrust of our classrooms. In 
this way we can foster students’ natural ability to 
wonder and encourage them to ask “What if?” and 
“What if not?” questions in the course of their prob- 
lem solving. They might exceed our expectations, 
as Kelvin did with the Largest Product problem, or 
develop altogether new problems to investigate, as 
Jason and other boys did when wondering what their 
foot area would be in square inches. 

According to Principles and Standards, “Prob- 
lem solving can and should be used to help students 
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develop fluency with specific skills’ (NCTM 2000, 
‘p. 52). Such problems as Largest Product or Just 
a Second, to mention only two, provide plenty of 
opportunity to make progress toward this statement. 

“By analyzing and adapting a problem, antici- 
pating the mathematical ideas that can be brought 
out by working on the problem, and anticipating 
students’ questions, teachers can decide if particu- 
lar problems will help to further their mathematical 
goals for the class” (NCTM 2000, p. 53). Whenever 
I am considering using a problem for the first time, 
I always begin by solving the problem myself. By 
doing so, I begin to anticipate my students’ thinking 
and questioning, the skills and concepts they might 
put to use in the course of the challenge, and the 
potential for additional problem posing. 

Whether we teachers are introducing this 
dynamic to a school community for the first time or 
whether we are struggling to make it part of a rig- 
idly structured school program already in place, we 
must be committed, persist through our many strug- 
gles, and find solutions to our own challenges. 
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Bank Street College of Education in New York City offers an 
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Editor’s Note 


Several NCTM staffers were intrigued by Gabe’s 
approach to the King Arthur problem and spent 
time exploring why his strategy worked. TCM read- 
ers who are similarly curious might like to know the 
history of the King Arthur problem, which can be 
traced to a genre known as Josephus problems. For 
more information, interested readers might enjoy 
the following Web site: mathworld.wolfram.com/ 


_JosephusProblem.html. 
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Fostering 
Mathematical 
Thinking ana 
Problem Solving: 


The Teacher's Role 


flexible and fluent thinkers. They are confi- 

dent in their use of knowledge and processes. 
They are willing to take on a challenge and per- 
severe in their quest to make sense of a situation 
and solve a problem. They are curious, seek pat- 
terns and connections, and are reflective in their 
thinking. These characteristics are not limited to 
problem solvers in mathematics or even in schools; 
they are characteristics desired for all individu- 
als in both their professional and personal lives 
(National Research Council [NRC] 1985; NCTM 
1989, 2000; Steen 1990). These characteristics 
help individuals not only learn new things more 
easily but also make sense of their existing knowl- 
edge. Problem-solving habits of mind prepare 
individuals for real problems—situations requiring 


F nes mathematical problem solvers are 


effort and thought, lacking an immediately obvious 


strategy or solution. To develop problem-solving 
habits of mind, students need experiences work- 


ey MR Re eee 


ing with situations that they “problematize with 
the goal of understanding and developing solution 
methods that make sense for them” (Hiebert et al. 
1996, p: 19). 

Current mathematics education reforms at both 
the state and the national level suggest that stu- 
dents should have such learning opportunities 
and recommend that increased attention be given 
to problem solving in all areas of the curriculum | 
(NCTM 1989, 2000). However, simply asking 
teachers to increase the attention given to prob- 
lem solving does not ensure a focus on fostering 
students’ understanding and sense making through 
problem solving. 

This article focuses on two teachers’ implemen- 
tation of a patterning task and discusses ways in 
which the teachers guide and manage the discus- 
sion about the task. Also described are important 
considerations for teachers who want to foster 
their students’ mathematical thinking and problem 
solving. 


Two Approaches to 
Problem-Solving Instruction 


The vignettes in figures 1 and 2 present a picture 
of instruction. Although both teachers are respond- 
ing to the same recommendations for a focus on 


— risa ee fox.et 


_ ematics e education i int Peele of Educa Coe 
pee regon. eer ny 


aces pha aim 
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problem solving, they offer students very different 
learning opportunities. 

The focus in classroom A (fig. 1) is on finding a 
single strategy to obtain the answer to the problem. 
This pursuit is followed by writing up the response 
to the problem according to specified criteria: 
restating, explaining, and verifying. This teacher’s 
view of problem solving, and perhaps mathematics, 
is that only one way exists to correctly solve the 
problem and that only one way can be used to write 
up a response to a problem. By contrast, the instruc- 
tional focus in classroom B (fig. 2) is on exploring 
the relationships within the problem, sharing the 
possibilities, and considering how this thinking may 
extend to any figure in the pattern. This teacher's 
view of problem solving is that multiple ways exist 
to solve a problem and that problem solving is a 
process of exploring, developing methods, discuss- 
ing methods, and generalizing results. Students in 
classroom B at first have a chance to explore the 
problem individually; they then share their ideas 
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and thinking; and finally they individually have 
an opportunity to reflect on what has been shared, 
explore whether they can create general statements 
or formulas, and generally construct their own 
meaning of the information. 

The dilemma is that the instructional approaches 
advocated by many commercially available prob- 
lem-solving resources and curricula encourage 
teachers to train their students with “how to” 
approaches to problem solving, much like those 
used by the teacher in classroom A. They develop 
students as problem performers, students focusing 
on an end or completion of a problem. Teachers 
using these materials may— 


* present problems that can be solved without 
much cognitive effort; 

* supply or expect the use of a specific heuristic or 
strategy for solving a problem; or 

¢ provide their students with specific formats for 
their problem response or write-up (e.g., restate 
the problem, explain your thinking, check your 
work). 


When students experience these learning oppor- 
tunities, they develop a narrowly defined view of 
mathematics and problem solving. These instruc- 
tional approaches can leave students dependent 
on prescribed processes and unable to readily face 
problems without an immediately obvious strategy. 
The short-term goal of developing students who 
complete the problem (problem performers) may 
be attained, but the more important long-term goal 
of developing flexible and fluent mathematical 
thinkers (problem solvers) may not be. 


Comparing Classrooms 
A and B: The Teachers’ 
Actions and Decisions 


When comparing classroom A (fig. 1) with class- 
room B (fig. 2), we can see some similarities. 
The teachers pose similar problems, and they ask 
students for ideas about the problem. We see evi- 
dence of students’ interacting with one another 
by building on one another’s ideas. We can also 
see some differences, differences that can be sig- 
nificant when viewing problem solving beyond 
prescribed formats or strategies. Although the 
teacher in classroom A may be preparing stu- 
dents to respond to a set of questions aligned 
with a particular way of approaching problem 
solving (e.g., restating the problem, explain- 
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Vignette—Classroom A 


How many tiles are in the 25th figure of this pattern? 


1st figure 2nd figure 3rd figure 


Teacher 1: Today we are going to practice problem solving. I'd like you to work on answering this 
question. [Teacher places problem on the overhead projector.] You need to be sure to 
restate the question, explain your process, and check your work. What is the question 


asking us to do? 


Alex: Find out how many tiles are in the twenty-fifth figure. 

Teacher 1: Good. How are we going to find out? 

Micah: Just keep adding two tiles until we get to the twenty-fifth figure. 
Alex: We need to add two tiles twenty-three more times. 


Teacher 1: OK. What strategy is this? Look at the poster. [Teacher reminds the students of a poster that 
lists the various problem-solving strategies. Various students make guesses about which 
strategy Micah and Alex have suggested, finally deciding that they used a “Look for a 


Pattern” strategy.] 


Teacher 1: Great. On your paper explain how you'll find the answer, and don’t forget to check your 


work. 


ing how you found the answer, checking your 
work), is she preparing students to problematize 
and make sense of situations and invent solution 
methods? Do the students give evidence that 
they are thinking flexibly and fluently about the 
problem and considering alternative strategies? 
The students in classroom A are not engaged in 
the same level of thinking and reflection as the 
students in classroom B. The learning opportuni- 
ties in these classrooms do not yield the same 
educational outcomes. The main differences 
and their corresponding outcomes are described 
more fully in the following sections. 


The problem 

The problem posed in classroom A is straight- 
forward, asking how many tiles are in the twenty- 
fifth figure of this pattern. The problem yields 
only one correct solution. The problem posed in 
classroom B differs in that the task itself encour- 
ages exploration of the pattern and naturally yields 
a generalization from students. No question is 
presented; instead, students are asked to investigate 
and report, thus asking and answering questions 
that are of interest to them. 


Eliciting student thinking 

The questions posed by the teacher in classroom 
A—‘“What is the question asking us to do?” 
‘How are we going to find out?” “What strategy 
is this?”—yield responses that simply answer 
the question asked and communicate little about 
how the student decided on the solution or what 
the student sees in the model. The questions do 
not require deep student thinking; rather, they 
funnel toward a particular set of information that 
the teacher wants the students to include in their 
solution. In classroom B the questions—“What 
do you notice about this pattern?” “Would you 
come and show how you see that?” “Did anyone 
see it in a different way?”—suggest that this 
teacher values both the process and the product, 
inviting all students to engage in the conversa- 
tion. In addition to sharing a solution, the stu- 
dents share their reasoning (how they see their 
approach in the model), build on others’ ideas, 
consider more than one approach, and make sense 
of one another’s approaches. The teacher expects 
students to problematize and make sense of the 
situation and then provide a rationale for what 
they discover. 
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Reflection and sense making 

The students in classroom A are not encour- 
aged to take time for reflection and sense mak- 
ing. They move from the task to a focus on the 
product. The students in classroom B experience 
several points of teacher-prompted reflection 
and sense making. The interchange opens with 
students’ individually exploring this open-ended 
problem in their journals. It next moves through 
several students’ sharing observations and infor- 
mal generalizations. The discussion gives evi- 


dence that students are actively considering the 
ideas of others, as in the instances of Sage and 


Omar. Students, having already shared their 


ideas, build on their peers’ ideas as the con- 
versation unfolds. Finally, the teacher asks the 
students to individually consider all these ideas 
and then to formulate some thoughts about more 
formal generalizations and proof. The students in 
both classroom A and classroom B invent solu- 
tion strategies; however, in classroom B, students 
also are asked to explore multiple strategies and 





Vignette—Classroom B 


Investigate and report all you can about this pattern. 


1st figure 2nd figure 3rd figure 


Teacher 2: Please take out your problem-solving journal and begin work on this problem. [The teacher 
places the problem on the overhead projector. The teacher circulates as students begin 
work. After seven minutes, the teacher asks a question.] What do you notice about this 


pattern? 
Sage: It looks like a table whose legs are getting longer and longer. 
Griffin: The legs are getting longer by onetile... 
Sage: ... and there are two tiles added for each figure. 
Xiao: There are always three tiles on the top of the figure. 
Omar: The legs are always the same as the figure number. 
Teacher 2; Would you come and show how you see that? 
Omar: [Walks to the overhead projector] See, the legs are always the same as the figure number. 


In the first figure there is one [tile] in each leg; in the second there is two; in the third, 


three, and so on. 


Elise: [Walks to the overhead] | saw the legs as the whole side. So the legs are longer than the 
figure number, and there is one [tile] in the middle instead of three on top. In the first fig- 
ure, | see two [tiles] in each leg, three in the second, four in the third, and there’s always 


one left to count in the middle. 
Teacher 2: Did anyone see it in a different way? 


Taylor: | saw a “three by” rectangle with empty spaces in the middle. [Walks to the overhead 
projector while talking] There are always three tiles in the dimension [points along the top 
dimension of each figure]. There is always one more than the figure on this dimension— 
first there is two, then three, then four—so in the tenth figure there would be eleven; it’s a 
three-by-eleven with ten empty spaces in the middle. 

Omar: Oh! So the empty space is the same as the figure number. 

Sage: You could move that outside leg of the table over by the other leg and make a “two by” 


Teacher 2: 


rectangle with one extra tile sticking out. [Walks to the overhead projector and shows how 
the right leg can slide to the left to fill the empty space] 

| can see you all have done some good thinking about this. I'd like you to take some private 
think time now and record your thoughts about some different ways that you might find 
the total number of tiles in any figure that is in this pattern. Also, how might you convince 
someone else that you are correct? 
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analyze these strategies. They are encouraged 
to consider how they might integrate what they 
learn from the discussion into their thinking 
about the problem and ultimately how the vari- 
ous ideas might lead to generalizations. 

Cohen (1988) suggests that in a traditional 
classroom, knowledge is objective and stable, 
consisting of facts, laws, and procedures that 
are true, whereas in a reformed classroom, 
knowledge is emergent, uncertain, and subject to 
revision. The teacher in classroom A, although 
attempting to engage the students in a discus- 
sion about the problem, asks questions that do 
not elicit much discussion. Once she hears the 
response she is looking for from students, she 
quickly turns the focus to the procedure that the 
students need to follow in writing up a response 
to the problem. By contrast, in classroom B the 
teacher guides the inquiry through posing open- 
ended tasks, encouraging reflection, and asking 
questions that draw out students’ thinking; gen- 
erally, she helps students learn how to construct 
knowledge through interacting with the prob- 
lem (Cohen 1988) and one another (Leinhardt 
1992 


Connecting Reform-based 
Goals with Teacher Beliefs 


and Actions 

Principles and Standards for School Mathemat- 
ics (NCTM 2000) suggests that problem-solving 
instruction should enable students to build new 
knowledge, solve problems that arise in math- 
ematics and beyond, apply and adapt a wide vari- 
ety of strategies, and monitor and reflect on the 
process. Teachers’ actions and decisions related 
to these expectations, as seen in classrooms A and 
B, often vary and are influenced by the teacher’s 
beliefs about mathematics, problem solving, stu- 
dents’ abilities, and so on. 

In a recent study exploring influences on 
the teaching of mathematical problem solving 
(Rigelman 2002), the four focus teachers identi- 
fied their main goals for problem-solving instruc- 
tion. These goals are to help students develop 
(a) flexible understanding of mathematical con- 
cepts; (b) confidence and eagerness to approach 
unknown situations; (c) metacognitive skills; 
(d) oral and written communication skills; and 
(e) acceptance and exploration of multiple solu- 
tion strategies. Summarized in table 1 are the 
relationships among these exemplary teachers’ 


goals in teaching problem solving, their beliefs 
regarding the results of having students engage 
in problem solving, and their specific actions that 
support problem-solving behaviors in their class- 
rooms. Reading across the table from left to right 
suggests a link among (a) the teacher’s goals for 
instruction (e.g., fostering students’ confidence 
and eagerness to approach an unknown situa- 
tion); (b) the teacher’s beliefs about problem- 
solving opportunities (e.g., allowing students to 
observe, invent, conjecture, generalize); and (c) 
the teacher’s actions (e.g., encouraging reason- 
ing and proof). In the example of the four focus 
teachers, strong connections are observed among 
their reform-based goals, their beliefs about the 
benefits for students, and their actions, emphases, 
and decisions in the classroom. 


Implications for 
Teachers and Students 


In classrooms in which problem-solving instruc- 
tion focuses on the previously listed goals, the 
role of the teacher and the role of the stu- 
dents change. Instead of focusing on helping the 
students “find an answer,’ the teacher is pre- 
pared to see where the students’ observations and 
questions may take them. Instead of providing 
solution strategies, the teacher encourages mul- 
tiple approaches and allows time for communica- 
tion and reflection about those strategies. Instead 
of expecting specific responses, the teacher is 
ready to ask questions that uncover students’ 
thinking and press for the students’ reasoning 
behind the process. 

These expectations on the part of the teacher 
affect the students’ role, as well. As students 
engage in problem solving to learn mathematics 
content, they engage in the work of mathemati- 
cians. They explore the problem, and from this 
exploration they develop models and methods of 
thinking about the problem. From these models 
and methods, students develop their reasoning 
and prove their thinking to be reasonable and 
valid. Also, in this process, they discuss their 
reasoning and their solution(s). Figure 3 shows 
this cyclical model representing the mathematical 
problem-solving process. The model is a circle, 
indicating that the process is unending and that 
the actions, although somewhat sequential, may 
not be brought to completion before engaging in 
the next action; some actions may occur simulta- 
neously, and not all students will be at the same 
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Table 1 


Interrelationships among Teachers’ Goals, Beliefs, and Actions Regarding Problems and 


Problem Solving 


Teacher’s Goals for 
Problem-solving Instruction 


Help students develop 
flexible understanding of 
mathematical concepts 
Foster students’ confidence 


Teacher's Beliefs about 
Opportunities Afforded by 
Problem Solving* 


Students learn concepts and 
apply existing understanding 
Students observe, invent, 
conjecture, and generalize 


Teacher’s Related Actions 


Poses problems and asks 
questions 
Encourages reasoning and 


and eagerness to approach 


an unknown situation 

Help students develop their 
metacognitive skills 

Help students develop 
their oral and written 
communication skills 
Foster students’ acceptance 
and exploration of multiple 
solution strategies 


approaches 


Students see multiple 





proof 

Encourages reflection 

Has students discuss 
strategies, share ideas, and 
collaborate toward solutions 
Encourages multiple 
approaches 


*Indicates that teachers also choose problems on the basis of these criteria. 


Source: Adapted from Rigelman (2002, p. 171) 


Mathematical problem-solving process 










Asking 
questions 













Encouraging 
proof 


Adapted from Rigelman (2002, p. 184) 


place in the process as they engage in problem 
solving. For example, students may discuss their 
reasoning while they are developing their models. 
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Exploring 


* Developing models 
and methods 


¢ Proving models 
and methods 


* Discussing reasoning 
and solutions 


Making 
sense 


Reflecting 


Additionally, teachers also actively engage in 
this process; they ask questions to elicit students’ 
thinking, encourage proof, make sense of mul- 
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tiple approaches, and reflect for the purpose of 
making informed instructional decisions. 


Conclusion 


The purpose of this article is to raise questions 
about what is required to foster mathematical 
thinking and problem solving in our students. 
Because we want our students to possess the 
following habits of mind, we may also need to 
possess those same habits of mind with regard to 
instructing our students in problem solving. These 
habits of mind are embraced by teachers who— 


¢ think flexibly and fluently rather than focus 
instruction on a particular way of thinking; 

* confidently use mathematical knowledge and 
processes rather than specific strategies based 
on problem types; 

¢ willingly persevere and make sense of a situ- 
ation rather than expect students to follow the 
process that makes sense to them; and 

* engage in reflective thinking rather than rotely 
follow a procedure without taking the time to 
consider what is happening and why. 


When teachers carefully choose tasks that require 
students to engage in mathematical thinking and 
problem solving, then draw out students’ thinking 
through their questioning, and finally encourage 
reflection and sense making, their students make 
significant gains in mathematical understanding 
and attain higher levels of achievement. 


Action Research Ideas 


Review your curriculum materials and other 
problem-solving resources with the following ques- 
tions in mind: 


¢ Will students learn something new through 
engaging with the task? 

¢ In what ways do these resources prompt or 
direct students’ thinking? 

* Does the support that the materials provide lead 
students toward a particular strategy for solv- 
ing the problem or a particular format for the 
response? 

¢ How might you open up the task so that stu- 
dents have opportunities to deeply explore the 
mathematics embedded in the task (e.g., to make 
observations, conjectures, and generalizations)? 

¢ How might you help students make sense of 


correct strategies and formats for solving the 
problem? 


After completing a problem with your class, 
reflect on the focus of the discussion and the 
written communication. Consider not only your 
answers to the questions but also the evidence 
you have gathered about the extent to which these 
behaviors were present. 


¢ Were students’ thinking and reasoning guiding 
the discussion or evident in the written work? 
Why or why not? 

¢ Were all students actively engaged in the 
discussion (individually solving, sharing and 
comparing their solution strategies, listening 
attentively, building on one another’s ideas, 
synthesizing the results)? 

¢ Were students sharing both how and why their 
methods work? Were students able to convince 
others of the correctness of their solution? 


We recommend that you reflect on these questions 
periodically, making note of areas in which you 
have improved and setting new goals for yourself 
and your students. 
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he National Assess- 

ment of Educational 

Progress (NAEP), 
commonly known as the 
Nation’s Report Card, 
has released results of the 
2004 test of fourth-grade 
and eighth-grade students. 
These results, along with 
released items and sample 
responses, can be found at nces 
.ed.gov/nationsreportcard. Results 
of assessment of the mathematics items 
showed continued modest gains in students’ 
performance on topics ranging from number sense 
to basic concepts of algebra and geometry. 

The mathematics items designed for NAEP 
‘were intended to assess students’ problem-solving 
abilities, procedural knowledge, and conceptual 
understanding (nces.ed.gov/nationsreportcard/ 
mathematics/whatmeasure.asp). The test items are 
given in several formats, including multiple choice, 

short answer, and extended constructed response. 
The constructed-response items provide greater 
opportunity for insight into students’ problem- 
solving abilities and conceptual understanding. To 
illustrate how these constructed-response items are 
graded, I have chosen one that I felt was potentially 
useful in revealing student reasoning. I use it to 
illustrate how a different interpretation of students’ 
responses can reveal more about their reasoning 
and lead to a different assessment. 

Item 4M10 #18 (fig. 1) is a fraction item written 
specifically to assess students’ number sense and 
problem-solving abilities. The scorers provided 
sample responses labeled “extended,” “satisfac- 
tory,” “partial” (partially correct), “minimal,” and 
“incorrect.” These labels are actually scores on 
the five subitems. “Extended” represents a perfect 
score; “minimal” represents one or two correct 
subitems; “incorrect” indicates no correct subitems. 
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What's on Your 





The rubric used to determine cor- 
rect (acceptable) answers to the 
subitems can be found at nces 
.ed.gov/nationsreportcard/ 
itmrls/NQT_ItemDisplay.asp. 
In this article, I examine 
each of the sample responses 
to determine what knowl- 
edge of number sense and 
what problem-solving abilities 
the students giving the responses 
might possess. My analysis paints a 
picture of mathematical understanding 
among these students that is different from the 
one provided by the Nation’s Report Card. 


Evan’s Extended Response 
and Sula’s Satisfactory 
Response 


The scorers seemed to expect students to respond in 
the manner exemplified by the responses in figure 
1. In fact, this figure is NAEP’s extended response 
sample for Item 4M10 #18. Compare it with fig- 
ure 2, which illustrates a satisfactory response. 
Does the extended response demonstrate a more 
sophisticated response than the satisfactory one? 
The two responses differ in only two respects: The 
first student, “Evan,” named the fractions shown 
in strips A, B, and C as “equivalent” rather than 
as “half of the rectangle”; and the second student, 
“Sula,” partitioned and shaded the first open strip 
at the bottom of the item, essentially breaking the 
strip into two equal parts. 
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Evan’s extended response 


1. The shaded part of each strip below shows a fraction. 


ae | 


This fraction strip shows 3/6. 


=] 


What fraction does this fraction strip show? 


‘Oo 


What fraction does this fraction strip show? 


| 
ea 


5 


— 
lo 


What do the fractions shown in A, B, and C have in common? 


They are all egu ivalent tract’ ons 


Shade in the fraction strips below to show two different fractions that are 
equivalent to the ones shown in A, B, and C. 


Sula’s satisfactory response 


1, The shaded part of each strip below shows a fraction. 


ae | 


This fraction strip shows 3/6. 


What fraction does this fraction strip show? 2 


: TO 


What fraction does this fraction strip show? 


5 


—_ 
lo 


What do the fractions shown in A, B, and C have in common? 


They all shade half of the rec langle 


Shade in the fraction strips below to show two different fractions that are 
equivalent to the ones shown in A, B, and C. 
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As for the first difference, note that the term 
“equivalent” appears later within the item, suggest- 
ing that it might be used or intended as a cue for 
students. But did Sula, in using the language she 
did, demonstrate any less understanding of fraction 
concepts? We might argue that Sula has greater 
conceptual understanding; from her claim “They 
all shade half of the rectangle,’ we might infer that 
she understands fractions as a size relative to a 
whole. Evan may have borrowed the term “equiva- 
lent” and, in any case, may have been considering 
only that the shaded parts are the same size (with- 
out considering the whole at all). 

The second difference may have been an issue 
for the scorers because the item asked for “‘different 
fractions.” Sula evidently did view the first open 


a | 
ommmnes 


strip that she shaded as being somehow different 
from the others, even though strip B also illustrates 
one of two parts shaded. Her answer supports the 
argument that she conceptualized fractions as sizes 
relative to the whole. This is a more sophisticated 
conception than a part-whole conception (Olive 
1999; Steffe 2002), which relies on forming a ratio 
between the number of parts in the fraction and the 
number of parts in the whole. Sula knew that she 
did not have to adhere to the protocol of creating 
vertical partitions with half the total number being 
shaded; shading half of the area was what mattered 
to her. On the basis of these inferences, I would 
argue that Sula’s responses demonstrate at least as 
much number sense and problem-solving ability as 
Evan’s responses do. 
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Paula’s Partial Response 

“Paula,” the student who was given partial credit, 
gave responses that indicate less understanding. 
Her work, illustrated in figure 3, indicates addi- 
tive (rather than multiplicative) reasoning regard- 
ing fractions. Although she labeled strips B and C 
correctly, she mysteriously claimed that “you just 
add two more to each number.” It is critical that 
teachers try to make sense of what students might 
have been thinking that made their responses 
seem reasonable to them at the time (Davis 1997; 
Lampert 1990), but doing so in this case is a chal- 
lenge. I can only infer that she was referring to 
the numbers of shaded parts and unshaded parts in 
strips A and C (three of each in strip A and five of 
each in strip C). Are there other ways in which we 
could make sense of Paula’s response? 

Paula clearly did not understand that each frac- 
tion had half of the whole area shaded, nor did 
she explicitly establish a one-to-two relationship 
between the number of parts shaded and the number 
of parts in the whole, as seen in the fraction that she 
shaded in the first open strip. She appears to have 
shaded half of a half (one-fourth), even though in 
the second open strip she was able to create and 
shade in six-twelfths appropriately. Paula may have 
created six-twelfths by thinking of equal numbers 
of shaded and unshaded parts (six parts each). She 

_may have created one-fourth by reasoning that she 
would have two equally sized parts (fourths): one 
shaded and one unshaded. Whereas creating equal 
parts was an important aspect of her conception of 
fractions, considering the whole was not. The only 
indication that she ever considered the whole was 
when she added the shaded and unshaded parts to 
name the fractions illustrated in strips B and C. 
She understood the protocol of naming fractions 
without understanding much about fractions. In 
other words, she had developed more procedural 
knowledge of fractions than conceptual knowledge 
of fractions. 


Mia’s Minimal Response 


“Mia’s” understanding of fractions appears to be 
quite tenuous. Her label for strip C (see fig. 4) 
indicates that she had not yet mastered the part- 
whole protocol (procedural knowledge) for naming 
fractions. She named 1/2 correctly but did not name 
5/10 correctly. Like Paula, she considered part-part 
relationships. Unlike Paula, she was unable to 
translate this procedural knowledge into the frac- 
tion name. Moreover, she did not seem to under- 
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Paula’s partial response 


1. The shaded part of each strip below shows a fraction. 


im | | 


This fraction strip shows 3/6. 


= 


What fraction does this fraction strip show? at aa 
3 ere 
V—_—_— 


What fraction does this fraction strip show? O 


What do the fractions shown in A, B, and C have in common? 


you Just add two more to each num ber 


Shade in the fraction strips below to show two different fractions that are 
equivalent to the ones shown in A, B, and C. 


Tia 





stand the importance of partitioning the whole into 
equal parts. It is interesting, on the other hand, that 
the parts she did create were equally sized. What 
does this indicate about her conceptual knowledge 
of fractions? 

Mia seems to have reasoned with whole num- 
bers only. She could count the parts in strips B 
and C, and she could create different numbers of 
equally sized parts in the other strips. She never 
compared these parts to the whole, but, despite 
this, she could name strip B correctly. I infer that 
she could do so because 1/2 is a simple fraction 
that is common in children’s daily experiences 
of cutting and folding. Students can recognize 
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: procedural knowledge for naming them. In fact, in 
Mia‘s minimal response shading fractions strips, he demonstrated an under- 
standing of the need to partition the whole into 
equal parts and an understanding that half of those 
parts formed one-half the strip. What else can be 
inferred about Ian’s conceptions from the markings 
in his shadings of the strips? Ian’s response is also 
in error because he produced 5/10 when the direc- 
tions said to’ create fractions different from those 
given in strips B and C, but this response can easily 
be explained as carelessness. 

Ian’s construction of two-fourths in the first 
fraction strip is particularly interesting because he 
did not need to partition the entire strip in order to 
establish the two shaded parts as one-half of the 
strip. This response indicates that Ian, like Sula, 
might conceptualize one-half as a size relative to 
the whole, a less sophisticated conception than the 
part-whole conception, which is based on shading 
half the number of parts in the whole. If Ian had 
developed the more sophisticated conception, we 
might expect him to understand that strips A, B, 
and C illustrated equivalent fractions. From his 
response to the question of what these strips have 
in common, it is hard to determine whether he 
lacked such an understanding, misinterpreted the 
question, or was not able to express his ideas in 
words. My guess is that he interpreted the ques- 
tions as asking, ““What do the fractions show in A, 
B, and C?” This interpretation would explain his 
response and indicate that he might have reading 
difficulties that may be related to his inversion of 
fraction names. I would maintain that Ian could 
conceptualize one-half as a size relative to the 
the pattern for simple fractions such as 1/2 long __ whole. Are there other reasonable interpretations 
before they can work with fractions in general of Ian’s response? 

(Ball 1993). 


1. The shaded part of each strip below shows a fraction. 


ae | | 


This fraction strip shows 3/6. 
What fraction does this fraction strip show? 
’ 7 


What fraction does this fraction strip show? ; 


What do the fractions shown in A, B, and C have in common? 


They ane oll dO HES 


Shade in the fraction strips below to show two different fractions that are 
equivalent to the ones shown in A, B, and C. 





Conclusions 


Considering the five categorical responses to Item 


lan’s Incorrect Response 
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At first glance, “Ian’s work (see fig. 5) appears 
senseless. But, if we examine his responses, there 
is remarkable consistency and an indication of 
understanding that is much stronger than Paula’s 
or Mia’s. In seeking particular answers, the scorers 
apparently overlooked the fact that Ian consistently 
inverted the numerators and denominators of oth- 
erwise correct fraction names. This fact indicates 
that Ian’s trouble was due to reversing the naming 
convention for fractions rather than an impover- 
ished conception of fractions themselves. He had 
developed much conceptual knowledge of frac- 


4M10 #18, what can we learn from the NAEP 
scores for the item? It seems that those scores mea- 
sure adherence to protocol in naming and drawing 
fractions at least as much as they measure fraction 
sense and problem solving. Procedural knowledge 
seems to take precedence over conceptual knowl- 
edge. In fact, although Sula’s and Ian’s responses 
demonstrated a greater conceptual understanding 
of fractions than did prototypical responses—Sula 
partitioned vertically, and Ian partitioned only 
the fraction and not the whole—their responses 
were scored down. It appears that the scorers, in 
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seeking particular kinds of responses, overlooked 
other indications of strong conceptual knowledge. 
Is there a reasonable way for us, as teachers, to 
avoid doing the same? 

Of course, with a nationwide standardized test, 
it is difficult if not impossible to grade responses 
uniformly without comparing them to a preestab- 
lished rubric of expected responses. We can always 
expect such tests to devalue student responses that 
deviate from the expected protocol for responses; 
this is just a limitation of standardized tests. But 
teachers might use tasks such as Item 4M10 #18 in 
their classrooms and, in assessing students’ work, 
should consider the benefits of looking beyond 
expected responses to making inferences about 
students’ thinking. 

My inferences from the five sample responses 
depict a significantly different assessment of the 
five students. The NAEP scorers ranked Evan’s 
response as extended, Sula’s as satisfactory, Pau- 
la’s as partial, Mia’s as minimal, and Ian’s as 


incorrect. If I had to rank them according to the ~ 


students’ apparent conceptual knowledge, I would 
rank Evan’s and Sula’s responses as extended, 
Ian’s as partial, Paula’s as minimal, and Mia’s as 
incorrect. 

The most important reason for making infer- 
ences about students’ thinking is not to rank 

_ responses (as standardized tests must) but to deter- 
mine how teachers should proceed in working with 
their students. For example, Ian’s teacher could 
help him a great deal simply by talking with him 
about the relationship between written fraction 
names and the division of whole numbers. If Ian 
could read 10/5 as representing both a division 
problem and a fraction, he might realize that he had 
inverted his fraction names. Likewise, Mia might 
learn the importance of creating equal parts in the 
whole by working with sharing tasks: “Pretend this 
strip is a candy bar that you are sharing with three 
friends, and show me your share.” What interven- 
tions might Paula’s teacher use? 

In such ways, teachers can help advance their 
students’ thinking. By making inferences about 
students’ thinking, rather than simply looking for 
particular written responses, we can learn more 
about our students and how to help them. 
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lan’s incorrect response 
1. The shaded part of each strip below shows a fraction. 


A. 
This fraction strip shows 3/6. 


1, 


What fraction does this fraction strip show? rape 


‘0 


What fraction does this fraction strip show? a 


What do the fractions shown in A, B, and C have in common? 


ae Show 5 
B. Show 4 


C. Show 


Shade in the fraction strips below to show two different fractions that are 


equivalent to the ones shown in A, B, and C. 


ma 
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== he “Math by the Month” activities are designed to engage students to think as mathematicians do. Students may work on the activi- 

H ties individually or in small groups, or the whole class may use these as problems of the week. Because no solutions are suggested, 

: students will look to themselves for mathematical justification, thereby developing the confidence to validate their work. 

~~ Children have a natural curiosity about the world around them. This month’s problems capitalize on this interest by engaging = 

students in activities developing number sense, measurement skills, and data collection while exploring birds. Sources: www.birds | 
.cornell.edu/AllAboutBirds/ and www.sandiegozoo.org. A 


B 
BB 








aaa acacia 


BIRDS OF A FEATHER: K-2 FEBRUARY 2007 , ~ 


Egg-zactly! The female American robin can produce three successful broods in one year. She may have 3 or 4 eggs 
in her nest, or clutch, at one time. If there are 6 robin’s nests in your neighborhood and a total of 19 eggs in those 
nests, how many nests could have 3 eggs and how many nests could have 4 eggs? Can you find another combination 
using both 3 and 4 eggs that also works? 

























A flock of finches. The American goldfinch is a social bird almost always found in flocks. The male bird is a distinc- 
tive bright yellow with a black cap and is about 5 inches long. That's about the length of 7 linker cubes or 4 medium 
paper clips. Using linker cubes or paper clips to represent the length of the goldfinch and serve as your measuring 
unit, how many goldfinches long is your desk or table? How many goldfinches long is your teacher’s desk? How many 
goldfinches tall are you? 


Giant penguins. The tallest penguin 
ever recorded was 112 centimeters tall. 
The shortest penguin ever recorded 
was 41 centimeters tall. Compare 

the shortest height with the greatest 
height. What is the difference in height 
between the two? Is the tallest penguin 
taller than you? Find some objects in 
your classroom that would be about 
the same height as each penguin. 


Gobble, gobble. A small flock of wild 
turkeys can eat 50 pounds of cracked 
corn in a week. If they ate the same 
amount every day, how many pounds 
would they eat each day? How many 
pounds would they eat in one month? 








Edited by Kristen Forrest, kristen.forrest@anoka.k12.mn.us, Denise Schnabel, denise.schnabel@anoka.k12.mn.us, and Margaret E. Williams, margaret 
-williams@anoka.k12.mn.us, teachers at Riverview Specialty School for Math and Environmental Science, Brooklyn Park, MN 55444, Readers are encouraged 


to submit problems to be considered for future “Math by the Month” columns to Margaret Williams. Receipt of problems will not be acknowledged; however, 
problems selected for publication will be credited to the author. 
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BIRDS OF A FEATHER: 3-4 FEBRUARY 2007 


Migrating mania. Many birds migrate to find food or warmth or to lay their eggs. If 6 migrating birds arrived in your 
neighborhood every day, how many birds would there be in your neighborhood after one week? After one month? 
How many days would it take for the number of migrating birds in your neighborhood to top 100? 


Don’t blink! Careful, if you blink you might miss the beat of the hummingbird’s wings! One type of hummingbird is 
the North American ruby-throated rufous, which can beat its wings 53 times in 1 second. How many times can it beat 
its wings in 1 minute? In 1 hour? Ruby-throated hummingbirds live to be about 4 years old. If they spent half their life 
flying, about how many times would they beat their wings? 


Now, that’s a nest! The bald eagle became the U.S. national symbol in 1782. It was chosen as our symbol of free- 
dom because of its strength and its ability to soar so high through the sky. The largest bald eagle’s nest was found in 
Florida and measured 9 feet wide and 20 feet deep! Could that nest fit into your classroom? Is there a space in your 
school that could hold a nest that large? 


Not an ugly duckling. In 1932 the trumpeter swan, the largest of North American waterfowl, was in danger of be- 
coming extinct. Only 69 of these birds were known to be alive at that time. Today there are more than 16,000 trum- 
peter swans. How many years ago were they in danger? What is the difference between the total number of these 
swans then and now? From the 1600s through the 1800s, the trumpeter swan was hunted for its feathers, resulting in 
a tremendous decline in its numbers. Its largest flight feathers made what were considered the highest quality quill 
pens. Now that this practice has stopped, what other developments may have contributed to the increase in the trum- 
peter swan population? 








Ei Oe 































we 
WEEKLY ACTIVITIES 
BIRDS OF A FEATHER: 5-6 FEBRUARY 2007 


What a trip! The Arctic tern, a small, slender white bird, is known for its long yearly migration. Its round trip from 

its Arctic breeding grounds to its wintering grounds off Antarctica may cover 40,000 kilometers (25,000 miles) and is 
the longest yearly journey of any bird. On average, assuming that the Arctic tern flies the same distance every month, 
about how many kilometers does the Arctic tern travel in 1 month? How many kilometers does it travel in 1 week? In 1 
day? In 1 hour? Calculate the journey again in miles. 


A speedy flight. The word peregrine means “wanderer,” and the peregrine falcon has one of the longest migra- 
tions of any North American bird. These tundra-nesting falcons winter in South America and may travel 15,500 miles 
(25,000 kilometers) in a year. This powerful, fast-flying bird has been clocked traveling 90 miles per hour! At this rate, 
how long would it take a peregrine falcon to travel 20 miles? How many miles could the falcon travel in 15 minutes? 


Toot sweet. Hummingbirds consume approximately 1.6 to 1.7 times their body weight in nectar each day. Many 
people attract hummingbirds to their home gardens by filling feeders with a homemade sugar solution similar to nec- 
tar. The solution is made by boiling together 4 cups of water and 1 cup of sugar. If you wanted to use 12 cups of water, 
how many cups of sugar would you need to make the solution? If you had 6 cups of sugar, how much water would 
you need to make the solution? The average weight of acommon hummingbird found in southeastern Arizona is 7 to 
8 grams (0.25 to 0.28 ounces). How much homemade nectar would you need to keep a flock of 12 of these humming- 
birds in your yard and well fed for 2 weeks? For 3 weeks? 





The incredible egg. The largest of all bird eggs is an ostrich egg, which can weigh approximately 3 pounds. An 
ostrich egg looks about as large as a medium-size cantaloupe. For comparison, the smallest of all bird eggs is a bee 
hummingbird egg, which is the size of a small pea and weighs 0.02 ounces. About 4700 bee hummingbird eggs could 
fit inside one ostrich egg. A fishing lure weighs 1 ounce. How many fishing lures would it take to equal the weight of 
an ostrich egg? How many bee hummingbird eggs would it take to equal the weight of a fishing lure? A small grape- 
fruit can weigh 12 ounces. How many grapefruits would it take to equal the weight of one ostrich egg? How many bee 
hummingbird eggs would it take to equal the weight of a small grapefruit? 
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_ Erin E. Turner, Debra L. Junk, and Susan B. Empson 


The Power of Paper- 
Folding Tasks: Supporting 
Multiplicative Thinking 
and Rich Mathematical 
Discussion 


uilding understanding of multiplicative 
relationships is a key goal of mathemat- 
ics instruction in the upper elementary and 
middle grades. Multiplicative thinking includes 
comparing numbers through many processes: 
multiplication and division (rather than addition 
and subtraction), ratio, proportions, stretching 
5 : and shrinking, magnification, 
scaling, and splitting. Research 
has shown that multiplicative 
thinking develops slowly in 
children, over long periods of 
time (Clark and Kamii 1996; 
Vergnaud 1988). Initially, chil- 
dren tend to reason additively 
about multiplicative situations, 
and this additive thinking is often 
resistant to change (Hart 1984), 
Students need practice with tasks that help develop 
multiplicative thinking—in particular, tasks that 
help them recognize and reason about multiplica- 
tive relationships. 
Solving and discussing mathematical problems 
is also an essential part of doing and learning 








Lila is ; 
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mathematics. Many teachers agree that such dis- 
cussion is important, but helping students articu- 
late, justify, and debate ideas can be challenging 
(O’Connor 2001). Teachers need to structure 
opportunities for students to share their think- 
ing and consider the ideas of others. Although 
research has shown that all students, including 
lower-performing and English Language Learner 
(ELL) students, can and do participate in discus- 
sions (see, e.g., Empson 2003; Moschkovich 
1999), some students need additional support (see, 
e.g., Baxter, Woodward, and Olson 2001). Also, 
not all tasks generate rich mathematical discus- 
sions. Students need to reason and communicate 
about interesting tasks that can be solved in vari- 
ous ways and that lead to important mathematical 
ideas (Hiebert et al. 1997). In this article, we focus 
on a particular task—paper folding—and describe 
its potential to address both these challenges: sup- 
porting the development of multiplicative thinking 
and facilitating discussion of mathematical prob- 
lems for all students. 


Paper Folding: 
Not a Trivial Task 


Consider how an elementary school student might 
reason about the following paper-folding task: 


If I fold a paper in half, in half again, and finally 
in half again, how many equal parts will I have 
when the paper is opened? (Do not open the 
paper between folds.) (See fig. 1.) 


Although young children can repeatedly fold paper 


and appreciate the rapid growth in the number of 
parts, they may not always know how paper fold- 
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Illustration of paper-folding task 


Step 1: Fold an 8 %-by-11-inch sheet of paper in half. 


-—\ 


Step 2: Without unfolding the paper, fold it in half again. 


ee ey 


Step 3: Fold the paper in half one more time. 


F 


How many equal parts will the sheet of paper have when it is unfolded? 


ing “works.” Understanding how a sequence of 
folds results in a certain number of equal parts is 
not trivial. In fact, a deep understanding requires 
making sense of the multiplicative relationships 
embodied in equal folding. For example, each time 
you fold a paper in half, you double the number 
of parts, so that folding a paper in half three times 
creates 2, then 4, and ultimately 8 equal parts (2 x 
pire 2=) 8). 

We presented this task to a cross section of 
elementary school students—first, third, and fifth 
graders—with no prior experience in the math- 
ematics of folding. Only four of thirty students 
correctly predicted that 3 half folds make 8 equal 
parts. Most (n = 21) predicted that 3 half folds 
would make 6 parts. As one third grader incorrectly 
reasoned, “If you fold it [in half] once, it’s 2 parts, 
and then again, it’s 4 parts, and then one more time, 
it’s 6 parts” because each half fold “adds” 2 more 
parts to the total. 
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Children initially tend to reason about paper 
folding in additive rather than multiplicative 
ways—that is, as they comprehend the process, 
folding the paper in half adds 2 parts rather than 
doubles the number of existing parts. We decided to 
provide additional folding tasks for the children to 
solve and reflect on to help them make sense of how 
folding works and thus develop their multiplicative 
thinking. Furthermore, the folding tasks’ unique 
structure—which supports testing, revising, and 
communicating ideas as well as multiple solution 
strategies—would lead, we believed, to rich group 
discussions. 

We investigated students’ thinking about paper- 
folding tasks in two contexts. First, we conducted 
individual problem-solving interviews with the 
same group of first, third, and fifth graders to 
examine how children reason about paper folding 
(Empson and Turner 2006). We used two types of 
tasks in these interviews. Some tasks asked the stu- 
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“Arghh, | 
thought it 
was going to 
be 12!" 
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dents to predict the number of equal parts created 
by a given series of folds; others asked students to 
determine a sequence of folds to create a particular 
number of equal parts (see fig. 2 for sample folding 
tasks). Second, we later implemented many of the 
paper-folding tasks with two classes of fourth and 
fifth graders who participated in an after-school 
mathematics program. In the after-school setting, 
students first solved the folding tasks individually 
or in small groups, and then the teacher gathered 
students for a class discussion. In both studies, we 
worked with students from diverse, low-income 
urban schools, including many ELL students. 

Folding an unmarked paper into a number of 
equal parts that represent powers of 2—2 parts, 4 
parts, 8 parts—can be done quite precisely without 
a measuring tool. Folds such as thirds usually give 
only approximate equal areas. In some contexts, 
such as comparing fractions, a measuring tool may 
be needed. In contexts where the total number of 
pieces is the main focus, “rolling up,” also known 
as fan folding, will provide a good approximation. 

We highlight three aspects of paper-folding 
tasks that we found to be especially powerful and 
then suggest ways that elementary school math- 
ematics teachers might use paper-folding tasks in 
instruction. 


Why Paper-Folding Tasks 
Are Powerful 


Folding tasks support 
students in testing and 
revising mathematical ideas 
Part of solving and discussing mathematical prob- 
lems is noticing patterns, making and testing con- 
jectures, and revising ideas as necessary (NCTM 
2000). As many teachers know, helping students 
pose and refine conjectures can be challenging. 
Paper-folding tasks provide students a powerful 
entry point into these practices. All students, even 
those who may typically struggle with mathemat- 
ics, can fold and reason about folding. For example, 
anyone can make a prediction about the outcome 
of a series of folds. And, as we learned, students 
almost always have reasons for their predictions, 
reasons based on noticing patterns and making 
conjectures, even when their predictions are incor- 
rect. When Alejandra [all students’ names in this 
article are pseudonyms], a first grader, was asked 
to predict the number of equal parts created by 
folding a piece of paper in half 4 times, her reply 


was, “12 parts.” She had previously noticed that 
when a paper folded in 4 parts was folded in half 
again, it created “4 more” parts, or 8 parts total. She 
used this pattern to reason (incorrectly) that if the 
paper is folded in half again, it must make 12 parts, 
because “every time you fold it [in half], it makes 
4 more [parts].” Being able to refer to the folded 
paper helped Alejandra communicate and articulate 
her reasoning. 

Further, the act of operating on the paper itself 
allows students to test and revise their conjectures 
about how folding works. Folding tasks are unique 
in this regard; most mathematical problems do not 
include a mechanism that permits students to test 
ideas and receive feedback. Lorena, a third grader, 
was trying to fold the paper to make 12 equal parts. 
She first folded the paper repeatedly in half “to see 
if there is a pattern.” Realizing that half folds cre- 
ated 8 parts and 16 parts but never 12 parts, Lorena 
took a new piece of paper and decided to revise her 
plan. This time, she started by folding the paper in 
thirds and then folding it in half; she thought “‘it 
might make 6” because 3 plus 3 equals 6. Lorena 
had a conjecture about folding—“when you fold 
it in half, it doubles the number of parts”—which 
she was able to test. When she realized that the half 
fold doubled the 3 parts to make 6, she opened the 
paper up to examine the crease lines, refolded it, 
and then continued with an additional half fold. She 
explained that the last half fold “might” create 6 
more parts for a total of 12, because folding in half 
seemed to double the total number of parts. 

The feedback intrinsic to folding tasks is helpful 
even to students who begin tasks without a particu- 
lar theory about folding or without a plan to create 
a given number of parts. For example, to create 24 
parts several students decided to repeatedly fold 
the paper in half “just to see if it gets to 24.” They 
had the notion that “the more you fold the paper, 
the more parts you get,” but they did not seem to 
be thinking about the relationship between each 
fold and the total number of parts. Once the stu- 
dents began folding and counting the parts created: 
by each fold, this built-in feedback helped them 
generate more refined ideas about folding that they 
could test and revise. Having a goal in mind—for 
example, making 24 equal parts—was especially 
helpful because it focused the students’ activity and 
provided multiple opportunities for them to gener- 
ate, test, and revise their theories about how paper 
folding works. 

Students’ initial theories about folding often 
reflect additive reasoning—that is, each fold adds a 
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fixed number of parts. But repeated testing of ideas 
and observations of results helps students make 
connections and revise their initial understandings 
(Karmiloff-Smith and Inhelder 1974). In fact, after 
the third and fifth graders we interviewed worked 
on several tasks, all but one shifted away from 
additive reasoning about paper folding. We believe 
that these advances in student thinking are due in 
part to the unique structure of folding tasks, which 
provides immediate feedback about ideas and 
conjectures. 


Folding tasks support 

students in making powerful 
mathematical connections 
Paper-folding tasks help students make powerful 
mathematical connections that aid multiplicative 
thinking. When Mateo, a fifth grader, folded a sheet 
of paper to make 9 equal parts, he realized that 
because “3 times 3 is 9,” he could fold the paper in 
thirds and then in thirds again. He recognized that 
although folding in half doubles the numbers of 
parts, folding in thirds divides all previously folded 
parts in 3, so folding in thirds and then in thirds 
again creates 9 parts (3 x 3 = 9). 

Other students make connections between paper 
folding and multiplication arrays. To fold the paper 
into 12 parts, Reynaldo, another fifth grader, sug- 
gested folding it into 3 columns and then dividing 

‘each column into 4 parts, because 3 times 4 equals 
12. Reynaldo used an image of a 3 x 4 array to plan 
his folding actions and make sense of how folding 
worked. He realized that when he folded a paper 
first in 3 parts and then in 4 parts, he was simultane- 
ously dividing each of the 3 columns into 4 parts, 
thus creating the 3 x 4 array. 

Folding tasks also allow students to think about 
relationships between factors and products. For 
instance, to make 24 parts, Andrea reasoned that if 
she could just “get it [the paper] into an eight,” she 
could fold it in thirds to make 24 parts, because 8 
times 3 equals 24. Andrea used 3 half folds to build 
up the 8 equal parts (2 x 2 x 2) and then continued 
with her plan (see fig. 3). Essentially, Andrea’s 
folds modeled a prime factorization of 24: 24 = 
8 x 3 = (2 x 2 x 2) x 3. Jesse, another fifth grader, 
also used factor-product relationships to solve 
the related-folds task (see fig. 2, problem f). Jesse 
reasoned about multiplicative relationships among 
the factors of 24 to figure out how Derrick should 
fold the paper to create the same number (24) of 
equal parts as Camila did. Although most students 
used multiplication to solve this problem, Jesse did 
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Paper-folding tasks 


Type of Task Sample Problem 


Predict the a. If you fold this piece of paper in half 4 times, how many 
result of a equal parts will you create? 
series of folds b. lf you fold this paper in half, then in thirds, and then in 

thirds again, how many equal parts will you create? 



































Create a given 
number of 
equal parts 


c. Fold this piece of paper to make 6 equal parts. 
d. Fold this piece of paper to make 12 equal parts. 

e. | folded a piece of paper and created 24 equal parts. 
What steps did | take to lead to 24 equal parts? Would 
other steps lead to 24 equal parts? 










Create a related 
sequence of 
folds 


f. Camila folded a piece of paper into 3 equal parts and 
then 8 equal parts. Derrick folded his paper into 6 equal 

parts. If he wants to make exactly as many parts as Camila, 
into how many parts should he next fold his paper? 











Create an g. You decide into how many parts you want to fold the 
“interesting paper, and you experiment with the paper to see if you can 
fold” make that many parts. This is your “interesting fold.” Re- 
cord detailed directions for your “interesting fold” so that 
one of your peers could fold the paper exactly as you did. 


“Folding is 
like multipli- 
cation!” 


Andrea folding an 8%-by-11-inch sheet of 
paper to make 24 equal parts 


“Folding 
is like 
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“Who found 
a different 
way to make 
24 equal 
parts?” 





Pablo’s method for making 12 equal parts 
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not multiply the first two factors and then find the 
missing factor in the second pair (3 x 8 = 24, so6 x 
? = 24). Instead, he reasoned that because Derrick’s 
first fold (into 6 parts) was twice Camila’s first fold 
(into 3 parts), Derrick had “to do half her second 
move (into 8 parts). He reached this solution by 
thinking about how a fold into 6 equal parts creates 
twice as many parts as a fold into 3 equal parts (6 = 
3 X 2); in other words, this solution is like folding 
in 3 parts and then folding again in half. Because 
Derrick created twice as many parts as Camila 
on his “first move,” Jesse reasoned that Derrick’s 
second fold should create half as many parts as 
Camila’s—that is, 4 parts instead of 8: (3 x 2) x 
4=3x(2x4). 

Other students see connections between paper 
folding and fractions. For example, when Bety, 


Brenda folds in thirds, then in half, and then in half again to make 12 


equal parts. 
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Yasmine, and Paola experimented with repeatedly 
folding a paper in half, they noticed relationships 
among the sizes of the parts they created. When the 
paper had 8 equal parts, they noticed that 2 of those 
parts (2/8) were equivalent to 1 part on a paper 
folded in 4 equal parts (2/8 = 1/4). Together they 
compared the folded papers to identify and justify 
other equivalent fractions, such as 2/4 = 1/2 and 
4/8 = 1/2. Paper-folding tasks also help students 
reason about the multiplicative relationships 
among fractions. Later, during a class discussion, 
Bety, Yasmine, and Paola used the folded papers to 
explain to their peers that 1/8 is one-half of 1/4 and 
that 1/4 is one-half of 1/2. 

Folding tasks also create opportunities for stu- 
dents to reason about fractions that have different 
shapes but equal area. When the students discussed 
ways to make 12 equal parts, they examined a 
paper folded first in sixths and then in half to cre- 
ate “long, skinny” twelfths; they then compared 
this paper with a paper folded first in thirds, then 
in half, and then again in half to create “rectangle- 
shaped” twelfths (figs. 4 and 5). In the discussion 
that followed, some students realized that although 
the twelfths “looked different,” they had to be equal 
because each whole was divided into 12 equal 
parts; therefore, one of the “long skinny” twelfths 
must be equivalent to one of the “rectangle-shaped” 
twelfths. 

We see tremendous possibilities here. As stu- 
dents work on folding tasks, they make connections 
to mathematical ideas such as multiplication and 
fractions. More important, these connections sup- 
port the development of multiplicative thinking. 


Folding tasks support all 
students in solving and 
discussing mathematical 
problems 

Although not all tasks generate rich mathemati- 
cal discussion, we believe there are many reasons 
why paper folding may be an especially good task 
for supporting all students’ participation in com- 
municating, justifying, and debating mathematical 
ideas. 

To begin, although children have folded paper, 
few have considered how folding produces a par- 
ticular number of parts. Students’ common inexpe- 
rience about how to solve these problems creates 
a space where all ideas are welcome. Many share 
such basic insights as, “I noticed that folding in half 
adds two parts” (rather than doubles the number of 
parts), and publicly stating such conjectures helps 
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all students build an understanding of how folding 
works. 

As students articulate their thinking and share 
their solution strategies with peers (fig. 6), having 
a physical artifact to refer to as they explain can be 
very helpful. With folding tasks, students can use 
the paper to demonstrate their plan or prediction. 
This can be especially helpful for ELL students. 
During a group discussion, Adan, a Spanish-domi- 
nant ELL student in our after-school program, 
shared his strategy for making 12 equal parts. 
He explained, “I folded it like this, and like this,” 
modeling his sequence of folds as he talked. The 
teacher then restated and refined his idea, empha- 
sizing that he first folded the paper “in half’ and 
then “in six parts.” Although Adan used ambigu- 
ous language in his initial explanation, both the 
teacher and the other students were able to make 
sense of his strategy because he demonstrated his 
folds as he communicated his ideas (fig. 7). (See 
Turner et al. 2006 for additional discussion of how 
folding tasks supported ELL students’ participa- 
tion in discussion.) 

Folding tasks also help generate discussion 
because many tasks, such as “Fold this paper to 
make ____ equal parts,” support multiple solution 
strategies. Possible solutions include both basic 
strategies and more complex strategies that use 
multiplicative reasoning. For example, to make 12 
equal parts, students can fold the paper in half, in 
half again, and then in thirds, because they know 
that 2 x 2 x 3 = 12. Another student might know 
that 2 x 6 = 12 and decide to fold the paper in half 
and then in 6 parts to make 6 parts on each side 
for a total of 12. Or, even more simply, students 
can fold the paper over on itself, using a “rolling 
fold,” or fan fold, to create as many parts as neces- 
sary. Because multiple strategies exist for making 
a certain number of parts, including some that do 
not depend on formal knowledge of multiplication 
or fractions, all children have the opportunity to 
contribute ideas to a class discussion. 

As individual students present their solutions 
(fig. 8), the teacher can invite the others to compare 
strategies and look for mathematical relationships 
to extend their thinking. During a class discussion 
of the “make 12 equal parts” task, Erika shared 
her strategy: “I folded [the paper] in half, then in 
half again, then in thirds.” Later, Moana and Nata- 
lie shared similar approaches. Moana had folded 
the paper in half, then in thirds, and then in half 
again. Natalie had folded the paper in thirds, then 
in half to make 6 parts, and then in half again. The 
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Bety explains her solution to the class. 





Adan shares his solution with the class. 
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During a group discussion, Ernesto shares 
his strategy for a folding task. 
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Photograph by Debra L. Junk; all rights reserved 


Bety compares strategies for making 12 
equal parts. 
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teacher asked the class to compare the strategies. 
Bety noted that they all involved two half folds and 
a third fold, just in different order (fig. 9). Other 
students agreed that “[the folds] are just reversed” 
and that “the order doesn’t matter, it’s always 2 and 
3 and 2, and that makes 12 [parts].’ The teacher 
helped the students record the folds numerically— 
DX Sea 2D ea Dae een Goee) = 
12—thus creating another opportunity for students 
to discuss the mathematical relationship among the 
different strategies. 


Suggestions for Paper 
Folding in the Elementary 
Classroom 


How do | start? 

Try some of the problems listed in figure 2. Explore 
the tasks yourself, and then try them with your stu- 
dents. Use the activities as a context for making and 
testing predictions and making conjectures about 


Ramon represents the outcome of repeatedly folding in half. 


If you fold this piece of paper in half 6 times, how many equal parts will you 


get? 
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how paper folding works. Give students plenty of 
time to experiment. The “fold the paper to make [a 
certain number of] parts” tasks are especially pow- 
erful because they provide students with multiple 
opportunities to test and revise their ideas. 


What kind of paper should | 
use? 

We used patty paper for all the folding tasks. Patty 
paper is square-shaped, thin, waxy paper that is 
easily available through many mathematics educa- 
tional supply catalogues. It is easy to fold, and the 
lines made by the folds are easily distinguishable. 


What kinds of questions should 

| ask? 

Ask questions to discern your students’ thinking. 

Such questions could include the following: 

e “Why do you think the folded paper or the 
creases resulting from the folds turned out that 
way instead of the way you predicted?” 

e “Before you start folding, tell me about your 
plan for making 6 equal parts. Why do you think 
that will work?” 

e “Now you have 4 parts. If you fold the paper in 
half again, what do you think will happen?” 
“What patterns have you noticed with folding?” 

e “You said that folding in half and then in 
half again is like multiplication, because it’s 
like 2 times 2. Tell me more. How is this like 
multiplication?” 

Ask questions to discern your students’ strate- 
gies. Such questions could include the following: 

e “What did you do first? What did you do next?” 

e “Can you draw each step for me?” 

e “How is your folding strategy like or not like 
[another student’s] strategy?” 


Other notes about instruction 

To encourage children to relate folding to multi- 
plication, you might use language such as this: “If 
you make 3 equal parts and then 4 equal parts, how 
many equal parts will you have when you open up 
your paper?” To encourage students to relate fold- 
ing to fractions, use language such as this: “If you 
fold in thirds and then in fourths, what fraction will 
your paper show when you open it?” Making con- 
nections between fractions and multiplication may 
be an issue that naturally comes up, but in either 
case you might ask these questions: 

e “How is folding like multiplication? Why?” 

¢ “How is folding like fractions? Why?” 

e “How is folding like division? Why?” 
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Encourage students to write out their procedure. 
Students may use a combination of words, pictures, 
fractions, and multiplication facts to show how they 
folded the paper (fig. 10). 

Use students’ representations to make con- 
nections between different solution strategies. 
Discussing different representations is a powerful 
mathematical activity. 


Conclusion 


Paper folding provides powerful mathematical 
tasks that help students articulate reasoning, make 
and revise conjectures, and develop multiplicative 
reasoning. In addition, these tasks are engaging for 
both students and teachers. The act of folding paper 
itself creates a shared space that enhances teacher- 
student and student-student communication and 
facilitates group discussion. Folding tasks like the 
ones we describe here are rich with opportunities 
for teachers to face the challenge of engaging all 
students in solving and discussing mathematical 
problems. 
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Nine Jumping Numbers 


Hannah and Erin are playing the Nine Jumping Numbers game. They each create a set of 9 numbers that has a starting 
number and a jumping number. For example, Hannah creates the set 2, 5, 8, 11, 14, 17, 20, 23, and 26 by using 2 as her 
starting number and 3 as her jumping number. Erin’s nine numbers are 10, 14, 18, 22, 26, 30, 34, 38, and 42. What num- 
ber did she use as her starting number, and what number did she use as her jumping number? Make your own number 
pattern by selecting a starting number and a jumping number. Trade your number pattern with a friend and identify the 
starting number and the jumping number in your friend's number pattern. Are the numbers in your friend’s pattern the 
same as the numbers in your pattern? If they are different, how is your friend’s number pattern different from yours? 
Even if the numbers are different, what is the same about the number pat- 


Figure 1 terns? (Older students can use algebraic terms and symbols to explain what 
: 3 i is the same or different about the two number patterns.) 
Diagram of a nine-number Ferris Hannah and Erin are now trying to use their nine numbers on the Ferris 
wheel wheel diagram (fig. 1). They want to see if they can place their nine num- 


bers in the circles so that the sums of any three connected numbers along 

a path in any each direction are the same. As Hannah and Erin try different 
combinations, they find that the size of their numbers makes them difficult 
to work with. Then they decide to try using the digits 1, 2, 3, 4, 5, 6, 7, 8, and 
9 in the Ferris wheel. Explain how these numbers fit the jumping number 
pattern. Hannah and Erin talk about which number or numbers they can 

put in the middle position to obtain a solution. How many numbers can 

be placed in the middle position? What do the possible middle numbers 
have in common? Help Hannah and Erin figure out a way to complete this 
nine-number Ferris wheel. Find more than one way to complete the wheel. 
Discuss ways to rearrange the numbers while keeping all the sums the 
same. Can you help Hannah and Erin find a way to use the nine numbers of 
their original number sets? 





Extensions 

e When using the nine-number Ferris wheel, the students, instead of adding the three numbers along the path (includ- 
ing the middle position) and creating the same sum, could explore mul- 
tiplying the three numbers to create the same product. How could a set Figure v4 
of nine numbers be created? Do you think that using the same rule—a 
starting number and a jumping number—will work? Is there another way 
of creating a nine-number pattern? Is there more than one right way to 
create a nine-number pattern? 

e The Loh-Shu magic square (fig. 2) is found in ancient Chinese culture 
beginning about 2800 B.C. Each group of dots within the magic square is 
a representation of the numbers 1 through 9. Notice that the dot arrange- 
ments in the top row represent the numbers 8, 1, and 6. The dot arrange- 
ments in the second row represent the numbers 3, 5, and 7, and the dot 
arrangements in the bottom row represent the numbers 4, 9, and 2. Each 
Loh-Shu magic square is arranged so that the sum of every row, column, 
and main diagonal is always 15. Do you see a similarity between the 
magic square and the nine-number Ferris wheel? Using the numbers 1 
through 9, can you make other Loh-Shu magic squares in which the sum 
of every row, column, and main diagonal is the same but is a number 
different from 15? Following this guideline, how many more magic Source: www.magic-squares.de/magic.htm| 
Squares can you make? Explain how you counted the magic squares you 
can make. 


Loh-Shu magic square 
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he goal of the “Problem Solvers” department 

is to foster improved communication among 

teachers by posing one problem each month 
for teachers of grades K-6 to try with their students. 
Every teacher can become an author: Pose the 
problem to your students, reflect on your students’ 
work, analyze the classroom dialogue, and submit 
the resulting insights to this department. Through 
contributions to the journal, every teacher can 
help us all better understand children’s capabilities 
and thinking about mathematics. Remember that 
even students’ misconceptions provide valuable 
information. 


Classroom Setup 


Discuss this problem with your students but avoid 
giving too much guidance. Allow your students to 
work with a partner or in small groups. When intro- 
ducing students to the problem, you may need to 
clarify that starting number refers to the first term 
of an arithmetic sequence and jumping number 
refers to the common difference. You might allow 
young children attempting to develop sets of jump- 
ing numbers to use the constant key on a calculator 
to repeatedly add the same number. As they explore 
the problems, students can write each number of 
their number pattern on a square of one-inch grid 
paper and cut the squares apart so that they can 
move the numbers around to test many possible 
arrangements. You might also suggest that the stu- 
dents keep a record of each arrangement to avoid 
duplicating their efforts. Encourage students to rea- 
son whether a certain number can be placed in the 
middle of the Ferris wheel and why or why not. For 
example, how does the number placed in the middle 
position affect the sum and the arrangement of the 
other numbers? If placing a particular number in 
the middle position will not work, help the children 
explore and then articulate why not. 

The Lho-Shu magic square provides an opportu- 
nity to incorporate history and multicultural topics 


into the mathematics classroom. Lead students 
to notice that the Lho-Shu square is “magic” in 
that the sums of each row, column, and diagonal 
are equal. Encourage students to think about the 
properties of the numbers in this problem and the 
ways these properties affect the sums of numbers. 
As students think about the numbers that will work 
in the middle position of the Ferris wheel and in 
the magic squares, students may discover that they 
must consider what happens when they add even 
and odd numbers. 

Students who look for combinations of numbers 
that give the same product may encounter large 
numbers and may find it useful to express their 
numbers as exponents wherever possible. As with 
the Ferris wheel problem, they may find it helpful 
to begin by trying to find the smallest possible set 
of numbers that works. 

Encourage students to think of more than one 
way to solve the problems. Ask them to use pic- 
tures, words, lists, or other methods to record their 


‘work and explain their solutions. Collect students’ 


work, make notes about ‘interactions and discus- 
sions that took place, and document the variety 
of student approaches that you observed. As you 
reflect on your experience with the problem, keep 
in mind the following questions: 


e What difficulties did students have in under- 
standing the problem? 

e What strategies did you see students using to 
solve the problem? 

e Were you surprised by any students’ responses 
or interpretations? 

e What methods did students use to record their 
work? 

e Did the students relate this problem to any others 
that they have investigated? 

e What extensions to this problem did you or your 
students pose? 

e What did your students learn from investigating 
this problem? 
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Where's the Math? _. 


The introduction to this version of a familiar problem encourages students to 
create and investigate one aspect of arithmetic sequences and to see the same 
algebraic structure that is represented by a starting number (the first term of 
an arithmetic sequence) and a jumping number (the common difference) in 
an informal way. Not only do children realize that the counting numbers 1, 
2, 3, 4,5, 6, 7, 8, and 9 are the ways that we begin counting objects in order; 
they also learn that these numbers are the part of an arithmetic pattern in an 
algebraic sense. Furthermore, exploring the possible numbers that can be 
placed in the middle circle of the Ferris wheel is an excellent opportunity for 
children to see how numbers in the pattern are interrelated through the addi- 
tion operation. Later, this kind of exploration can be extended to finding the 
general description of an arithmetic sequence such as a + (n—1)d, where a is 
the starting number and d is the difference between two consecutive terms. 
For instance, Hannah’s pattern could be expressed as 3n — 1, and Erin’s pat- 
tern could be expressed as 4n + 6. 

The Ferris wheel figure provides a context for thinking about sums of 
even and odd numbers and number pairs. Although the Loh-Shu magic 
square looks very different from the Ferris wheel, both are similar in struc- 
ture. The second extension provides an opportunity to explore geometric 
sequences. In this variation, factors of numbers and multiplicative relation- 
ships become important. 





2007 Regional | fa and Expositions 
Richmond, Virginia * October 11-13, 2007 


Kansas City, Missouri » October 25-27, 2007 





‘more Deol on NCTM’s events, visit 


TEACHERS OF MATHEMATICS 





332 


Houston, Texas » November 29-December 1, 2007 : ae 


Share Your Student Work 


We are interested in how your students responded 
to the problem and how they explained or justified 
their reasoning. Please send us your thoughts and 
reflections. Include information about how you 
posed the problem and samples of students’ work 
or even photographs showing your problem solvers 
in action. Send your results with your name, grade 
level, and school by April 1, 2007, to Joyce Bishop, 
Department of Mathematics and Computer Sci- 
ence, 600 Lincoln Avenue, Charleston, IL 61920. 
Selected submissions will be published in a subse- 
quent issue of Teaching Children Mathematics and 
acknowledged by name, grade level, and school 
unless otherwise indicated. A 


(Solutions to a previous problem 
begin on the next page) 
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Solutions to the 
Patterns Galore! Problem 


he Patterns Galore! problem, which appeared in the February 2006 “Problem Solvers” section, 
provides a rich opportunity to discover and explore numerical patterns. The problem was stated as 
follows: 


Take a look at the 0-99 chart shown in figure 1. No, don’t just glance at it—really look at it. It is full of fascinating patterns. 
You already know some of them. For example, every other column contains all even numbers. Also, if you move down one 
row, the tens digit increases by one. You probably know a few other patterns. Your job is to find the less obvious patterns. 
For example, look at diagonals; start from the middle and work your way out; consider the digits of numbers as two separate 
numbers; or look at smaller portions of the chart. Be creative! 

Next comes the really exciting part of the problem. Try the same exercise using the triangular 0-99 chart pictured in figure 
2. Can you find similar patterns? Is the reasoning the same? Is it easier to find patterns, or more difficult? You can find one 
very nice pattern by looking down the left side of the triangle. Do you see it? Why does that happen? Does the pattern tell you 
anything about the nature of those numbers? 

Finally, try to make up a 0-99 chart in another shape. Do you find more patterns in your shape than you did in the triangle? 
How about the square? List as many of the patterns as you can, and then try to explain them. 

Variations: This problem can be modified for younger students by having them create patterns instead of finding and 
explaining them. For example, have students find the pattern that is created when they count by twos or by threes. After 
they understand what is meant by a number pattern on the 0-99 chart, they may be able to find more patterns without help 
from the teacher. The problem does not really need modifying for older students. It essentially modifies itself by the level of 
sophistication of the patterns that students find. 


Typical 0-99 chart Triangular 0-99 chart 
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Photographs by Barbara Lemme; all rights reserved 


Finding patterns in this design was difficult. 





A simpler counting pattern 
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Barbara Lemme, a second-grade teacher at 
Wawaloam Elementary School in Exeter, Rhode 
Island, gave her students the problem using a 1-100 
chart rather than a 0-99 chart. They focused on the 
third part of the activity: making new designs using 
the numbers 1-100 and trying to find patterns in 
these new designs. Looking for patterns in the 0-99 
chart was one of their activities earlier in the school 
year. Lemme took the Patterns Galore! problem as 
an opportunity to look at pattern finding from a dif- 
ferent perspective. She describes the experience: 


Looking for patterns is a well-established rou- 
tine in my classroom. The children readily took 
the challenge of creating a new pattern with the 
numbers. I was surprised and excited when some 
of the children could not distinguish between a 
design and a number pattern. This truly opened 
up an entirely new topic that I had overlooked 
in my teaching. All of the students can see a 
design—be it a triangle, a square, even a serpen- 
tine-like design—made by pasting the numbers 
onto chart paper. Finding a number pattern was 
an entirely different quest. Some groups wanted 
to stop once they [had] placed their numbers and 
[had] made a design. The challenge/confusion 
was finding a number pattern. Design vs. pattern 
discussion continued throughout the project. 
After closer looks, almost all the groups found 
some type of number pattern in their work. 


Lemme’s students created designs that yielded a 
variety of number patterns. One design was interest- 
ing because of the lack of patterns (see fig. 3). The 
students did not find a pattern but had a great learn- 
ing experience while trying to find one. One student 
explained, “We don’t have a number pattern to our 
design because the sides keep getting smaller.” The 
students made comparisons with the original 1-100 
chart, where the sides are the same length. 

Figure 4 shows a “road” pattern made by 
another group of students. Lemme states: “They 
were very excited when numbers started ‘lining up’ 
across from each other on their ‘road.’ They took 
crayons and drew lines to connect these numbers, 
very pleased with themselves for finding these 
patterns made by lengths of five numbers.” Other 
groups made simpler designs, such as the one in 
figure 5, in which they made rows of four numbers 
instead of ten. They found in this one design pat- 
terns of both odd and even numbers. 

Figure 6 shows the most interesting of the stu- 
dents’ designs as far as finding number patterns. 
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The students started with the number | in the corner 
and then continued counting diagonally, creating 
a triangular design. Lemme describes one of the 
number patterns found in this design: 


Number patterns kept appearing, and the whole 
class was very excited to examine and reexam- 
ine this design in looking for new patterns.... 
For instance, in the top row of numbers—1, 2, 
4, 7, 11, 16, ete——each number increases by 1 
more of the previous addend (1 + 1 = 2), then 2 
(2+2=4), then 3 (3+4=7), then4 (4+7=11), 
then 5 (5 + 11 = 16), etc. 


Lemme’s students “loved looking for number 
patterns in their creations.” All levels of the prob- 
lem as Lemme presented it are engaging. Even 
looking for patterns in the existing 0-99 chart, as 
suggested in the ““Where’s the Math?” section of the 
original problem statement, is a rewarding activity 
for students of all age levels. As students get older, 
they will find more interesting patterns. Have them 
go one step further and prove why the patterns 
exist. Transferring these insights into designs of 
their own creation and finding the patterns within 
these designs is a very rewarding activity. Who 
knows—your students may generate a design incor- 
porating combinations of numbers that becomes 
as useful to some field of mathematics as Pascal’s 
triangle! 





A special thanks to Barbara Lemme and the second- 
grade students at Wawaloam Elementary School in 
Exeter, Rhode Island. & 


Pi Day, March 14 


The following sites contain information 
about Pi Day activities and more: 


Pi pages on the Internet: 
joyofpi.com/pilinks.html 


Pi Day sites from the Math Forum: 
mathforum.com/t2t/faq/faq.pi.html 

A history of pi: 
www-groups.dcs.st-and.ac.uk:80/ 
~history/Hist Topics/Pi_through_the_ 
ages. html 
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Many exciting number patterns emerged from this triangular design. 
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S for Including 


ementary Students 
h Disabilities in 


Mathematics Classes 


ince the initial passage of Public Law 94-142 
in 1975 and its re-authorization as the Individ- 
uals with Disabilities Education Act (IDEA) 
in 2004, students with disabilities have increasingly 
been placed in general education classrooms. Be- 
fore this legislation, elementary teachers tradition- 
ally did not serve these students to a great extent. 
Students with mental retardation, learning disabili- 
ties, sensory impairments, and other problems were 
traditionally educated in separate, special education 
classrooms by special education teachers (Smith et 
al. 2004). Typically, contact between this group of 
students and elementary teachers was incidental. 
During the 1990s, the term inclusion began to 
take hold. Inclusion means that all students belong 
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with their nondisabled, chronological-age peers. 
Inclusion is really-a philosophy, not a placement 
for students. Occasionally removing students with 
disabilities from the regular classroom for special- 
ized instruction to meet their educational needs is 
appropriate. Inclusion does not mean placing all 
students in general classrooms full-time, regardless 
of their individual educational needs, or making 
sure support services help address students’ needs. 

The mandate to include students with dis- 
abilities in regular classrooms when appropriate 
has resulted in several different service models. 
The resource-room model is currently the most 
popular placement option for students with dis- 
abilities (U.S. Department of Education 2003). In 
this model, students with disabilities are assigned 
to regular classes but are pulled out occasionally 
for specialized instruction (Smith et al. 2004). 
The inclusive-classroom model is becoming more 
popular. In this model, special education personnel 
go into the general education setting and work with 
students individually or in small groups (Friend 
and Bursuck 2002). The advantage of the inclusive- 
classroom model over the resource-room model is 
that students are not pulled out of the class and are 
therefore less likely to be stigmatized as special 
education students; they remain a part of the regu- 
lar classroom. 
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The Role of Teachers 

As aresult of inclusion, the majority of students with 
disabilities are placed in regular education class- 
rooms for at least a portion of each school day (U.S. 
Department of Education 2003). With regular class- 
room placement, elementary teachers are respon- 
sible for the education of these students (Smith et al. 
2004). Specific responsibilities vary depending on 
which educational model is used. For example, in the 
resource-room model, the elementary teacher might 
provide some direct instruction to students with dis- 
abilities but might also work with the resource-room 
teacher to help provide supplemental instruction in 
mathematics. When using the inclusive-classroom 
model, elementary teachers and special education 
teachers serve as co-teachers (Vaughn, Bos, and 
Schumm 2003). In some co-teaching situations, the 
regular classroom teacher provides the content and 
the special education teacher provides accommoda- 
tions and modifications that might be necessary for 
students with various learning problems. 


Specific Interventions 


Teachers must be aware of the various needs of 
students in their classrooms. Special needs stu- 
dents exhibit disabilities that fall into three broad 
categories: cognitive; emotional and behavioral; 
and physical. The following sections provide brief 
descriptions of the categories as well as several 
approaches teachers may use to meet the needs 
of these special students. The tips can be used 
with any mathematics topic being explored, and 
they apply across various grade levels. Although 
the suggestions can be particularly beneficial for 
special education students, all students can benefit 
from their implementation. 


Cognitive problems 

Several areas of cognitive process problems exist. 
They include learning disabilities (LD), mental 
retardation (MR), and attention deficit hyperactiv- 
ity disorder (ADHD). These disabilities may mani- 
fest themselves in many ways, such as difficulty 
accurately understanding what is written or spo- 
ken, accessing memory, transferring information 
learned from one setting to another, or attending to 
a particular task. Some students may have difficul- 
ties in one or more academic areas, while excelling 
in other academic areas. These students may also 
display poor information processing or poor learn- 
ing strategies in their areas of difficulties (Vaughn, 
Bos, and Schumm 2003). 
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Teachers possess an amazing array of tools 
perfectly designed to meet the varying needs of 
special students. The following are suggestions 
for accommodations that the classroom teacher 
may incorporate to help students with cognitive 
processing difficulties be successful in elementary 
mathematics instruction: 


e Model the mathematics processes being taught. 
Allow the students to demonstrate the process 
they used to come to a solution for a prob- 
lem. As a class, discuss whether the solution 
would always work and then attempt to deter- 
mine whether an easier or better way exists to 
solve the problem. This approach helps students 
with cognitive problems explore a variety of 
approaches and strategies in solving mathemat- 
ics problems, which they may not do otherwise. 
Be prepared to give the reasons why certain 
solutions do not work. 


e Provide concrete representations of the concept 


before moving on to pictorial or abstract repre- 
sentations. For example, students may use beans, 
M&Ms, or other counters to show 
how to divide a group into a given 


number of smaller, equal groups Te ac h ers p ossess 


before the teacher introduces divi- 


sion. This helps bridge the gap from @f} amazing array 


concrete to abstract, and students with 


cognitive problems need extra sup- of to 0 j S p e rfe ct i y 


port from teachers in this endeavor. 


e Make use of available technology, designed to meet 


such as computers, software, cal- 
culators, and overhead projectors. 


As an example, many schools have the Va rying needs 


begun to incorporate sound field 


systems that allow the teacher to of special students 


speak to the class through the use 

of a microphone. Several speakers 

placed around the classroom help ensure that 
all students can hear the teachers and may even 
aid in retaining student attention, especially for 
students with attention deficit disorder. 

e Provide a variety of “authentic” experiences for 
the construction and reinforcement of concepts. 
Content-based games can contribute to student 
learning as well as ensure that every child has 
the opportunity to participate. Be sure that the 
game is appropriate for the students and will not 
create additional problems because of the skills 
required to participate. Problems that arise from 
not carefully selecting appropriate experiences 
can be difficult to correct. 
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e Encourage students to provide answers in sev- 
eral formats—written, verbal, and _ pictorial. 
Using performance evaluations in which stu- 
dents demonstrate their knowledge through the 
use of manipulatives can be a valuable method 
for assessing student knowledge. For exam- 
ple, fraction islands (manipulatives designed to 
model fractions on a geoboard) can be ‘used for 
a student to demonstrate an understanding of 
division. 

e Use cooperative learning groups, 
encouraging students to assist one 
another as well as ask for assistance, 
hear multiple viewpoints, and explore 
different approaches. Guided math- 
ematics groups, in which students of 
varying abilities are placed together, 
can greatly assist both accelerated and 
struggling students. It is vital, how- 
ever, that an atmosphere of coopera- 
tion be fostered. Pay attention to the 
group dynamics. One of the authors 
recalls a student diagnosed as learn- 
ing-disabled who functioned much 
better with one particular group of 
students than with any other combi- 
nation of students. Be flexible in the 
arrangement of groups and look for 
the best solution for the students. 

e Develop daily routines. This will enable stu- 
dents to know what to expect. Routines can be 
developed around the use and role of textbooks, 
workbooks, calculators, manipulatives, group 
work, and supplies. This structure has been use- 
ful in helping students who have trouble attend- 
ing to tasks and procedures. 


Emotional and behavioral 
disorders 

Children with emotional and behavioral disorders 
(EBD) can present a variety of challenges to edu- 


_cators. These children are more likely to be under- 


identified than students with other problems, and 
frequently teachers are not trained adequately to 
deal with the wide array of emotional and behav- 
ioral problems they display (Gunter, Coutinho, and 
Cade 2002). Children with EBD may be aggressive 
and disruptive in the classroom; or they may be 
antisocial, isolated, withdrawn, and nonresponsive 
(Gable et al. 2002). These children may also 
show extreme behaviors, varying between exces- 
sive aggression and isolation, as well as signs of 
anxiety or depression. Frequently, children with 


EBD are socially rejected, which further contrib- 
utes to their emotional disorder (Skinner et al. 
2002). In addition, these students very often have 
academic problems that are either the result of or 
compounded by their emotional and behavioral 
problems (Kauffman and Lloyd 1995). As these 
students are being included more and more in gen- 
eral education classrooms, teachers must find ways 
to adapt so that both academic learning and social 
development can take place. 

A variety of effective teaching techniques will 
help teachers when instructing this group of students 
in mathematics. Examples include the following: 


e Encourage EBD students to stay in class and in 
school (Guetzloe 2001). The extra encourage- 
ment is beneficial for all students, but especially 
for students with EBD. Some students might 
contact you years later and thank you for the 
concern and encouragement. 

e Establish clear classroom rules and procedures 
and post them in your classroom. Discuss appro- 
priate behaviors with the EBD student and allow 
him or her to practice the appropriate behavior. 
Praise appropriate and prosocial behavior. One 
student did not understand how her behavior 
affected those around her. Explaining the situa- 
tion in her terms not only addressed the imme- 
diate problem but also helped alleviate future 
concerns. 

e Establish a reinforcement system to recognize 
appropriate behavior. For example, using a sys- 
tem that allows students to obtain points for good 
behavior can be a wonderful motivator for students 
with EBD. Accumulated points can be used to 
“purchase” items at the end of the week, quarter, 
semester, or year, depending on the teacher’s 
choice. One author’s student particularly liked 
stock car racing. Items related to racing proved to 
be the most effective tool in influencing his behav- 
ior, So those items were always available for him. 

¢ Create a positive classroom environment and 
positive teacher-student interactions. Many 
schools have incorporated a “catch them being 
good” system to acknowledge student behavior 
that is appropriate and helpful. In the classroom, 
a teacher can assign students specific jobs, such 
as handing out calculators or manipulatives, and 
praise students for performing the job well. 

e Use appropriate corrective strategies, prefer- 
ably strategies that are nonaggressive, and 
avoid removing EBD students from the class- 
room (Gable et al. 2002). Consider the context 
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of the student’s misbehavior when using cor- 
rective strategies. Many mathematics activi- 
ties are complex and require several steps for 
completion. EBD students are especially prone 
to frustrations when performing complex tasks. 
For example, if the student is misbehaving out 
of frustration with an activity, assisting the child 
with the activity will be more effective than 
punitive measures in correcting the behavior. 

e Give students ample opportunity to practice 
newly presented material. Allowing students 
time to work with manipulatives and develop 
their own strategies for problem solving can 
help them create their own learning experiences. 
Watch for signs of anxiety and frustration and 
offer help when needed. Establish the relevance 
of the new lesson and provide a connection to 
previously learned material. 

e Present EBD students with one item to complete 
at a time to avoid overwhelming them (Gunter, 
Coutinho, and Cade 2002). For example, assign 
one mathematics problem instead of an entire set 
of problems to solve. Be aware that this approach 
can require extending the time needed for testing 
situations. 


Physical disabilities 

Teaching mathematics to students with visual, 
hearing, health, or motor skill impairments presents 
challenges. Because these disabilities affect each 
individual uniquely, teachers must consider the 
special needs and abilities of each student when 
modifying or selecting teaching strategies. In addi- 
tion, teachers must encourage independence for 
their students (Salend 2001). When working with 
students with physical disabilities, mathematics 
teachers will often be part of a team that works 
with parents, special education teachers, and spe- 
cial service providers such as interpreters, mobility 
specialists, and physical therapists (Vaughn, Bos, 
and Schumm 2003). ; 

NCTM’s Principles and Standards for School 
Mathematics (2000) advocates making mathemat- 
ics accessible to all students, including those with 
physical disabilities. With a little work and creativ- 
ity, elementary teachers can easily provide many 
of the resources that will address students’ special 
needs in mathematics instruction. Although the fol- 
lowing list is not exhaustive, it should help stimu- 
late ideas about how teachers can address students’ 
special needs when teaching mathematics and also 
illustrate how resourceful teachers already have a 
cadre of tools with which to work. 
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e When working at the board, preparing hand- 
outs, or making posters, be sure to label all 
diagrams with clear, bold letters. Do not rely 
only on differences in color, shading, or spe- 
cialized symbols. As you make labels, be sure 
to talk about the labels and explain what they 
mean. These strategies will help students with 
visual and hearing disabilities. In one author’s 
experience, this strategy was especially helpful 
for a student with vision problems. He could 
not distinguish between different types of shad- 
ing, even when enlarged, and therefore had dif- 
ficulty solving problems provided to the class. 
With clear labels, his performance dramatically 
improved. 

e Prepare study guides and vocabulary guides. 
For hearing-impaired students, written guides 
provide additional assistance. The guides will 
also assist aides and service providers when 
working with their students. These guides can 
include the term to be defined, the definition of 
the term, and appropriate diagrams 


and illustrations. Prompting students if the student is 


to develop their own guides can help 


reinforce the mathematical concepts m j S b e h avi n g QO ut of 


being studied. For visually impaired 


students, enlarge study guides and frustrati on with an 


vocabulary guides for easier reading. 
e When selecting videos, be sure to 


include ones with closed caption- activity, assisting 


ing. This helps students focus on all 


aspects of the content. Even students the chi Id with the 


with partial hearing loss benefit from 


this strategy. activity wi il pe 


e Make sure that rulers and other mea- 


suring devices have large, readable IQR effective than 


scales or raised numbers and marks. 


Simply enlarging a measuring device p un itive measures 


will not always work because the 


units will be distorted. A visually in corre cti n g the 


impaired student may understand 
the concept but provide the incor- 


rect answers because of the skewed behavior 


scale. 

e Use a variety of teaching methods and Strate- 
gies. All students learn in unique ways. A care- 
ful consideration of diversity in learning will 
provide further assistance to all students, with 
or without physical disabilities. Adjust the pace 
of the lesson to accommodate students’ needs. 
Closely monitored group work will allow the 
child with physical disabilities to have beneficial 
social interactions as well as succeed academi- 
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cally. Manipulatives and exploratory learning 
will allow students to approach problems in a 
variety of ways, thus minimizing anxiety and pro- 
viding opportunities for success. Students with 
motor skill difficulties may need additional time 
to work with manipulatives and calculators. 

e Train aides and service providers in the unique 
qualities of mathematics vocabulary and pro- 
cesses (Kurz 2003). This extra effort will help 
these individuals enhance your instructional 
practices. Do not assume that aides and service 
providers understand the mathematics concepts 
being explored. Allowing a little extra time for 
this training will enable aides and service pro- 
viders to better assist the teacher and maximize 
efforts on the students’ behalf. 


Summary 


As a result of federal laws and policies, students 
with a variety of disabilities are increasingly being 
included in general classrooms. This trend makes 
it imperative that elementary teachers learn how 
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to incorporate a variety of methods to meet these 
students’ unique needs. This article has suggested 
accommodations and modifications that elemen- 
tary teachers can use in their own classrooms to 
help students with disabilities in mathematics 
instruction. When teachers implement these sug- 
gestions, all students—not just students with dis- 
abilities—may benefit. 
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Learning 
Environments 
That 
Mathematical 
Understanding 


eaching occurs within an environment. The 

learning environment encompasses the physi- 

cal setting, the climate, and the expectations 
that become part of the classroom culture. Although 
teachers guide the interactions, the learning envi- 
ronment can significantly influence what and how 
students learn. Inquiry-based learning environments 
allow students to develop a robust understanding of 
mathematics, encourage and motivate students from 
different cultural and mathematical backgrounds, and 
build on each student’s strengths. How are such envi- 
ronments established? 
How do the NCTM Pro- 
cess Standards empower 
teachers to create an 
inquiry-based learning 
environment? What tran- 
sitions do teachers and 
students experience as 
they attempt to establish 
a community of prac- 
tice with which they are 
unfamiliar? 
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The Editorial Panel of Teaching Children Math- 
ematics is seeking manuscripts that provide insights 
regarding these issues. We are particularly interested in 
manuscripts that— 


e help readers understand how to establish appropriate 
mathematics learning environments; 

e describe the process or phases that teachers experi- 
ence as they attempt to alter the mathematics learn- 
ing environment so that it is aligned with NCTM’s 
recommendation; and 

e consider the implication of various mathematics 
learning environments. 


Topics to explore include but are not limited to the 
following: 


e The role of teachers and students in establishing the 
mathematics learning environment encouraged by 
the NCTM Standards documents 
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e Methods of designing learning environments that 
engage and motivate a diverse group of learners, that 
are culturally responsive, or that are responsive to 
the needs of all students, including English language 
learners and special needs students 

e Phases that teachers and students experience as 
they transition to a more reform-based instructional 
approach or curriculum 

e How the use of challenging tasks or curriculum 
affects the learning environment 

e How a technology-rich learning environment influ- 
ences the teaching and learning of mathematics 

e How particular learning environments promote or 
hinder students’ meaningful learning of mathematics 

e Encouraging reluctant students to become active 
participants in the established learning environment 

e Methods for getting students to unpack and share 
their thinking 


Manuscripts should be no longer than ten double- 
spaced pages, not counting figures and photographs 
(these should be included at the end of the manuscript). 
Submit completed manuscripts to Teaching Children 
Mathematics by accessing tem.msubmit.net by July 
31, 2007. On the cover page, please state clearly 
that the manuscript is being submitted for the 2008 
TCM focus issue “Learning Environments.’ Author 
identification should appear only on the cover page. 
For manuscript preparation guidelines, visit my.nctm 
.org/eresourcs/submission_tcm.asp. 
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P. Michael Lutz and Jorgen Berglund 


Using NSF-Funded Middle 
School Materials in a 
University Mathematics 
Content Course 


s mathematics teacher educators, we grapple 

with determining the depth of mathematical 

knowledge required of prospective elemen- 
tary school teachers in our mathematical content 
courses. We struggle with identifying the math- 
ematics appropriate for these courses as well as 
making the mathematics relevant for these teach- 
ers. If these classes are housed in a department of 
mathematics, as ours are, this discussion must take 
into account the expectations of our departmental 
colleagues. We examined these issues in spring 
2001, when we were asked to redesign a mathemat- 
ics content course for preservice elementary school 
teachers. In this article, we describe some of our 
experiences, including our decision to use middle 
school mathematics curricular materials as the pri- 
mary textbooks. 

The Conference Board of the Mathematical 
Sciences (CBMS) recommends that mathematics 
content courses for preservice elementary school 
teachers “make connections between the mathe- 
matics being studied and mathematics prospective 
teachers will teach” (CBMS 2001, p. 7). In other 
words, the board recommends experiences for pro- 
spective teachers as learners that mirror the mathe- 

3 matical activities that they should provide for their 
future students. This recommendation is similar to 
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the position of other national organizations, such 
as the National Council of Teachers of Mathemat- 
ics (NCTM 1989, 2000). These recommendations 
are founded on the belief that teachers tend to teach 
the way that they were taught (Ball 1988). Teach- 
ing has traditionally been viewed through a 
transmission-reception model, in which students 
are viewed as passive vessels waiting to be filled 
with knowledge by the teacher (Thompson 1992). 
Contemporary mathematics education literature 
describes a more complex role for teachers and 
students in which the teacher encourages stu- 
dents to “think, question, solve problems, and 
discuss their ideas, strategies, and solutions” 
(NCTM 2000, p. 18). To support this different 
view of teaching and learning, the National Sci- 
ence Foundation (NSF) began funding K-12 
mathematics curricular projects in the early 
1990s; subsequently, these projects developed 
mathematics textbooks to support educators who 
wished to align their programs with the new rec- 
ommendations (for more information, see, for 
example, showmecenter.missouri.edu/, www.edc 
.org/mec/, and www.mmmproject.org/). 

In planning this introductory mathematics 
course for prospective elementary school teach- 
ers, we collaboratively aimed to design a col- 
lege-level mathematics course that reflected the 
ideas espoused by the CBMS and the NCTM. The 
students enrolled in this course were identified by 
the university or were self-identified as “math- 
ematically unprepared” to take the two mathemat- 
ics courses required in the elementary education 
program. We began by assessing the department- 
chosen course textbook, which focused on memo- 
rizing algorithmic procedures. To us, it seemed 
counterproductive that a course intended for future 
teachers continued to emphasize the memoriza- 
tion of rules and procedures. The CBMS (2001) 
States that many teachers are “convinced by their 
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own schooling that mathematics is a succession 
of disparate facts, definitions, and computational 
procedures to be memorized piecemeal. As a con- 
sequence, they are ill-equipped to offer a different, 
more thoughtful kind of mathematics instruction 
to their students” (p. 17). Thus, one goal of the 
course was to help the prospective teachers (in 
this article we will refer to them as our students) 
achieve a richer view of mathematics, seeing it 
as a discipline that involves logic and reasoning 
rather than simply memorization. 


Designing the Course 


One decision was choosing curricular materials that 
would allow us to augment topics covered in sub- 
sequent courses or introduce new mathematics. 
We were committed to implementing the CBMS 
recommendations to connect the mathematics 
of the course to the mathematics the prospective 
teachers might teach. We also were committed 
to supporting these preservice teachers as they 
began to internalize the prevailing ideas in con- 
temporary mathematics education. Finally, we 
considered Lloyd and Frykholm’s (2000) work on 
the use of National Science Foundation—funded 
middle school mathematics curricula in university 
courses. As a result of our deliberate decision- 
making process, we selected as the primary course 
texts five units from the Connected Mathemat- 
ics Project (CMP) series—Prime Time; Moving 
Straight Ahead; Frogs, Fleas, and Painted Cubes; 
Stretching and Shrinking; and Ruins of Mon- 
tarek—and three units from the Mathematics in 
Context (MiC) series—Figuring All the Angles, 
Looking at Angle, and Going the Distance. The 
mathematical content in these materials included 
number theory, linear relationships, quadratic 
relationships, and geometry. 

The appropriateness of using middle school 
mathematics curricular materials as the primary 
text in a college-level mathematics course was the 
subject of much discussion. We were concerned 
that the rigor of the mathematics in these materi- 
als would not be sufficient for college-level study. 
However, we concluded that using the CMP and 
MiC materials could lead to deep analyses of the 
mathematics underlying the middle-grades—level 
problems and that, as the course instructors, we 
had both the mathematical and pedagogical expe- 
rience to use the materials as a springboard to a 
deeper discussion. The CBMS recommendations 
(2001) state that “those who prepare prospective 
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teachers need to recognize how intellectually 
rich elementary-level mathematics is” (p. 17). 
This richness is found by developing a depth of 
insight and understanding that Ball (2002) found 
challenging even “for those prospective teach- 
ers who had already almost completed majors in 
mathematics” (p. 3). Ultimately, what makes such 
courses worthy to be called university mathemat- 
ics courses, we decided, is the depth of under- 
standing required, not the curricular materials’ 
designated grade level. 


A Look inside the Course 


An example of delving deeper into the underlying 
mathematics presented in the curricula is how we 
followed the CMP unit Prime Time (Lappan et al. 
1998). Prime Time is a unit on factors and multiples 
of natural numbers. The students are meant to learn, 
among other things, that a number’s factors always 
come in distinct pairs except when the number is 
a perfect square. In that case, the number’s square 
root is its own complementary factor. The culmi- 
nating activity in this unit is the classic Locker 
problem: 


Start with 1000 closed lockers and 1000 stu- 
dents. The first student, student 1, runs down the 
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Table 1 


Precourse and Postcourse Means of Cohorts’ Responses to Value 


Statements 


How much students learn depends on 
how much background knowledge they 
have—that is why teaching facts is so 


important. 


Precourse Postcourse 
Mean Mean 


Students learn more mathematics while 
“wrestling” with a problem themselves 
than they do by watching someone else 
present an “efficient” solution. 





Weight of statements: Strongly disagree—1; Disagree—2; No opinion—3; 
Agree—4; Strongly agree—5 


i Table 2 





Precourse and Postcourse Means of Cohorts’ Responses Related 
to Course Content and Its Importance for Effective Mathematics 


Instruction 







Have students work in cooperative learning 
groups. 

Show students how to solve a problem 
when they ask. 






Precourse Postcourse 
Mean Mean 





Weight of statements: Not important—1; Somewhat important—2; Fairly 
important—3; Very important—4. 
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row of lockers and opens every door. Student 
2 closes the doors of lockers 2, 4, 6, 8, and so 
on to the end of the line. Student 3 changes the 
state of the doors of lockers 3, 6, 9, 12, and so 
on to the end of the line (i.e., the student opens 
the door if it is closed and closes the door if it 
is open). This continues until all 1000 students 
have had a turn. 


The question posed was, Which lockers remain 
open at the end? Most of our students were able to 
identify, perhaps after some help, that lockers with 
perfect square numbers remained open. The most 
common solution path was to run a simulation and 
note a pattern in the lockers that remained open. 


More difficult for them was mathematically justify- 
ing their observation, a justification based on the 
concept that perfect squares have an odd number of 
factors and are therefore touched by an odd number 
of students. 

As a follow-up, we asked the students to 
answer questions that require them to use what 
they learned in the Prime Time unit in a more 
sophisticated setting—for example, what is the 
smallest whole number with exactly 11 divisors? 
This, turned out to be too challenging for many 
of our students. In fact, during this unit and oth- 
ers like it, we were somewhat surprised by how 
engaged the students were with the mathemati- 
cal tasks from the CMP and MiC units. In plan- 
ning the course, we assumed we would use the 
middle school materials as a base from which to 
work and would have to extend the mathematics 
to challenge the university students. As it turned 
out, the prospective teachers generally did not 
need extensions; they were able to learn new 
mathematics in a deep manner from the units 
themselves. 

As the course instructors, we found that we 
often modified the launch-explore-summarize 
instructional sequence intended for use with the 
units. For example, we skipped over some of the 
unit activities, relying instead on our students’ 
prior school experiences. Also, we gave them 
more responsibility for processing and internal- 
izing the lessons and went more deeply into the 
concepts than a teacher might generally do with 
middle school students. This practice was most 
clearly reflected by the course assessments, which 
required a higher level of understanding than those 
included with the middle school curricula. In the 
end, however, we felt we did not go substantially 
beyond the mathematics presented in the curri- 
cula. On reflection, we realized that we should not 
have been surprised by the challenge the materials 
presented for our students. For many of them, their 
knowledge of mathematics was almost entirely 
procedural, so studying mathematics conceptually 
involved studying new mathematics. 


Conducting Action Research 


To understand the impact of our decision to use 
middle-grades mathematical materials as the text 
in this course, we studied our classes as a way of 
structuring our reflection on the experience. We 
were interested in investigating two questions: 

1. Would the students be “prepared” for the 
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required mathematics courses that followed this 
course? 

2. What impact would participation in this course 
have on the students’ views of mathematics 
learning and teaching? 


Preparation for subsequent 
mathematics courses 

To address the first question, we compared the 
average GPA of the research cohort students with 
the average GPA of the noncohort students in the 
two required mathematics courses. This com- 
parison yielded encouraging results: The thirty- 
one cohort students earned an average GPA of 
2.98 and of 2.97 in the two subsequent courses 
compared with an average GPA of 2.73 and of 
2.77 for the approximately 1150 noncohort stu- 
dents who took the courses during the same time 
period. In addition, all the cohort students who 
took the subsequent courses earned Cs or better. 
It is reasonable to conclude from these data that 
the cohort students were prepared for the two 
subsequent courses, especially considering that 
our students were originally considered, either 
by the university or by themselves, as requiring 
remediation. 


Students’ views of 
mathematics learning 

and teaching 

To address our second question, we administered 
to the cohort students a belief survey adapted from 
the mathematics preservice teachers survey from 
the Inquiry Learning Form (ILF) devised by Indi- 
ana University. We administered the same survey, 
containing eighty-seven Likert-scale items, as 
both a pretest and a posttest. In addition, we asked 
the students to write short reflections at various 
points during the course. We analyzed the data 
from the presurvey and postsurvey by conducting 
a paired-samples ¢ test to compare means. In five 
items the change in the means of the data between 
the presurvey and the postsurvey was statistically 
significant (p < .01). 

Three of the five items asked respondents to 
identify the degree to which they agreed or dis- 
agreed with the particular statements (see table 
1). The other two items asked respondents to 
rate “each of the following in terms of its impor- 
tance for effective mathematics instruction in 
the grades you plan to teach” (see table 2). 

Overall, the cohort students moved toward 
agreement with the statement, “Students learn 
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more mathematics while ‘wrestling’ with a problem 
themselves than they do by watching someone else 
present an ‘efficient’ solution” and moved away 
from agreement with the statement that a teacher 
should “show students how to solve a problem 
when they ask.” These responses were particularly 
interesting because one observation of our teaching 
experience is that preservice teachers often resist 
and even object to wrestling with problems. Also 
interesting is that the students’ responses to all five 
questions having a statistically significant change 
indicated a move toward a position aligned with 
current thinking in mathematics education. These 
results are consistent with the findings of Lloyd and 
Frykholm (2000). 

Our written data also indicated that overall the 
students had a positive view of the materials and 
their impact on their own learning. At various 
points in the course, we asked students to reflect on 
the course material and structure. Although we did 
not conduct a systematic analysis of these reflec- 
tions, we found that they shed light on the students’ 
experiences. In her end-of-the-course reflection 
paper, Susie commented: 


Facts and formulas have always been the prin- 
ciple focus of any mathematics class that I have 
been involved in. Although I didn’t usually have 
a problem learning this way, I know that my 
understanding of the mathematics was not very 
deep. There have been many times when others 
have asked me for help with a math problem and 
I could usually explain the process. However, 
when that person would ask me why, I didn’t 
know what to say. My common response was, “I 
really don’t know why you do this, but this is the 
way to get the answer.” 


Sarah, in a reflection regarding the Prime Time 
unit, wrote: 


We’ve discussed prime and composite numbers 
and why they are different. Before this class, I 
didn’t really care why they were different. I was 
taught they were different, and that’s all I needed 
to know. Being in this class just for this short 
time has made me realize that concepts are very 
important and helpful. 


Reflecting on the same unit, Juan shared the 
following: 


This approach made it possible for me to 
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understand mathematics in a way I had never 
been able to previously. I now plan on incor- 
porating a much more hands-on approach to 
mathematics in my own classroom. 


These student remarks indicate a growing real- 
ization that learning mathematics is about not only 
doing mathematics but also understanding the 
underlying mathematical concepts. This realiza- 
tion is summed up by another comment by Susie: 


The mathematics activities that we have 
worked on in this class have stressed the 
importance of understanding a concept as 
opposed to simply knowing how to come up 
with the answer. I think that this is an impor- 
tant part of learning. Knowledge is important, 
but without understanding, the facts and for- 
mulas don’t have as much meaning. 


The Mathematics 
Department's Reaction 


Although we may paint a somewhat rosy picture 
of this experience, from both our perspective as 
the course teachers and that of our students, we 
must caution that it was not a smooth ride over- 
all. Faculty members in our mathematics depart- 
ment continue to be concerned about the rigor of 
the course content. In particular, many maintain 
that middle school mathematics material is not 
an appropriate choice for the primary textbook 
in a university-level class. Currently our faculty 
has decided that the middle school materials can 
be used as supplements in courses for preservice 
teachers, although not as the primary textbooks. 

A positive epilogue to our implementation story 
is that since our initial foray into using NSF-funded 
materials for the introductory course, the mathemat- 
ics department has allowed use of such materials 
in two subsequent required mathematics courses. 
In addition, we continue to use NSF-funded mate- 
rials in various staff development workshops for 
in-service elementary and secondary school teachers. 


Reflecting on Our Experience 


Although the appropriateness of using NSF-funded 
middle school curricula as the primary text in a 
university-level mathematics course will likely 
continue to be debated, our experiences indicate 
that these materials are appropriate for preservice 
teachers. The preservice teachers were challenged 


by the material. They learned new mathematics or 
gained a deeper understanding of mathematics they 
had already been taught. The GPA comparison indi- 
cated that they were prepared for the subsequent 
courses. The survey results indicated that they 
developed perspectives more in line with current 
thinking in mathematics education. Their com- 
ments indicated that they found the material engag- 
ing and instructional. Accordingly, we believe that 
using these types of curricular materials in a univer- 
sity content course for elementary school teachers 
is educationally sound. 

This experience also taught us something about 
course design. After our first semester we learned 
to be more selective in choosing study units. If we 
want our students to develop a deeper understand- 
ing of the mathematics they will teach, we must 
allow them time to do so. Using fewer study units 
in the subsequent semester allowed that to happen. 
In addition, we found it helpful to build the course 
around only one curriculum project as opposed to 
using units from two different series. Thus, the stu- 
dents had a greater opportunity to see the contrast 
between the cohesiveness evident in these kinds of 
materials versus the “‘choppiness” they may have 
seen in previous mathematics textbooks. 

We hope our results and our experience encour- 
age others who wish to use mathematically rich 
elementary school curricula in content courses for 
prospective elementary school teachers. Consider 
addressing concerns about the appropriateness of the 
content at the local level, perhaps by researching the 
impact of using these types of curricular materials 
with students at your college or university. It may 
be that a combined use of these types of mathemati- 
cal materials with more traditional collegiate-level 
material will be necessary. The research results can 
provide convincing support for using these types of 
materials. In the end, our research helped us better 
interpret the impact of our course design on our stu- 
dents’ understanding of important mathematics. 


Final Comments 


Our research and recommendations indicate that 
teaching mathematics to prospective teachers 
should be qualitatively different from the way 
mathematics has traditionally been taught. Further, 
it should connect with the mathematics that the 
preservice teachers will eventually teach. One way 
to connect university mathematics with the math- 
ematics preservice teachers will be teaching is to 
use curricular materials similar to those they might 
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encounter in the future. Through this approach, we 
were able not only to cover essential mathematics 
but also to do so in a pedagogical style that, we 
hope, these preservice teachers will incorporate 
into their own instructional practices. 
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Books 
For Teachers 
From Other Publishers 


_ Write to Know: Nonfiction Writing Prompts for 
Kindergarten Math, Science, and Social Studies, 
Michelle Le Patner, Farid N. Matuk, and Rosemary 

_ Ruthven, 2005. ISBN 1-933196-00-9. Nonfiction 

_ Writing Prompts for Lower Elementary Math, 
Rosemary Ruthven, 2005. ISBN 1-933196-01-7. 

_ 128 pp. each, $9.95 each, paper. Advanced Learn- 

_ing Press; (800) 844-6599; www.Making Standards 
Work.com. 


Designed to provide teachers with prompts for writ- 
ing about nonfiction topics, these two books in the 
Write to Know series are organized similarly, with 
each containing about fifty different prompts. The 
books begin with about nine pages of information 
that explains the purpose of the prompts and how 
they might be used with students. Detailed scoring 
guides provide useful assessment tools for evalu- 
ating student work by objective. Holistic scoring 
rubrics are also provided. The books include practi- 
cal strategies for teachers to use with the prompts, 
including the especially applicable technique of 
shared or interactive writing. The authors recognize 
that some children might not yet be writing and 
acknowledge the benefit of having students respond 
through pictures or orally as they develop their 
_ writing skills. The prompts are identified according 
to the four domains of writing: sensory/descrip- 
tive, imaginative/narrative, practical/informative, 
or analytical/expository. The strand of mathemat- 
ics (or science or social studies) that each prompt 
addresses is identified. In the lower elementary 
mathematics book, almost twenty prompts relate to 
number sense, while the others connect to algebra, 
measurement, geometry, data analysis, and math- 
ematics reasoning. Although individual teachers 
may duplicate the prompts as written for use with 
students, the authors suggest that they may wish 
to adapt the prompts to fit their students’ content 
or instructional needs. The prompts themselves 
are quite challenging and could lead to some fine 
opportunities for mathematical thinking. These 
books’ structure, information, and variety of 
prompts should enable teachers to easily under- 
stand and implement nonfiction writing prompts in 
their classrcooms.—Wayne Gable, teacher, Galindo 
Elementary School, Austin, TX 78704. 
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Young Mathematicians at Work: Professional 
Development Materials, Antonia Cameron, 
Maarten Dolk, Catherine Twomey Fosnot, and 
Sherrin B. Hersch, 2005. $49.50 each, paper + 
CD-ROM. Fostering Children’s Mathematical 
Development, Grades 3-5: The Landscape of 
Learning. 58 pp. ISBN 0-325-00780-2. Foster- 
ing Children’s Mathematical Development, 
Grades 5-8: The Landscape of Learning. 64 pp. 
ISBN 0-325-00900-7. Working with the Array, 
Grades 3-5: Mathematical Models. 80 pp. ISBN 
0-325-00778-0. Heinemann; (800) 225-5800; 
www.heinemann.com. 


In each of these new resources for grades 3 to 5 
and grades 5 to 8, part of the Young Mathemati- 
cians at Work series, the authors have provided 
a facilitator’s guide and an interactive CD-ROM 
that enable the user to view and examine instruc- 
tional strategies. The guides provide descriptions, 
background, an index of the content of 
the CD-ROM minilesson video clips, 
and suggestions for implementing 
the program. The video clips on the 
CD-ROMs depict teachers engaging 
youngsters in constructing multiplica- 
tion and division concepts and build- 
ing mathematical models. Throughout 
the video clips, the facilitator and the 
participant are able to note their own 
reflections and cut and paste portions 
for later examination. These books 
are recommended as a component of a 
professional development program for 
preservice and in-service elementary 
level teachers. The CD-ROMs provide 
opportunities for the participants to 
review practices from professional 
development workshops or college 
courses and customize their learning 
by focusing on specific instructional 
strategies that need reinforcement and 
refinement. Viewers can also examine 
and critique the quality of the teaching 
on the video clips for the purpose of understanding 
that there are multiple teaching strategies. In addi- 
tion, the program enables the differentiation and 
individualization of professional development.— 
Mark Levy, Bayside, NY 11364. 
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Et Cetera 
From Other Publishers 


Math Word Problems Made Easy, Bob Krech, 
2005. 80 pp., $12.99 each, paper. Math Word 
Problems Made Easy: Grade 2, ISBN 0-439- 
52970-0. Math Word Problems Made Easy: 
Grade 3, ISBN 0-439-52971-9. Math Word Prob- 
lems Made Easy: Grade 4, ISBN 0-439-52972-7. 
Scholastic Inc.; (800) 724-6527; www.scholastic 
com. 


Math Word Problems Made Easy is written for 
teachers who want to help students improve their 
problem-solving abilities. The book is divided into 
three main sections. 

The first section describes a five-step prob- 
lem-solving process that can be used with every 
mathematics word problem that students might 
come across. These steps are (1) asking what the 
facts are; (2) determining what the question is; (3) 
considering what we can eliminate; (4) choosing a 
strategy and solving the problem, and, finally; (5) 
analyzing whether the answer makes sense. The 
steps are introduced in a whole-group lesson with 
examples for each step. 

The second section looks at the various types 
of problems that students might encounter and the 
“super seven strategies” for approaching them: 
guess and check, draw a picture, make an organized 
list, look for a pattern, make a table or chart, use 
logical reasoning, and work backward. For each 
strategy, five sample problems are provided. This 
gives students a chance to practice the strategy in a 
context of mathematics content appropriate to their 
grade level. 

The last section is a collection of 100 math- 
ematics word problems focused on mathematics 
concepts specific to the book’s grade level. The 
problems are arranged by mathematical standard 
(number and operations, measurement, and so 
forth) and can be used to introduce a concept, to 
practice application of a concept, or as an end point 
to check for understanding. 

I would recommend this book to teachers who 
want their students to learn a consistent problem- 
solving process, practice effective problem-solving 
strategies, and apply these ideas in a word-problem 
context.—Eleanor Ennis, professional development 
coach, Wicomico County Middle School, Salisbury, 
MD 21804. 


Mathability: Math in the Real World, Michael 
Cain and Mary Lou Johnson, 2004. 80 pp., $12.95 
paper. ISBN 1-883055-71-7. Prufrock Press; (800) 
998-2208; www.prufrock.com. 


Mathability is an excellent supplemental activity to 
reinforce the mathematics Content Standards. The 
book is based on scenarios designed to emphasize 
mathematics in real-world situations. The problems 
are designed around real-world themes including 
building a house, budgeting money, going on vaca- 
tion, caring for a dog, opening a business, and run- 
ning a household. The problems are set up to guide 
students through the solution process. Within each 
scenario, the problems are divided into step-by-step 
prompted practice, independent practice, and chal- 
lenge problems. Mathability is designed for upper 
elementary school students who are focusing on 
preparation for standardized testing. 

The book offers many advantages to the elemen- 
tary school mathematics program. As a supplement 
to the mathematics program, each of the activities 
contains an area for students to complete their cal- 
culations and explain the solution process. To help 
the students focus on the solution process, only one 
problem appears on each page. All the Mathabil- 
ity activities represent an application of the Stan- 
dards-based curriculum. The book also presents 
a structure for an assessment rubric that includes 
four levels: mastery, proficient level, near-proficient 
answers, and nonproficient answers. Mathability 
provides students with extended-response practice 
while emphasizing a Standards-based curriculum 
through the application of real-world problems.— 
Diane McElwain, U.L. Light Middle School, Bar- 
berton, OH 44203. 


Solving Math Problems Kids Care About, 
Randall J. Souviney, 2006. iv + 140 pp., $16.95 
paper. ISBN 1-59647-061-5. Good Year Books; 
(888) 511-1530; www.goodyearbooks.com. 


This book is intended as a resource for teach- 
ers of grades 4-8 for problem-solving strategies, 
rich problem-solving tasks, and specific steps for 
incorporating problem solving in the classroom. 
As the teacher begins experimenting with problem 
solving, the book suggests ways to build on the 
student’s knowledge. The bibliography points to 
more problems to solve. 

The “How to Use This Book” page is a very 
helpful introduction, serving as a basic outline of 
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ideas about how to get 
started with problem 
solving in the class- 
room, beginning with 
small steps, and how 
to build it successfully. 
The problem starter 
sheets are a very good 
tool to use with stu- 
dents, useful for scaf- 
folding problem solv- 
ing with students as 
_ well as differentiating for students with difficulties. 
The differentiating piece is also reinforced by the 
section “Adapted Instructions for Special Needs 
Students” (page 21). The example of an introduc- 
tion lesson helps a teacher picture what that might 
look like. The four-step model for solving problems 
is repeated for each problem shown in the book. 
This approach helps reinforce the model and again 
shows teachers what that model looks like in an 
actual problem-solving situation. It would have 
been helpful if the grade level or range of grade lev- 
els was indicated for each problem. Another factor 
to consider: This resource needs to be studied care- 
fully; you cannot just turn to a page and start using 
the information provided. For this reason, it could 
be very useful for a study group. 

I definitely recommend this resource as a tool 
for teaching teachers, with the goal that once the 
teachers themselves have studied the information, 

it would become more of a daily resource. The 
information is rich and consistent throughout the 
book.—Darcy Webb, Pinellas County Schools, St. 
Petersburg, FL 33705. 





Success with Math, Grades 5-7: Decimals, 
Chandra Smith, 2005. 64 pp., $11.95 paper. ISBN 
1-59363-177-4. Prufrock Press Inc.; (800) 998- 
2208; www.prufrock.com. 


This book, which addresses students in grades 
5-7, covers decimals in fifteen separate lessons, 
which range from naming decimals to converting 
decimals into scientific notation. The book also 
includes six “mixed review” activities, as well as 
four “cumulative review” activities. 

The true strength of the book is the easy-to- 
understand format. The author has created an 
“Information for Teachers” page that highlights her 
intention that the book be a supplement tool “to be 
used after the concepts have been introduced by the 
teacher.” Each lesson begins with an introduction, 
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which consists of a descriptive set of directions 
(each direction is set up as a bulleted item), fol- 
lowed by two to four examples. The answer key 
was created in a font that is easy to read. Although 
one of my advanced students commented that he 
felt the illustrations “were kind of primary,” I found 
no overall weakness in this book. 

I used portions of this book with my fifth-grade 
students, who enjoyed the lessons and appeared at 
ease with them. The format of the introduction, direc- 
tions, and examples 
proved to be an 
extra visual help for 
students who were 
still a bit unsure 
of the concept. I 
would recommend 
the purchase and 
use of this book. I 
found it useful in 
my classroom and 
intend to continue 
using it throughout 
the year and in the 
future—DeAnna L. McDuffie, fifth-grade teacher, 
Edgewater Public Schools, Edgewater, FL 32132. 





Teaching Arithmetic: Lessons for Extending 
Place Value, Grade 3, Maryann Wickett and 
Marilyn Burns, 2005. xvi + 229 pp., $25.95 paper. 
ISBN 0-941355-57-8. Math Solutions Profes- 
sional Development; (800) 868-9092; www.math 
solutions.com. 


This book, the latest in the Teaching Arithmetic 
series, builds on lessons from Teaching Arithmetic: 
Lessons for Introducing Place Value, Grade 2. The 
introduction explains how to use the book and what 
the goals of instruction in place value are. The rest of 
the book consists of sections in which the students 
learn the structure of the base-ten number system 
and apply that structure to basic operations in math- 
ematics. This book takes the approach that place 
value should be taught in conjunction with basic 
operations so that children can see the relationship 
between these ideas. Also included are eight assess- 
ments that directly relate to lessons in the book; these 
take only about fifteen minutes each to complete. 
Each chapter begins with an overview of the 
lesson, a list of the materials needed, the time the 
lesson will take, and step-by-step teaching direc- 
tions. Teaching notes indicate the prior knowledge 
required of the students and the mathematics under- 
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lying the lesson. Question-and-answer sections 
address questions that might arise as teachers use 
this resource. Each chapter also includes a vignette 
of an actual lesson being taught in a classroom. 
This book incorporates literature and games into 
many of the lessons. Extensions at the end of each 
chapter indicate how to adjust to make the lessons 
easier or more challenging. As with previous books 
in this series, this book is teacher friendly.—Diane 
Dwyer, Syracuse City School District, Syracuse, NY 
13210. & 





Get Involved! 


If you would like to referee 
manuscripts or review 

materials for Teaching Children 
Mathematics, go to www.nctm/ 
org/tcm for information. 

















Making a difference in your profession can be easy—and richly rewarding. Through 
the member referral program of NCTM, you have the power to strengthen the 
mathematics education profession, and reap a few extra rewards of your own. 


Simply give an NCTM application to your colleagues interested in improving the 
teaching and learning of mathematics. For every qualifying application received, 
you'll be eligible to win prizes, including a $10 NCTM gift certificate for every 5 new 
members you recruit. Other exciting prizes include: 

° A trip to NCTM’s 2008 Annual Meeting in Salt Lake City and a digital camera 

° $200 NCTM gift certificate 

° A DVD player, an MP3 player, and more! 


To learn more about the program and prizes or to download applications, visit 
www.nctm.org/membership/referral.htm. 





MMT SAT UceLe]y 
mana Cela Vs 


352 Teaching Children Mathematics / February 2007 






t focus on assessment in the 
classroom. Each offers ion of ideas and 


examples designed to 
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4 ‘Mathematics Assessment Samplers 

iH The Mathematics Assessment Sampler series was designed to present 
_ samples of student assessment items aligned with NCTMs Principles 
and Standards for School Mathematics. 


Mathematics Assessment Sampler, PreK—2 
Stock #13092AJ _—_List Price $3995 Member Price $3196 


Mathematics Assessment Sampler, Grades 3-5 
Stock #12937AJ _—_ List Price $4195 Member Price $33.56 


Mathematics Assessment Sampler, Grades 6-8 
Stock #12940AJ List Price $4195 Member Price $33.56 


Mathematics Assessment Sampler, Grades 9-12 
Stock #12932AJ _—_—List Price $4195 Member Price $33.56 








Classroom Assessment for School 
Mathematics, K-12 Series 

Both practical and inspirational, this series of handbooks and 
casebooks will provide insights into what students know, what they 
: can do, and how they think mathematically. 

A Practical Handbook for Grades K-2 

Stock #12359AJ _—— List Price $3295 Member Price $26.36 
A Practical Handbook for Grades 3-5 

Stock #12050AJ List Price $3395 Member Price $2716 

A Practical Handbook for Grades 6-8 

Stock #721AJ List Price $33.95 Member Price $2716 


A Practical Handbook for Grades 9-12 
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Cases and Discussion Questions for Grades K-5 
Stock #12051AJ List Price $3195 Member Price $25.56 


Cases and Discussion Questions for Grades 6-12 
Stock #722AJ List Price $3195 Member Price $25.56 












For more information or to place an order, 
ONAL COUNCIL OF call (800) 235-7566 or 
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“Counting Collections,” by Julie Kern Schwerdtfeger and Angela 
Chan, explores how counting collections of objects helps 
elementary-age children develop their sense of number and 
number relationships. Photograph by Scott Smith; all rights 
reserved 
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Julie Kern Schwerdtfeger, jks@ucla.edu, is a demonstration teacher at Corinne A. Seeds Uni- 


akeisha has lined up paintbrushes across a 

table and is rolling them one by one to the side. 

Tyler and Auveen are wrapping pencils into 
bundles. Maya is organizing toy kangaroos, and 
her partner, Max, is drawing a picture of how she is 
doing it. What is going on in this classroom? 


Why Count Collections? 


At the beginning of every school year, the five- to 
seven-year-olds at Corinne A. Seeds University 
Elementary School (UES) spend several weeks 
“counting collections.” UES, the laboratory school 
of the Graduate School of Education and Informa- 
tion Studies at UCLA, serves a socioeconomically 
and ethnically diverse student population from 
urban and suburban Los Angeles. The classes are 
multiage, and the five- to seven-year-old classes 
include children who would be considered kinder- 
garten and first-grade students. 

Our work in counting collections was inspired 
by Megan Franke, a parent at our school and a 
researcher in mathematics education and children’s 
thinking who has often worked in our classrooms. 
Megan encouraged us to try counting collections 





versity Elementary School, University of California, Los Angeles. Angela Chan, achan@gseis 
-ucla.edu, is a graduate student in urban schooling in the Graduate School of Education and 
Information Studies, UCLA. They are staff developers with the Algebra Project, based at Center 
X, and instructors for Math Methods in the teacher education program, all at UCLA. 
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Counting 
Collections 


of objects with our young children, believing this 
would provide children with rich opportunities to 
practice oral counting, develop efficient counting 
strategies, group objects in strategic ways, record 
numbers, and represent their thinking. Research 
shows that although counting is one of the best 
ways we know to help children develop number 
sense and other important mathematical ideas, we 
do not do nearly enough of it in elementary schools. 
Children need lots of experience with counting to 
learn which number comes next, how this number 
sequence is related to the objects in front of them, 
and how to keep track of which ones have been 
counted and which still need to be counted (Fuson 
1988). Experience with counting provides a solid 
foundation for future experience with addition, 
subtraction, multiplication, and division (National 
Research Council 2001). 

Convinced by the literature as well as the out- 
comes we have seen with our students, we have 
made counting collections a fundamental part of 
what we do with young children at UES beginning 
the first week of school each fall. We hope this article 
will provide a window on the process of counting 
collections in our classrooms as well as evidence 
that every child in our classrooms can build his or her 
mathematical skills by counting collections. 


Identifying Collections and 
Beginning the Counting 
Process 

At first, as the children are getting to know the 
classroom and we are getting to know them, we 
have them take an inventory of objects they find 
in the room, such as buckets of markers, pattern 
blocks, and Legos. We have also accumulated 
boxes of shells, keys, coins, bottle caps, and the 
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like, all of which are available for the children to 
count. Later on, to add variety to what we have on 
hand, children bring collections from home, includ- 
ing objects such as hair clips, sugar packets, toy 
cars, beads, seed pods, acorns, pennies, and corks. 

Initially, we simply ask the children to choose 
a collection, count with a partner, and record what 
they counted and what their total was (see fig. 1). 
Sooner rather than later we increase the complex- 
ity of the task by asking the children to also show 
us how they counted. Figure 2a shows Tess and 
Ashley’s recording of how they counted chains of 
ten links each. While Ashley moved the chains two 
at a time from the table to the floor, Tess counted 
out loud by twenties (fig. 2b). Their recording not 
only helped them keep track of their collection but 
also clearly represents their strategy. 

For children who have had ample practice count- 
ing by ones, we find that packages of supplies from 
the supply closet make excellent collections for 
counting by groups. We challenge the children to 
count without opening the shrink-wrapped pack- 
ages. Paper clips come in boxes of 100. If ten boxes 
are shrink-wrapped together, how many paper clips 
are in the whole package? How many paper clips 
do we have if we include the half-used box in the 
classroom? Resealable plastic bags come 125 to a 
box, so how many bags are in a case of ten boxes? 
Watercolor paints have eight pans in a box. How can 
we add those up without peeking into the boxes? 
These challenges push children beyond counting by 
ones. No longer able to touch each object or even 
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James and Theo used tally marks to keep track of 


the collection they counted. 
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decide on how to group them, our older children 
begin thinking in multiples and invent impressive 
strategies for counting their collections. 
Noticing What Children Do 
and Helping Them Notice 


J 


What Others Are Doing 


Counting collections early in the school year 
serves as an important assessment for us: We get 
to know the children as we watch them count. We 
find out who can make one-to-one correspondence 
and count consistently, who can “count on,” who 
remembers what comes after 59, and who can 


Photograph by Scott Smith; all rights reserved 
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Tess and Ashley made chains of links to 
facilitate counting by tens and then by 
twenties. 
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b. Their recording of moving the chains 
two at a time from the table to the floor 


record the numbers they can count to. We watch 
to see if anyone is counting by twos or grouping 
objects into tens. 

Always, when we let the children develop their 
own strategies that make sense to them, we are 
surprised and delighted by their thinking. We name 
each child’s counting strategy and encourage the 
other children to give the various strategies a try. 
The “Jackson way” might be to move objects to one 
side to help keep track of what has been counted 
and what has not. Natalie’s idea might be to use 
Dixie cups to group beads; she puts five beads in a 
cup and then counts up by fives. Jimmy might line 
up his collection of wooden people into “armies of 
ten.” Once he has covered a table with little armies, 
he might notice that some of the armies are larger 
than others. He then makes adjustments as neces- 
sary so that each grouping has five rows of two and 


then counts up his groups by tens. Alex might use 
a sticky note to write down how many blocks she 
counted today so that she does not have to count 
them over tomorrow. She will come back to her tray 
labeled “not cownted” and count on from where 
she left off (fig. 3). All these strategies, coming 
straight from the children, become topics of group 
conversation as we gather on the carpet at the end 
of mathematics time. 

By the end of each hour-long session spent 
counting collections, some students have counted 
more than one collection and have multiple record- 
ing sheets, while others are still in the middle of 
their first counting project. We wrap up the ses- 
sion by gathering on the carpet and sharing the 
children’s counting strategies as a group. We begin 
the next counting collections session by revisiting 
these strategies before we send the students off to 
continue counting their current collections or begin 
counting new ones. 


Something for Everyone: 
Multiple Entry Points 


At any given time, the students in any UES class- 
room are at different points in their development 
of counting skills and number sense. In our multi- 
age classrooms, where students from two different 
grade levels (for example, second and third graders) 
are combined, teachers are continually challenged 
to create curriculum with multiple entry points. 
Perhaps the most convincing evidence for teachers 


Alex's strategy for noting which blocks 
she has counted and which remain to be 
counted 


B20 BlockS cownral yesterday 





Five hudret sixty eget Mole tabey 


Teaching Children Mathematics / March 2007 


that counting collections is valuable in our multiage 
classrooms is the ease with which we can engage 
and challenge children at different points in their 
development. By getting to know the children as we 
watch them count, we can figure out where they are 
on the trajectory of their counting development and 
stretch them forward. 

As we walk around the room, we appreciate how 
many different ways the children are approaching 
the job at hand. Leo, who is just beginning to make 
one-to-one correspondence between the objects 
he touches and the counting words he says, has 
brought a collection of pebbles from home. He 
loses track of which pebbles he has counted and 
which he has not. We stop to talk about how he 
could help himself keep track. Instead of just moy- 
ing the pebbles to the side as he counts them, he 
puts a bow] in his lap; then he pushes the pebbles to 
the edge of his table and counts them as they drop 
into the bowl. At the end of mathematics time, he 
will ask for help writing “56” in his mathematics 
journal and will draw a picture labeled “pbls” to 
show what he counted. 

In the same classroom on the same day, and 
showing the same seriousness of purpose, Grace 
groups teddy bear counters into families of five 
while her partner, Lindsey, points to two families 
at a time to help count up by tens. At another table 
Spencer and his friends are making “one hundred” 
buildings out of one-inch cubes. They have agreed 
that each building will have two floors of fifty 
blocks each. The trouble comes when seven full 
buildings have been completed but two buildings 
are incomplete. The boys are puzzling over how to 
combine their numbers. Yet another group is figur- 
ing out how to count all the legs on the chairs in 
the classroom, a problem that requires an organiza- 
tional strategy (the chairs are occupied and so can- 
not be moved) and poses the challenge of counting 
by groups of four. 

Another way to increase the complexity of the 
counting task is to have children add collections 
or parts of collections together. For example, we 
often count how many books are in our class- 
rooms, assigning small teams of children to 
various shelves and baskets. Of course, we want 
to keep the books in their places, so rather than 
bringing all the books to a central location and 
stacking them into piles of tens, for example, each 
shelf or basket ends up with a label indicating the 
number of books on that shelf or in that basket. As 
a group, we figure out how to add those numbers 
together to get our total. 
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Working Together and 
Pushing One Another's 
Mathematical Ideas 


We are encouraged by the range of challenges that 
can so easily be created to meet the wide range of 
needs of the children in our classrooms. We also 
find compelling evidence that the children learn a 
great deal from one another’s strategies. Leo and 
Carlos have the job of counting markers from the 
supply closet. Some of the markers come in boxes 
of ten and some in boxes of eight. Leo, who is just 
learning to read numbers, begins by separating 
boxes with an “8” on the cover from boxes with 
a “10” on the cover. As Leo makes a stack of the 
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boxes of tens, Carlos counts out loud by ten. When 
they get to the boxes of eight markers, Carlos 
hesitates. He spreads the boxes of eight out on the 
floor and stops to think. Meanwhile, he sees Leo 
lining up the loose markers, thinking about how 
he could count them. Carlos asks for some of the 
loose markers and places two markers next to each 
box of eight to make tens. Leo, by his side, counts 
the remaining loose markers into a basket. In the 
end, Leo has counted up to 28 and, with a teacher’s 
help, has written that number on his paper so that 
he does not forget it. Carlos has reached a total of 
160. Although Carlos quickly says the total is 188, 
the teacher asks Leo to help Carlos double-check to 
see if he is right. Leo sits by Carlos’s side and takes 
one pen at a time out of the basket, hearing Carlos 
count by ones from 160 to 188 and joining in when 
he can. 

What do we think each child got out of this 
partnership and this counting project? Leo took on 
a counting project bigger than one he could have 
handled by himself. He watched Carlos group 
pens in ways that he himself was not ready to do 
and heard Carlos count out loud several times. Leo 
had opportunities to read numbers (the “8”s and 
“10s on the boxes of markers); to practice a newly 
acquired strategy for keeping track (moving mark- 
ers into a basket as he counted them, just as he had 
moved pebbles into a bowl on a previous day); to 


record his total (28); and to count out loud (from 
1 to 28 and from 160 to 188). And what did Carlos 
gain from the partnership? Perhaps the idea of add- 
ing the two pens to the boxes of eights came from 
watching Leo organize the loose markers. Leo also 
provided a reason for Carlos to count orally by ones 
from 160 to 188, a valuable opportunity he would 
otherwise have passed up. And Carlos, a whiz at 
counting but not necessarily at sharing his methods, 
took on a valuable mentoring role. Together, the 
boys accomplished a counting job in a way that 
they could not have on their own. 

The evidence is abundant that children benefit 
from working together. The classroom is full of 
conversation and problem solving. Not everyone 
agrees on counting strategies. So what happens if 
William dumps out boxes of paper clips on the car- 
pet while Cody starts counting the closed boxes by 
100s? Partners have lots of negotiating to do as they 
decide on a collection, choose a place to work, and 
figure out a strategy. Will one person count while 
the other records? Will both children count all the 
tiles into cups of tens and then count up by tens 
together? Will the process work if the partners start 
counting from opposite sides of the pile until they 
meet in the middle? Opportunities to learn to work 
together are as abundant as opportunities to develop 
number sense and counting skills. 


Notice, Question, Extend 


So what is our job as adults as we watch children 
count collections and as we learn about the remark- 
able things children can already do? How do we as 
teachers help children move forward? We notice 
and name the strategies children are using; we ask 
questions that provoke children to think, articulate 
their thinking, and sometimes try a new strategy; 
and we extend their thinking. 

We recently taped two hour-long mathematics 
sessions in a K—] classroom in which children were 
counting collections. Here are some of the ques- 
tions we heard the teachers ask: 


“How do you know which ones you have 
counted and which ones you have not?” 

“What were you doing yesterday to keep 
track?” 

“Why did you switch strategies today?” 

“Why did you decide to put those into cups 
of fifteens?” 

“How many cups did it take to get up to 
[50% 
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“Tf you made another set of 10 cups, would 
there be 150 in there too?” 

“Can you explain to Cody what you are doing 
now?” 

“Ts it easier to count by tens than by eights?” 

“What are you going to do with all those 
loose ones?” 

“What will you do when you run out of 
counting cups?” 

“By looking at Natalie’s recording, what can 
you tell about how she counted?” 

“It looks like the two of you are using differ- 
ent strategies. Do you have a plan for how you 
will add your totals together?” 

“Why did that turn out to be a tricky collec- 
tion to count?” 

“How are the two of you working together?” 

“What will you do differently next time?” 


In addition to asking questions, our job as teach- 
ers is also to keep track of what the children can 
do. As we walk through the room, we jot down 
our observations on sticky notes, both to document 
what the children can do at that time of year and to 
remind ourselves of strategies worth talking about 
later as we all sit together on the carpet. Patterns 
emerge, and these are helpful for planning instruc- 
tion. Several young children may say more than one 
counting word per object, and so we group some 
of these children together to practice touching and 
counting or dropping one item into each cup of an 
egg carton. Teachers interact with so many children 
in a given mathematics hour and over the course 
of a day that these little records we keep as we run 
become important at the end of the day to help us 
figure out what is going well and what the children 


we make sure that counting collections is part of 
our weekly work, even when we are delving into 
other mathematics units. We send a large plastic jar 
home with a note requesting that a family provide 
some objects for us to count, and about once each 
week, for the first few minutes of our mathematics 
hour, we count out these objects together as a class. 
We save the objects counted—75 cotton balls, 28 
pencils, 125 pasta shells, and so forth—and put 
them in a “number gallery,” all labeled with their 
quantity. 

And, of course, we begin each mathematics hour 
by counting orally—by ones starting at 85, by tens 
starting at 63, backwards from 50. But that is the 
subject of another article. 
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more than once during the year. They find that what 
the children are able to do in the spring is far differ- 
ent from what they could do in the fall, and this mea- 
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Ad roblem solving to me is fun because I 

don’t like math, and problem solving 

gets me out of it.” This comment—by a 
third-grade student who had participated in a year- 
long professional development project involving the 
integration of problem solving into the third-grade 
mathematics curriculum—was both encouraging 
and revealing. Students involved in the project be- 
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came so confident in their problem-solving ability 
that the year-end annual state test, with its open- 
response mathematics problems requiring written 
explanation, no longer resulted in a classroom of 
stressed, teary-eyed third graders. But it was not 
only the students who recognized the benefits of 
learning mathematics through problem solving; 
the third-grade teachers, the university mathemat- 
ics consultant, and preservice elementary school 
teachers gained insights into students’ thinking and 
mathematical pedagogy. 

The third-grade teachers and the mathematics 
consultant witnessed improvement in students’ 
ability to solve problems and communicate their 
mathematical understanding both orally and in 
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writing. They learned to present lessons in a prob- 
lem-solving format and ask questions of students 
in order to help clarify their mathematical think- 
ing and explanations. The consultant was able to 
participate in the elementary school mathematics 
classroom setting and experience firsthand the tri- 
als and successes of teaching mathematics to third- 
grade students. She was then able to use actual 
examples of student work and share students’ math- 
ematical thinking and experiences with preservice 
elementary school teachers. This article shares the 
findings of this professional development project, 
which focused on integrating problem solving into 
the third-grade Standards-aligned mathematics cur- 
riculum as reported by the consultant, teachers, and 
third-grade students. 

This problem-solving project began when the 
mathematics education faculty of Western Illinois 
University obtained a grant from the state board 
of education to create open-response, problem- 
solving questions for teachers to use in their early 
elementary, late elementary, and junior high math- 
ematics classes. A team of three teachers from each 
of these grade clusters wrote and piloted open- 
response mathematics problems in their class- 
rooms. (The problems developed by this team have 
since been produced as PDFs available at www 
.wiu.edu/mathtips. ) 

One third-grade teacher who had posed open- 
response mathematics problems, surprised and 
impressed by her students’ accomplishments, con- 
vinced the other third-grade teachers at her school 
to commit to using similar problem solving in 
their mathematics classrooms for one class period 
each week for the entire school year. Together 
with a mathematics education consultant, the three 
teachers developed a year-long problem-solving 
implementation and professional growth program 
designed to integrate problem solving into the 
third-grade mathematics curriculum. The consul- 
tant shared current research regarding implementa- 
tion of the problem-solving process and presented 
a problem-solving lesson to students in each of the 
three teachers’ classrooms so that each teacher was 
able to observe her at work. The problem-solving 
approach she used is similar to what one might find 
in an Asian classroom (Van de Walle 2005): 

1. The consultant posed a stimulating open- 

response problem. 

2. Students thought about possible strategies and 

ways to get started. 

3. Students worked on their own or with a part- 

ner to test their strategies. 
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4. Students struggled with the problem for a 
specified amount of time (“struggled” in the 
sense that they did not know how to solve the 
problem and had to try different strategies in 
order to find a possible solution). 

5. Students presented their ideas and possible 
solutions while the entire class listened and 
then discussed their ideas and solutions. 

6. Students summarized the class’s conclusions. 


Choosing Problems: 
That Special Spark 


After presenting the sample lessons, the consultant 
met with the teachers to discuss the importance of 
choosing worthwhile problems and help plan the 
integration of problem solving into the mathemat- 
ics curriculum. Teachers selected problems on the 
basis of (1) openness (meaning problems that could 
be solved using a variety of strategies or prob- 
lems that had multiple solutions), (2) content, and 


(3) possible anticipatory question set. 


Because the third graders did not have much 
experience with problem solving, the teachers 
decided to begin by introducing simpler problems 
in order for them to experience success before ven- 
turing into the type of problems actually used in 
state tests. The teachers adapted the “problems of 
the week” from their traditional textbook to create 
simple open-response problems that would ensure 
that students could experience success and gain 
confidence. 

The three teachers and the mathematics consul- 
tant each chose a different problem to present to 
each of the three classrooms and created a four- 
week rotation schedule. Every week during the 
rotation, one teacher or the consultant presented 
his or her problem to one of the three classes. This 
enabled the teacher or consultant to adapt the prob- 
lem and presentation each week to better address 
the needs and understanding of the next set of stu- 
dents; it also gave each teacher a chance to observe 
or assist in another class. 

At the end of every four-week rotation, the 
consultant and the teachers met to discuss one 
another’s presentations, student responses, and 
adjustments made to the problems as well as 
choose additional problems for the next four-week 
rotation. After the first few rotations, the teachers 
and the consultant realized that many of the “prob- 
lems of the week” from the traditional textbook 
were number and operation problems, so they made 
sure that the remaining problems they selected rep- 
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resented NCTM’s five Content Standards: numbers 
and operations, algebra, geometry, measurement, 
and data analysis and probability. Eventually, the 
teachers created their own problems, basing them 
on the current curricular topic and released items 
from the state open-response tests. 

During one of these meetings to select problems 
for a rotation, one teacher commented, “It [the prob- 
lem] has to have a spark, or I won’t use it.” When 
asked to explain what she meant, she referred to 
“the spark” as being the anticipatory question set. 
“When I read a problem, I think of a way to pres- 
ent it in an exciting way to the class. If it doesn’t 
have a spark, then I don’t use it.’ For example, 
the problem in figure 1 concerns baseball cards. 
This teacher knew she could create this “spark” by 
bringing in baseball cards and discussing how her 
sons had traded cards with their friends. 


Before, During, and After 


At their four-week rotation meetings, the teachers 
and the consultant also discussed concerns about 
instruction. The time required for the problem- 
solving approach was a big concern. At first, the 
group spent too much time setting up the problem, 
often not finishing before the class period ended. 
Consequently, the team decided to break the math- 
ematics class into three parts according to Van de 
Walle’s three teaching phases for problem-solving 
lessons: before, during, and after (2005). 

The before part of the lesson lasted about ten 
minutes and included asking the anticipatory ques- 
tion set; lighting the spark; presenting the problem; 
clarifying questions; and individually strategizing. 
For example, in addition to the anticipatory ques- 
tion set for the Baseball Card problem shown in 
figure 1, the teacher introduced the problem to 
the entire class and asked three students to act out 
the process of trading the baseball cards without 
using the actual numbers given in the problem. The 
teacher then solicited clarifying questions to make 
sure that the students understood what the problem 
was asking. Questions that clarified the Baseball 
Card problem included these: Who had the collec- 
tion of cards? Who got one-half of the collection? 
How many cards did Ted end up with? How many 
cards did Dan get? Did Dan get his 5 cards before 
or after Bob got his share? 

After ensuring that the students understood the 
problem, the teacher instructed them to think of a 
strategy they might use to solve the problem or to 
get started. Students would spend one to two min- 


Alayna’s explanation of the Baseball Card 
problem using the “What?/Why?” T-chart 
model and her correct work 


Ted gave half of his baseball cards to Bob. 
Then he gave 5 cards to Dan. Now Ted has 6 
cards. How many cards did he have to start 
with? 
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utes thinking of a strategy on their own before dis- 
cussing their ideas with a partner or a small group. 
In each classroom the teachers had displayed post- 
ers describing possible problem-solving strategies, 
including these: guess and check, make a list, act 
it out, write an equation, work backward, and think 
of a similar problem. 

After students had thought silently about the 
problem, they began the during phase of the prob- 
lem-solving process: sharing strategies and ideas 
about the problem with a small group or a single 
partner. To facilitate the problem-solving process, 
the teacher would walk from group to group around 
the classroom, checking to make sure all groups 
were starting on the task. One teacher called this 
first trip around the room “looking for the lost.” 
She identified groups that were not on task and 
worked directly with these groups first, guiding 
them by asking clarifying questions. In addition 
to the same questions listed in the before part of 
the baseball problem example (fig. 1), the teacher 
might ask such questions as these: What do you 
think the problem is asking? What are you trying to 
figure out? Can you write that down? What do you 
know about the problem? Could Ted have 5 cards 
to start with? Why or why not? Can you make a 
guess? Can you draw a picture? 

After getting the “lost groups” on track, the 
teacher visited the other groups and began to infor- 
mally assess what the students were thinking and 
how they began their problem-solving process. She 
would continue to facilitate student-group math- 
ematical discussion and explanation as she made 
additional trips around the classroom, asking ques- 
tions and listening to each groups’ explanations and 
ideas. (One teacher said she used to hate the term 
facilitator until she taught these problem-solving 
lessons and realized that she was actually facili- 
tating.) “Round 2” questions—those the teacher 
asks after the initial group visit—helped students 
redirect their thinking, summarize their trials and 
outcomes, extend their thinking, and reflect on 
their problem-solving strategy and solution. Round 
2 questions might include the following: How did 
you get started? What were you thinking when you 
began? Could Ted have an odd number of cards 
to begin with? What have you tried? How did you 
get your answer? Why did you do that? Can you 
explain your thinking? Is there a pattern? 

It is important to note that during the problem- 
solving lessons the teachers did not evaluate the 
students’ responses as right or wrong but used them 
merely as a means of gathering information to 
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Emily initially had a hard time writing and 
explaining her mathematical thinking by 
using the “What?/Why?” T-chart model, 
as shown in her explanation of the Read- 
ing Contest problem. 


Tim, Tom, and Judy are having a contest to see 
who can read the most chapters in 4 weeks. 
Tim read 19 chapters the first week and then 

7 chapters each remaining week. Tom read 

12 chapters the first week, 3 chapters the 
second week, none the third week, and 6 the 
fourth week. Judy read 7 chapters every week. 
Who won? 
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gauge how and what students were thinking about 
the mathematics. Although we found this difficult 
at first, we learned to allow the students the oppor- 
tunity to struggle with making sense of the problem 
and the strategy they were attempting to use, even 
if they were headed in the wrong direction. For 
example, the teacher might ask a student to explain 
the thinking behind an incorrect mathematical 
sentence. Asking students to explain their thinking 
often results in their self-correcting or reconsidering 
their solution. The key idea for the during phase is 
to ask, ask, ask and then listen, listen, listen. We 
avoided telling or showing students any proce- 
dures but rather helped them construct and share 
their understanding by questioning, discussing, and 
reflecting. We listened to the students’ responses as 
if the answer they gave was meaningful and “cor- 
rect,” and by doing so we began to understand what 
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Emily progressed with some skills but struggled with 
explaining her mathematical reasoning, as shown in her 
use of the “math house” model to solve the Piggy Bank 
problem. 


Charlie had $0.63 in his piggy bank. What combination of coins 
could he have? 

We needed to 

Jt Ws werhy ways 
@ we could get 63¢ 
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the students were thinking and why some miscon- 
ceptions or misunderstandings were occurring. By 
focusing on the students’ thought processes and 
explanations, we were able to ask “redirecting” 
questions aimed at their misconceptions. During 
this phase of the lesson, we would begin to men- 
tally determine which students or groups to ask to 
share various parts of their problem-solving pro- 
cess or strategy during the after part of the lesson. 

Ideally, the during phase of the problem-solving 
lesson lasted from fifteen to twenty minutes. We 
made a major discovery about this phase: Teachers 
do not have to wait for everyone or every group to 
finish. After fifteen to twenty minutes and several 
teacher trips around the classroom to observe each 
student or group, it became apparent that all the 
groups were thinking and strategizing and that it 
was time for the whole class to discuss the prob- 
lem. Some groups may have reached a complete 
solution, some may have worked through a miscon- 
ception, and others may still be wrapped up in the 
problem-solving process. Regardless of the stage of 
completion, all the groups had experienced enough 
of the problem-solving process to end this part of 
the lesson. To indicate that the group work was 
drawing to a close, we would make the following 


announcement: “You have two or three minutes to 
get to a stopping point, and then we will discuss. 
It is okay if you don’t finish; just get to a stopping 
point.” 

In the after phase of the problem-solving lesson, 
the teachers used the students’ discoveries from 
the during phase and facilitated discussion by the 
whole class to arrive at a correct mathematical solu- 
tion. During the discussion the students explained 
and justified their strategies, methods, and conclu- 
sions. Because the teachers were aware of the stu- 
dents’ thought processes and strategies in the dur- 
ing part of the lesson, they were able to determine 
the various parts and stages of the problem that 
each group could share. Some students or groups 
described how they got started, others explained a 
method that did not work, and still others showed 
different methods for arriving at the same solution 
or different ways to record their thinking. Teachers 
became skilled at using students’ explanations and 
classroom discussion to draw out the problem’s 
mathematical objectives; in addition, they used this 
time to direct discussion or instruction regarding 
misconceptions discovered by some of the groups 
in the during phase. Occasionally, teachers asked 
students from different groups to summarize the 
work described by another student or group as a 
means of clarifying or drawing attention to the 
mathematics presented. Frequently, when a student 
or group would explain incorrect solutions or strat- 
egies, other students would ask questions or discuss 
why the method presented might not work. As an 
example, the teacher might address misconceptions 
about the problem in figure 1 by asking questions 
such as these: Is it possible to have more than one 
right answer for the number of cards Ted had to 
start with? Will your method work if Ted gave 
Dan 7 cards? How did you find out what half of a 
number was? Will that work for all numbers? Can 
you prove it? 

It is important to note that even if students used 
incorrect methods, the atmosphere in the class 
was such that everyone recognized these miscon- 
ceptions and treated them as a new discovery for 
deeper understanding of the mathematics. The 
student or group would explain why a particular 
method did not work or why it worked for one situ- 
ation but would not work for all situations. Teach- 
ers knew that students were comfortable with the 
problem-solving process and classroom discourse 
when they made such statements as, “I did the 
problem wrong, but can I show what I did and why 
it doesn’t work.” 
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Written Explanations 


In addition to the classroom discourse, the students 
also provided a written explanation of their strategy 
and methodology as required for the state assess- 
ment test. Initially, third graders found the process 
of writing the mathematical steps and justification 
difficult, so the team tested two different models 
to serve as an aid in the writing process. Teachers 
originally developed the “What?/Why?” T-chart 
model (shown in figs. 1 and 2) to encourage stu- 
dents to write what mathematical steps they took 
and to describe the reasons for each step. Providing 
written explanations, working with partners, and 
testing various writing models led to improvement 
in writing, as seen in Emily’s progress from prob- 
lems she solved and explained at the beginning of 
the project and problems she solved and explained 
toward the end of the project (see figs..2 and 3, 
respectively). 

However, some third graders who could explain 
their classroom actions continued to struggle with 
explaining their mathematical thinking and reason- 
ing processes, as did Emily, who used the “math 
house” model (see fig. 3). The “math house” model 
was created by one of the teachers, who adapted 
it from an expository writing model. The students 
used the attic to restate the problem in their own 
words and then used each room of the house to 
describe what steps and strategies they adopted to 
solve the problem; they used the basement to repre- 
sent their solution or at least the problem’s closure. 
This part of the problem-solving lesson was some- 
times carried over into the language arts—writing 
class period but was an important part of the project 
because of the state assessment criteria. 


Follow-Up Problems 


The need to verify students’ growth and mathemati- 
cal understanding for state assessment purposes led 
to the development of follow-up problems. During 
the first rotation of problem solving, one teacher 
expressed a concern shared by the team: “Did my 
students actually get it? Did they understand the 
mathematics behind the problem? It seems like 
they understood the problem, but how could we 
make sure?” We decided to create a similar follow- 
up problem, having the same or a similar context 
but different numbers, to post on the board the next 
day. The original problem had taken students the 
whole class period the previous day to solve, but 
almost all the students completed the follow-up 
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Teacher suggestions for integrating problem solving into the 
mathematics curriculum 


Get a support team 

Select or create open-response problems for each of NCTM's five Content 

Standard areas: number and operations, algebra, geometry, measurement, 

and data analysis and probability 

Develop lessons based on the before, during, and after teaching phases of 

problem solving: 
before—present, get students ready to solve (5-10 minutes) 
during—go from group to group and ask questions for clarification or 
get students on task, determine which groups tried different strategies or 
methods (15-20 minutes) 
after—let students present their findings (they don’t all have to be finished 
working), ask questions for clarification, teacher and students rephrase 
ideas (15-20 minutes) 

Teach the lesson more than once 

Start with easier problems 

Brainstorm and post mathematics vocabulary words 

Let students work in groups 

Listen, listen, listen—don’t critique or jump to conclusions about students’ 

understanding 

Write the mathematical explanation together as a class at first 

Discuss the “What?/Why?” T-chart method 

Use an expository writing approach (“math house” template) 

Create and present a follow-up problem the next day (5 minutes) 


Teachers reported performing the following tasks more often after 
completing this problem-solving project. 


¢ | select tasks that are based on knowledge of students’ understandings, 
interests, and experiences. 

| select tasks that develop students’ mathematical understandings and skills. 
| listen carefully to students’ ideas. 

| frequently ask students to clarify and justify their ideas orally and in 
writing. 

| encourage students to use a variety of tools to reason, make connections, 
solve problems, and communicate. 

| encourage students to initiate problems and questions. 

When teaching mathematics, | encourage and accept the use of pictures, 
diagrams, tables, and graphs. 

| encourage students to work independently or collaboratively to make 
sense of mathematics. 

| engage in ongoing analysis of my teaching and learning by observing, 
listening to, and gathering other information about students to assess what 
they are learning. 


problem within minutes the following day (usually 
during the time the teacher took the lunch count or 
during free time). The students remembered and 
applied a strategy that worked for them from the 
previous day’s work and thus were successful in 
solving the follow-up problems. 

The teachers and the mathematics consultant 
gathered additional data to document the success 
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Changes in students’ thinking after integrating open-response prob- 
lem solving into the mathematics curriculum 


¢ Students became more confident in their problem-solving ability. 

* Students enjoyed problem solving, even complaining when “problem-solv- 
ing day” was changed because of scheduling conflicts. 

¢ Students were more persistent in working with problems they were not 
familiar with and for which they did not have pre-established solving tech- 


niques. 


¢ Students used a variety of methods and approaches. 

« Students enjoyed explaining their methods and findings to the class. 

¢ Students’ writing and explanations improved throughout the year. 

¢ Problem solving was accessible for all levels of students (high, middle, and 


low). 


«In fact, some of the lower performing students outperformed the middle- or 


high-level students. — 


« Students were more prepared for the open-response state mathematics 
test questions; none of the third graders was in tears—in contrast with 
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previous years. 


of the program. At each team meeting through- 
out the year, they reported and documented their 
comments and suggestions about implementing 
open-response problems in their mathematics cur- 
riculum. Compiling our findings, we created a list 
of hints and suggestions to share at a countywide 
in-service for teachers of K—6 grades. These find- 
ings, hints, and suggestions are summarized in 
figure 4. In addition, the mathematics consultant 
administered teacher surveys at the end of the 
school year to assess teachers’ behavior changes 
and professional growth status (see fig. 5) and to 
determine changes in student behavior (see fig. 6). 
Teachers reported being more in tune with select- 
ing problem-solving tasks, listening to students’ 
thinking, and assessing student understanding for 
instructional purposes. They were most excited 
about the changes they observed in their students’ 
mathematical thinking throughout the year-long 
process. All the students were successful, became 
more persistent, and enjoyed being challenged with 
more difficult problems. When faced with problem- 
solving tasks, they were able to use a variety of 
methods and approaches. 

Results from the student attitude assessment 
verified many of the findings that the teachers 
expressed. Students were to respond to three state- 
ments with the response “yes,” “no,” or “some- 
times.” For the first statement, J am afraid to 
try new things in math, 69 percent responded 
“no,” 17 percent responded “sometimes,” and only 
14 percent responded “yes.” Eighty-one percent 


agreed with the second statement, J am willing to 
work to learn more math, 16 percent responded 
“sometimes,” and only 3 percent answered “no.” 
For the third statement, Math is important to me, 
69 percent checked “yes,” 22 percent checked 
“sometimes,” and 9 percent checked “no.” As for 
the fourth statement, a true/false question, J just 
give up trying when math gets too hard, 96 percent 
responded “false.” 

Teachers also reported that the third graders 
were confident during the state testing process and, 
in contrast with previous years, shed “no tears.” 
One teacher stated, “It was a pleasure to witness 
state assessment problems that once required tis- 
sues and teacher encouragement become problems 
that were quite approachable. In fact, many of the 
students actually welcomed the challenge.” Finally, 
the state assessment indicated that 75 percent 
of the third graders participating in the project 
met or exceeded the goals in the “knowledge of 
mathematical principles and concepts” category, 
compared with only 31 percent the previous year. 
The state assessment results also indicated positive 
results among such subgroups as girls and low- 
income students. 

In conclusion, everyone involved with the proj- 
ect benefited from the open-response problem- 
solving approach to teaching mathematics. The 
type of problems and the structured three-phase 
approach equipped teachers with the skills and 
problem-solving knowledge necessary to facilitate 
the conceptual learning of mathematics. As teach- 
ers’ experience with problem-solving instruction 
grew, so did their own prowess in managing the 
class discussions and interactions with students. 
One of the third-grade teachers declared, “I'am a 
better problem solver and a better teacher because 
of this experience. I used to only teach problem 
solving when I got to that part of the book. I will 
continue to use problems throughout the year to 
teach other math concepts.” Using a problem-solv- 
ing approach to mathematics instruction will help 
students realize that mathematics and problem 
solving are not mutually exclusive; in fact, when 
it comes to learning mathematics, students and 
teachers involved with this project now view prob- 
lem solving as the vehicle to move from tears to 
triumph. 


Reference 

Van de Walle, J. Elementary and Middle School Math- 
ematics: Teaching Developmentally. Upper Saddle 
River, NJ: Pearson Education, 2005. A 


Teaching Children Mathematics / March 2007 


__ Pythagoras, 
~Measurement 
the Geoboard 


or many years, as a high school mathematics 

teacher, I thought of the Pythagorean theo- 

rem—a’? + b° = c’—as simply an algebraic 
tool to find a missing side of a right triangle. Num- 
bers were to be plugged into the formula, and the 
unknown was to be solved for algebraically. The 
formula had to wait to be introduced until students 
knew about square roots, which were presented as 
a numerical concept, totally divorced from. their 
physical aspect. Students also needed to know 
how to solve equations containing square roots, a 
skill usually introduced near the end of algebra 1. 
In geometry, both when I was a student and when 
I began teaching it, the physical attributes of the 
right triangle were discussed. However, squaring a 
number was taught as the operation of multiplying 
a number times itself. The idea of squaring a num- 
ber by physically forming a square from a length 
representing that number and finding the area of the 
resulting square was never explicitly taught. 

After a long career as a high school mathemat- 
ics teacher, I became the principal of a school for 
grades pre-K—5 in rural Vermont. I began working 
with groups of five to six students from each grade 
level once a week for mathematics enrichment or 
remediation. The students enjoyed it, and I loved 


_ getting back into mathematics and learning what 


young children are capable of mathematically. Hav- 


_ ing no preconceived notions, no set curriculum, and 
- no time restraints, I posed problems for the students 


and let the learning happen. Although I introduced 
the unit that I present in this article to a group of six 
fifth-grade students, I have since successfully pre- 
sented lessons within this unit to entire fourth- and 
fifth-grade classes. 

I filled my office with mathematics manipula- 
tives and experimented, although I had rarely used 
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manipulatives when teaching high school math- 
ematics. I pulled out the geoboards and first used 
them to give the students practice in visualizing 
symmetry. All my groups from grades | through 5 
were able to construct symmetric shapes across a 


line (see fig. 1). With the fourth and fifth graders, 


I started exploring the areas of polygons. Given 
the length of one side of a small square on the 
geoboard as a unit, the students were quickly able 
to find the areas of rectangles. They discovered that 
they could find the area of a triangle by drawing a 
rectangle around it and seeing that it was half of the 
rectangle. They weren't using a formula; they were 
using their intuition. 

The next logical step was finding perimeters. 
Rectangles were no problem, but once we looked 
at a triangle or any polygon involving a diagonal, 
there was not always a natural number to describe 
the length. The first time the students told me that 
the perimeter of a right triangle whose legs had a 
length of | unit was 3, I pulled out the compasses. 
I had them open the compasses to a length that 
matched the two sides having the length of 1 unit 
and then, without moving the width of the compass, 
place it on the hypotenuse (see fig. 2). The students 
could clearly see that the length of the hypotenuse 
was more than 1, so they started making guesses— 
1.5, 1.25, and so forth. They narrowed the length 
down to between 1.25 and 1.5. They were close, I 
told them, but there was a name for the length, and 
we would figure it out. 


, an 
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a triangle having a right angle that is opposite the 
right angle.” Awkward though this definition was, 
we muddled through it, drew a few right triangles 
on the board, and made sure that everyone was clear 


Student constructions on geoboards depicting symmetric shapes 
across a line of symmetry 





Compass for 
measuring length 









Line of 
symmetry 





Using a compass to compare the length of sides a and b of a right 
triangle with the length of the hypotenuse 


Hypotenuse longer than 1 






Compass is moved over 
to side c of the triangle 






Step 2 












Definitions: A Place to Start 


The next time I met with the students, I told them 
about the Greek philosopher and mathematician 
named Pythagoras, who was born in 569 B.C.E. 
After a discussion that included the meaning of the 
abbreviation B.C.E., a number line, and negative 
numbers, the students figured out how many years 
ago Pythagoras was born. 

I asked a student to look up the Pythagorean 
theorem in the dictionary. The definition, accord- 
ing to Merriam-Webster’s Dictionary (1998 paper), 
is as follows: “A theorem:in geometry: the square 
of the length of the hypotenuse of a right triangle 
equals the sum of the squares of the lengths of the 
other two sides.” I had a student write this defini- 
tion on the board. After reading the definition, the 
students weren’t sure what hypotenuse meant. 
Another student looked up hypotenuse in the same 
dictionary and found this definition: “the side of 


about what the hypotenuse is. 

Now back to the Pythagorean theorem and mud- 
dling through that definition: “the square of the 
length of the hypotenuse.” What did that mean? 
The students knew what a square is, but what is the 
square of the length of the hypotenuse? I skipped 
that part of the definition and went to the last part: 
“the squares of the lengths of the other two sides.” I 
hinted that this must mean the square formed when 
the side of a triangle was one side of the square. I 
asked a student to sketch a square on one side of the 
triangle that wasn’t the hypotenuse. This seemed to 
be easier because we had drawn all the right triangles 
with the two legs horizontal and vertical, making 
the hypotenuse sloped. Because of the placement 
of the triangles we had drawn, visualizing a square 
connected to the two legs was easier than visualizing 
the square connected to the hypotenuse. After a few 
sketches, the students understood what was meant by 
“the square of the length of the hypotenuse” and “the 
squares of the lengths of the other two sides.” I then 
added a couple of right triangles whose legs were not 
horizontal and vertical to make sure that the students 
could still visualize the squares formed by all three 
sides. They were successful, so now it was time to try 
to make sense of the entire definition. 

We went through every word. We decided that 
in order to talk about the definition, it would be a 
good idea to give each side of the triangle a name. 
The students came up with three letters (from the 
first letters of some of their names), so we had f¢, 
m, and e, with m being the hypotenuse. Then we 
needed to name the squares formed on each of these 
sides. The group decided that it would make sense 
to name them the capital letter matching the name 
of the side—T, M, and E—with the square formed 
off each side having the capital letter matching the 
name of the side. Back to the Merriam-Webster’s 
definition: “The square of the length of the hypot- 
enuse of a right triangle [M] equals [=] the sum of 
[after some discussion, we agreed that this meant 
to add] the squares of the lengths of the other two 
sides [T and E].” Translating the word sentence into 
a number sentence, we wrote M = T + E. How can 
one square equal the sum of two other squares? 
Merriam-Webster’s must mean the area of the 
square of the hypotenuse is equal to the sum of the 
areas of the squares of the other two sides. 

I gave the students an easy example—a 3, 4, 5 
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right triangle (i.e., a right triangle with sides mea- 
suring 3, 4, and 5 units, respectively). I had them 
draw a right triangle with legs of 3 units and 4 
units and sketch in the hypotenuse without giving 
them the length (see fig. 3). I asked them to draw 
on graph paper the squares off each leg, which they 
could easily do and see that the areas were T = 9 
square units and E = 16 square units. I asked, “If 
the Pythagorean theorem is true, what should the 
area of the square off the hypotenuse equal?” The 
students looked at the formula M = T + E written 
on the board. They then substituted 9 for T and 16 
for E, added 9 + 16, and found that M = 25 (square 
units). I asked them to sketch the square off the 
hypotenuse. This is not an easy task to accomplish 
accurately without considering slope. At this point, 
I had to decide how rigorous I wanted to be. Did 
I want to take a long detour and have the students 
prove that the area is 25? Would doing this take 
such a detour that they would lose sight of our 
original task—to find a way to accurately measure 
the perimeter of triangles or rectangles on the 
geoboard? I chose not to at the time. Instead, I had 
the students label the area M = 25 square units and 
asked them what length they thought the length of 
the hypotenuse m would be if the square M formed 
by the hypotenuse had an area of 25 square units. In 
relatively short order, they deduced that the length 
of m was 5 units. The students had now seen the 
Pythagorean theorem in action with nice natural 
numbers. The next step was to confound them 
before I sent them away to think. 


Disequilibrium 

Equilibrium is defined as “a state of intellectual or 
emotional balance,” according to Merriam-Web- 
ster’s Medical Dictionary (2002), so disequilibrium 
is the absence of this balance. I believe that students 
become more engaged with problems and learn 
how to solve problems more effectively when the 
teacher allows them to wallow in a state of disequi- 
librium for awhile. 

To put the students a little off-balance intellectu- 
ally, I sketched an isosceles right triangle with the 
legs each a length of 1 unit and asked them to con- 
struct this triangle on the geoboard. I did not label 
the length of the hypotenuse. The students repeated 
on the geoboard the steps we had done on the previ- 
ous 3, 4, 5 triangle: They formed the squares off the 
leg, found that the areas of each square was | square 
unit, plugged those numbers into their formula 
'_M =T + E, and knew that the area of the square 
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Visual representation of the Pythagorean 
theorem where the combined areas of 
square T and square E equal the area of 
square VM 








M, the one off the hypotenuse, was 2 square units. 
Now for the disequilibrium: What is the length 
of the hypotenuse? We had already shown that it 
was more than 1. What number times itself equals 
2? The students started guessing. 1.5? We used a 
calculator to check 1.5 x 1.5 and got 2.25. How 
about 1.257" 1:25 xl 25t=el 5625, Pney said, , It’s 
impossible! There is no such number!” I said, “But 
there must be. We see a length, and that length must 
represent a number.” I sent them away until the fol- 
lowing week, wondering and off-balance. 

Over the next few days, a couple of students 
approached me with what they thought was the 
answer. One student excitedly told me that the 
answer was —1. I showed him on the calculator 
how (-1) * (-1) = +1. Another student claimed 
that he had found the answer on the Internet: 
1.414. I said that he was awfully close to the real 
number. In fact, if we multiply 1.414 by 1.414, 
we get 1.999396, which is very close to 2, so he 
was on the right track. I gave him a hint: 1.414 
was an approximation of the number we were 
looking for, but the number we were looking for 
had a name and was exact. 

The week passed, and the students continued to 
hound me to tell them the answer. I wouldn’t budge, 
but I did tell one of the teachers what we were up to. 
She let the answer slip, and by the time the students 
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came back the next week, they knew that the num- 
ber I was looking for was NOs 

I filled them in on some mathematical history. 
The Pythagoreans, Pythagoras’s students, were 
sworn to secrecy on the discovery of this kind of 
number, which could not be expressed as a ratio of 
two other numbers. They called it incommensurate. 
We now call it irrational. We can see that V2 exists 
because it is the length of a line. However, until 
that length was given a proper name, we could only 
estimate it with decimal approximations such as 
1.414. Of course, any time we draw something in 
mathematics, our drawings will never be totally 
exact. It is the idea of exactness that we are striving 
for. The exact length is V2, which can be approxi- 
mated as 1.414. 


Finding Other Square Roots 


The next lesson was spent discovering other irra- 
tional lengths on the geoboard. We built right tri- 
angles with legs of 1 and 2 units and constructed 
the square figures off all three sides. Reviewing the 
Pythagorean theorem, the students deduced that 
the square off the hypotenuse would be 1 + 4 = 
5. So what number times itself would equal 5? 
Looking back at the previous example of the 1, 1, 


\2 triangle, they guessed correctly that it would be 
V5. I let the students loose to find the lengths of the 
hypotenuses in other right triangles that they could 
form on the geoboard. When the square constructed 
on the hypotenuse would not fit on the board, we 
placed another geoboard adjacent to the original. 
After a while, the students got to where they didn’t 
need to construct the square for the hypotenuse 
but still needed to construct the square of the mea- 
surement of the other two legs so that they could 
see the squares. Eventually, many of the students 
could visualize the squares of the two legs and did 
not have to construct these to find the length of the 
hypotenuse. 


Square Root Ruler 


The next time I saw the students, I pretended that I 
was Pythagoras and they were the Pythagoreans. I 
was tired of having to think about squares so much, 
I said, and I needed a handy tool to measure lengths 
that were square roots. What I needed was a square 
root ruler that I could carry with me. Most of the 
square roots I dealt with were not very large. In 
fact, a ruler with all square roots from V1 to V10 
was all that I needed for now. 

In preparation, I had taken a standard-size (8 ¥2- 





Figure 4 


Student work reflecting student thinking during the creation of square root rulers 


10 


V100 = 10 ° 












10 is between V16 and V9 or 
between the whole numbers 4 and 3. 
It is closer to 3, because V9 is closer 


to V10 than to V16. 
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Student work resulting from investigating V3 to create the square root ruler 





by-11-inch) page of half-inch-square graph paper 
and zoomed in on the copier to enlarge the image 
to fit an 11-by-17-inch sheet. The resulting graph 
paper had squares that measured approximately 
one square inch in area. Using the larger grid 
would provide students with a longer number line 
on which to place ten square roots over a length 
that (as they would discover) would cover only a 
little more than 3 units on the scale. The tools I 
gave them to make the square root ruler were a few 
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Step 1: For the “ruler,” draw a horizon- 
tal line across the bottom of the graph 
paper, leaving room below the line for 
labels. The line needs to be only about 
3.5 units. Label the integers 0, 1, 2, and 
3 on the ruler. 


Step 2: After discussion, label V1 below 
the integer 1 on the ruler. 





Step 3: After discussion, draw a 1, 1, V2 
triangle. Measure the hypotenuse of 
this triangle with the compass. Without 
changing the opening of the compass, 
put the point at zero on the ruler, mark 
off the length V2 on the ruler, and label 
It. 





Step 4: After discussion about how to 
find V3, form a triangle whose legs are 
V1 and V2. V1 = 1 and V2 is the current 
length of the compass opening. In 

this new right triangle, the squares 
formed by the legs will have areas of 
1 and 2. According to the Pythagorean 
theorem, the square of the hypotenuse 
equals the sum of the squares of the 
legs, so the square of the hypotenuse 
will be 1+ 2=3. Therefore, the hypot- 
enuse will have length V3 units. 





Step 5: Use the compass to measure 
the length V3 units. Without changing 
the width of the compass opening, put 
the point on zero on the ruler and copy 
the length V3 onto the ruler and label. 


Continue building triangles in this way 
to find square roots up to V10. 


Note: Some students may figure out 
that they don’t have to build a triangle 
to find V4 and V9. 





sheets of the enlarged 1 1-by-17-inch graph paper, a 
straight edge, and a compass to measure and copy 
lengths as we had done earlier with the 1, 1, V2 
triangle (see fig. 2). 

With the skills and the tools ready to make the 
ruler, I suggested that we use the unit represented 
by the grid on the graph paper as equal to a length 
of 1 unit. We could create the ruler near the bottom 
of the 1 1-by-17-inch sheet. Would it fit? How many 
units long would it need to be to accommodate all 
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the square roots from V1 to ¥10? The students’ ini- 
tial answer was that the ruler would need to be 10 
units long. I gave them a hint: Because 10 x 10 = 
100, then 100 = 10, so surely the ruler wouldn’t 
need to be that long. What number times itself is 
near 10? After a few guesses, the students came up 
with 3 x 3 = 9, which meant that the square root of 
10 was a little more than 3, so they determined that 
the ruler would need to be only a little longer than 
3 units (see fig. 4). 

We started together. For the ruler, each student 
drew a horizontal pencil line about 3% units long 
near the bottom of the graph paper, leaving room 
below the line to clearly label the lengths. What is 
the square root of 1? Hmm... 1/2? 1/4? After a few 
wrong guesses, the students realized that V1 =1, so 
they marked that on the pencil line and labeled it V1 
(see fig. 5, steps 1 and 2). 

How about the square root of 2? With their expe- 
rience with the 1, 1, V2 triangle, the students drew 
it, copied the length of the hypotenuse onto the 
ruler by using a compass, and labeled it V2. Easy, 
right? (See fig. 5, step 3.) 

How about the square root of 3? How could the 
students construct that? The Pythagorean theorem 
told them that they needed to have squares on each 
leg whose areas would add up to 3 square units. 
An obvious choice would be 1 + 2 = 3. An area 
of 1 was easy, but what kind of square has an area 
of 2 square units? Oh! That’s the length of the 
hypotenuse in the previous triangle! A square with 
sides equal to the square root of 2 (V2) would have 
an area of 2 square units. So, using the compass 
to measure the length of the hypotenuse of the 1, 
1, V2 triangle, we copied the length V2 along the 
grid line forming a right angle with the leg of the 
l-unit length. The length of the hypotenuse con- 
necting them is V3! We copied that length onto the 
square root ruler and labeled it. (See fig. 5, steps 
4 and 5.) 

I then let the students work by themselves. Some 
of them realized before they constructed the tri- 


‘angles that the square roots of 4 and 9 were 2 and 3, 


respectively, and simply marked these numbers on 
the ruler. If they didn’t realize this, I let them dis- 
cover it on their own. I supplied the students with as 
much of the 11-by-17-inch graph paper as needed. 
Most used two or three pages. 

To wrap up the lesson and bring it back to 
familiar numbers, I asked the students to guess the 
decimal estimate of the lengths of V1 to V10 to the 
nearest tenth simply by looking at the square root 
ruler. Then I gave them a scientific calculator and 


had them enter the square roots to see what the cal- 
culator told them. I asked them to write the calcula- 
tor answer to three decimal places. All the students’ 
estimations were extremely close. A copy of one 
student’s table can be seen in figure 6. 


Back to the Geoboard to Find 
Areas and Perimeters 


Our concluding lesson went back to working with 
many-sided ¢onvex and concave polygons. Now, 
in addition to finding the area, the students had the 
skills necessary to find the perimeter as well. First, 
they needed to learn how to think of square roots 
as normal numbers and learn how to calculate with 
them. I started with a 1, 1, V2 right triangle and 
asked for the area and the perimeter. For the perim- 
eter, we needed to add 1 + 1 + V2.1 explained that 
this measure could be expressed as 2 + V2 units; we 
could combine the 1 and 1, but we couldn’t com- 
bine it to V2 because 2 and V2 were different types 
of numbers, yet V2 needed to be in the answer. I 
explained that we could substitute 1.414 for V2 and 
have the perimeter be 2 + 1.414 = 3.414 units, but 
this answer was only a decimal approximation. The 
exact answer was 2 + V2. We then formed a right 
triangle with legs having the length of 1 and 2 units. 
Using the knowledge they had gained throughout 
the unit, the students knew that the square off the 


Student record comparing estimates 
of square roots to results generated by 
using a scientific calculator 


Student Calculator 
Square root decimal decimal 
estimation estimation 
V1 


et ipa foe ae 
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Method for calculating the perimeter of a 
right triangle: 1+ 2 + V5 =3+ 5 























hypotenuse would have an area of 1 + 4 = 5 square 
units, so the hypotenuse would have a length of V5 
units. Therefore, the perimeter would be 1 + 2 + 
V5 =3 + V5 units (see fig. 7). The area would be | 
square unit, since the triangle would be half a rect- 
angle with an area of 2 square units. The students 
were pros at area, having mastered that skill earlier 
in the unit. 


Conclusion 


I did not plan this unit ahead of time. The lesson 
evolved according to challenges and questions 
generated by the students. My original goal was 
to “play” with the geoboards and see what would 
unfold. I started with symmetry and found that a 
wealth of visualization skills emerged as students 
from grades K through 5 challenged one another 
with shapes of increasing complexity to mirror 
across the line of symmetry. The next logical explo- 
rations on the geoboard were area and perimeter. 
I decided to limit the exploration of perimeter to 
fifth graders, the highest grade in my school, after I 
became aware of the special cases involving square 
roots that arose when trying to find the perimeter of 
triangles on the geoboard grid. I believe that second 
and third graders can understand the area part of 
the lesson, especially if the figures are kept fairly 
simple. Fourth graders can certainly grasp finding 
the areas of fairly complex polygons, and some will 
be able to interpret the Pythagorean theorem to find 
the perimeters. 

The intertwining topics that fell out of the les- 
sons amazed me. Area, perimeter, and symmetry 
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would obviously be part of the conversation, but 
I was not expecting the lessons to extend into the 
concept of the Pythagorean theorem and its history, 
irrational numbers, like and unlike terms, compass 
measurements, and approximation and rounding. 
The students used no algebraic manipulations or 
formulas but were able to accurately find the areas 
and perimeters of many types of shapes simply by 
using their intuition. When, in the future, they learn 
the area formula for a triangle, A = ¥2 bh, my hope 
is that they will remember our work and know that 
bh is the area of the rectangle that is twice the area 
of the given triangle. 

I hope that this experience has taught these 
students that formulas can make sense intuitively; 
those they can visualize, they don’t have to memo- 
rize. The Pythagorean theorem is not simply an 
algebraic formula for finding the missing side of a 
right triangle. When these students are introduced 
to square roots in middle school mathematics, they 
will have a working knowledge of what they mean, 
that they are the length of a side of a square whose 


area is under the square root symbol. When they 


are reintroduced to the Pythagorean theorem in 
high school, they will recall that a* + b* = c*can be 
visualized as the squares formed off each side of a 
right triangle. 

In my three years as the principal of an elemen- 
tary school, I have been overwhelmed by students’ 
natural curiosity and their enthusiasm for exploring 
mathematics concepts. Elementary school students 
can comprehend numerous advanced mathemat- 
ics concepts that are usually saved for when the 
students are older and learn algebra. By algebra I 
mean its traditional definition: performing math- 
ematical operations on symbols represented by 
letters. Elementary school students can understand 
more advanced topics if we broaden the definition 
of the term to mean the study of patterns in math- 
ematics. At this age students have not been jaded 
by the commonly held belief that mathematics is 
difficult and, therefore, not fun. Elementary school 
students can grasp abstract concepts if their instruc- 
tion includes a systematic approach that starts with 
the use of concrete manipulatives, continues with 
asking the right questions to lead them to discover 
patterns, and finally allows them to discover how 
those patterns coalesce into a general rule that they 
can visualize and verbalize. Yes, this process takes 
longer, but the sparkle in my students’ eyes when 
they “get it” and the depth of understanding that 
enables them to “hold onto it” is well worth the 
effort. A 
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ath by the Month” activities are designed 
to engage students to think as mathemati- 
cians do. Students may work on the activi- 
ties individually or in small groups, or the whole class 
may use these as problems of the week. Because no 
solutions are suggested, students will look to themselves 
for mathematical justification, thereby developing the 
confidence to validate their work. 












Children’s everyday surroundings can inspire them 
to think about and work with mathematics. Almost 
every child has been shopping at.a supermarket, and this 
month’s activities provide examples of questions that can 
be explored in that context. The activities focus broadly 
on geometry, number, and data collection. Through these 
activities, children can expand their view of the possi- 
bilities of using mathematics in their world. A 



























SUPERMARKET MATH: K-2 MARCH 2007 


Shape hunt. The supermarket is full of objects having different shapes. The next time you are in the grocery store, 
take time to notice the various food items, packaging, and storage displays. What are some of the different shapes you 
can see? How many different shapes of crackers can you find? Choose some crackers that have interesting shapes and 
bring these to school to compare them with crackers your classmates found. Group the crackers by their attributes, 
such as shape and size. 


Check the temperature. Did you ever notice that although the entire supermarket might be air conditioned, 
some areas seem to be cooler than others? Use a thermometer to measure the temperature 
in different sections of the store, such as the meat department, bread section, produce 
section, and area near the cash registers. After waiting fifteen minutes, compare the 
temperatures. What is the coolest area? The warmest? Why do you think the tempera- 
tures vary the way they do? 


Open your own supermarket! Play “supermarket” in your classroom with your 
classmates by bringing in cans of food, other food items, or even empty boxes that you 
can pretend to sell and buy. Set up your store by putting a price on each item and giving 
each person a starting amount of money—for example, $5.00, $10.00, or $20.00. What 
prices would you sell your pretend items for? Why? Take turns going shopping and being 
cashiers. : 






Line up. Four friends lined up in the checkout line to pay for their items. Being considerate, 
each wanted to let the others go to the front of the line. Being curious, they began to wonder, “In 
how many different ways can we line up to pay for our groceries?” In how many different ways do 
you think they can line up? Make a drawing to show as many different orders as you can find. 









c& Ub) Oe ae ee eee ae ie ne aki WE £ RY 
Seanyelle Yagi, seanyelle@gmail.com, is the mathematics coordinator at Ka‘ewai Elementary School, Honolulu, HI 96819. She is interested in problem solving 
and in seeing mathematics in new and different ways. Melfried Olson, melfried@hawaii.edu, is a faculty member of the Curriculum Research and Development 
Group (CRDG), University of Hawaii at Manoa. He is interested in problem solving, children’s reasoning, communication, and gender issues in mathematics. 


Edited by Kristen Forrest, kristen.forrest@anoka.k12.mn.us, Denise Schnabel, denise.schnabel@anoka.k12.mn.us, and Margaret E. Williams, margaret \ 
-williams@anoka.k12.mn.us, teachers at Riverview Specialty School for Math and Environmental Science, Brooklyn Park, MN 55444. Readers are encouraged 
to submit problems to be considered for future “Math by the Month” columns to Margaret Williams. Receipt of problems will not be acknowledged; however, 
problems selected for publication will be credited to the author. ; 
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WEEKLY ACTIVITIES 
SUPERMARKET MATH: 3-4 | MARCH 2007 


Stack ‘em up. A stock clerk must display 140 cans of tomatoes. The clerk decides to make the display in the 
form of a square pyramid that will use all the cans. How many cans will make up one edge of the bottom 
layer? How many layers will the pyramid have? How many cans will be in each layer? Suppose 
the stock clerk decides to make the display in the shape of a cylinder. How many layers will 

the cylinder have? How many cans will be in each layer? 





What's a great snack to sell? The store manager wants to stock snack items that are 
popular with her elementary school customers. Take a poll of the students in your class- 
room to find out what their favorite snacks are. Use your data to help the manager make an 
informed decision about what the store should sell. How can you represent your findings to 
the store manager? 





Pack ‘em up. A stock clerk needs to repack some rolls of defective paper towels to ship back 
to the manufacturer. The rolls fill up 4 shelves, and each shelf holds 25 rolls. The original boxes 
are long gone, but the clerk can use other boxes of different sizes for packing the paper towels. 
Some boxes hold 10 rolls, some hold 5 rolls, and still others hold only 3 rolls. What are some 
ways that the clerk can pack the rolls of paper towels by using the different sizes of boxes? 
What is the fewest number of boxes he can use? 


What could you buy? Most supermarkets advertise weekly sales in the local newspaper. 
Obtain an advertisement from your local supermarket. What would you buy if you had $50.00 
to spend for groceries for the week? Make a shopping list and calculate the total cost of the items on your list. What 


would you buy if you had $75.00 to spend for groceries for the week? Make a new list for the week that includes the 
items for a special dinner to celebrate your birthday. How much will your birthday dinner cost?” 


WEEKLY ACTIVITIES ; 
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Annette Ricks Leitze and Sheryl Stump 





Sharing Cookies 


Problem 


Aja and her sisters, Nolise and Clarice, arrived home from school one 
afternoon. Aja was really hungry, so the first thing she did was go 
to the kitchen to find something to eat. On the kitchen table was a 

plate of cookies along with this note from their mother: “I had to go to 

the store. Please share these cookies equally with your sisters. Be back 
soon. Love, Mom.” Aja was so hungry that she quickly ate one-third of 

the cookies on the plate. A little later, Nolise came into the kitchen, found 
the cookies and the note, and ate one-third of the cookies on the plate. Finally, 

Clarice came into the kitchen, found the cookies and the note, and, not realizing that her 

sisters had already eaten some cookies, ate one-third of the cookies on the plate. When 

the girls’ mother came home, she found 8 cookies on the plate. How many cookies 
were originally on the plate? How many cookies did each girl eat? Did they share them 
equally? Explain how you solved the problem. 
Extension: Find another number of cookies that the mother could leave on the plate 
so that the sisters could share them equally without having to break them into parts. 
A Simpler Problem: Two sisters, Aja and Nolise, came home from school one day. 

Aja was really hungry, so she went into the kitchen to find something to eat. On the 
kitchen table she found a plate of cookies along with this note from her mother: “I had 

to go to the store. Please share these cookies equally with your sister. Be back soon. 

Love, Mom.” Aja ate one-half of the cookies on the plate. A little later, Nolise came into 

the kitchen, found the cookies and the note, and ate one-half of the cookies left on the 
plate. When the girls’ mother came home, she saw 3 cookies on the plate. How many 

cookies did Aja first see on the plate? How many cookies did each girl eat? Did they 
share them equally? Explain how you solved the problem. 

Extension: If there were 4 cookies left on the plate when the mother came home, 
how many cookies did Aja first see on the plate? 






work, analyze the classroom dialogue, and submit 
the resulting insights to this department. Through 
contributions to the journal, every teacher can 


is to foster improved communication among 


Ts goal of the “Problem Solvers” department 
teachers by posing one problem each month 


for teachers of grades K-6 to try with their students. 
Every teacher can become an author: Pose the 
problem to your students, reflect on your students’ 


Annette Ricks Leitze, aleitze@bsu.edu, and Sheryl Stump, sstump@bsu.edu, teach mathemat- 
ics content and methods classes at Ball State University, Muncie, IN 47306-0490. 


Edited by Joyce Bishop, jdbishop@eiu.edu, Department of Mathematics and Computer Sci- 
ence, Eastern Illinois University, Charleston, IL 61920, and Sheryl Stump, sstump@bsu.edu, 
_ Department of Mathematical Sciences, Ball State University, Muncie, IN 47306-0490. Readers 
__ are encouraged to submit problems to the editors to be considered for a future “Problem Solv- 
ers” column. Receipt of problems will not be acknowledged; however, problems selected for 
publication will be credited to the author. 
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help us all better understand children’s capabilities 
and thinking about mathematics. Remember that 
even students’ misconceptions provide valuable 
information. 


Classroom Setup 


Spend time discussing this problem with your stu- 
dents but avoid giving too much guidance. Allow 
your students to work with a partner or in small 
groups. Encourage the students to use any problem- 
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solving strategy that they know, pay close attention 
to their thought processes, record their work, and 
explain their reasoning. This problem lends itself 
to a follow-up class discussion in which pairs or 
groups of students present their various solutions. 
Have the students compare their strategies with 
those of their classmates. Collect actual students’ 
work, make notes about interactions and discus- 
sions that took place, and document the variety 
of student approaches that you observed. As you 
reflect on your experience with the problem, keep 
in mind the following questions: 


e What difficulties did students have in under- 
standing the problem? 

¢ What strategies did you see students using to 
solve the problem? 

e Were you surprised by any students’ responses 
or interpretations? 

e What methods did students use to record their 
work? 

¢ Did the students relate this problem to any others 
that they have investigated? 

e What extensions to this problem did you or your 
students pose? 

¢ What did your students learn from investigating 
this problem? 


Share Your Student Work 


We are interested in how your students responded 
to the problem and how they explained or justified 
their reasoning. Please send us your thoughts and 
reflections. Include information about how you 
posed the problem and samples of student work 
or even photographs showing your problem solv- 
ers in action. Send your results with your name, 
' grade level, and school by May 1, 2007, to Sheryl] 
Stump, Department of Mathematical Sciences, 
Ball State University, Muncie, IN 47306. Selected 
submissions will be published in a subsequent 
issue of Teaching Children Mathematics and will 
be acknowledged by name, grade level, and school 
unless otherwise indicated. 


Reference 


Pélya, George. How to Solve It: A New Aspect of Math- 
ematical Method. Princeton, NJ: Princeton University 
Press, 1945. A 


(Solutions to a previous problem 
begin on the next page) 


Teaching Children Mathematics / March 2007 





Where’s the Math? 


The solution to both versions of this problem involves several steps. When 
students are encouraged to find their own strategies, some of them may 
decide to work backward, starting with the 8 cookies left on the plate. Other 
students may choose to work forward, starting with some representation of 
the unknown. 

The first version of the problem requires greater logical thinking skills 
than the simpler version does. For example, the first version requires stu- 
dents to recognize that the 8 cookies left on the plate at the end of the story 
represent the two-thirds that the third sister does not eat. The problem’s 
extension challenges students to think about the properties of the number 
27 that allow this number of cookies to be shared as described without 
having to break them into parts. The second problem is easier because it 
involves halves instead of thirds; thus, the part eaten is equivalent to the 
part not eaten. The problem’s extension merely provides another opportu- 
nity to use the same problem-solving strategies. 

This problem also provides the opportunity to introduce some math- 
ematics history into the class discussion. George Pélya, renowned for 
his extensive study of problem solving, once said, “If you can’t solve a 
problem, then there is an easier problem you can solve: find it’” Born in 
Hungary in 1887, Polya immigrated to the United States in 1940 and spent 
most of his professional career at Stanford University. He is probably best 
known for his book How to Solve It, which was originally published in 
1945 and continues to be a valuable resource for teachers today. In it, Polya 
identified the four steps for solving problems, a process that continues to 
guide students toward becoming good problem solvers: (1) understand the 
problem; (2) devise a plan; (3) carry out the plan; and (4) look back. Some 
of the problem-solving strategies that students might use when devising 
their plans for solving the Sharing Cookies problem include drawing a 
picture, making an organized list, and creating a table. 


“Writing for NCTM Journals: 


Tips and Discussion with Editorial Panel Members” 


Friday, March 23, Room C210 
Tips, guidelines, and descriptions of important features of the 
school journals will be presented by Editorial Panel members 


from TCM, MTMS, and MT. 


“Making TCM Come Alive in Your Classroom” 


Saturday, March 24, 8:00-9:00 a.m., Room C307 
This audience-participation session will highlight ways to use ideas 
from Teaching Children Mathematics—posing and solving problems, 
exploring mathematical strategies, investigating patterns, connecting 
mathematics to other content areas, and much more. 
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Carla Tayeh 


Solutions to the 
More Than a Guess 
Problem 


“Problem Solvers” section was stated as 


|: problem appearing in the March 2006 
follows: 


Mrs. Benson began mathematics class by shaking a contain- 
er that was filled with dried beans. She told us that of the 800 
beans in the container, some were kidney beans, some were 





lima beans, and 
others were 
pinto beans. We 
were supposed 
to guess how 
many of each 
kind of bean 
were in the con- 


tainer. Jennifer shook the container to see if that tactic would 
give her a clue, but it did not help. Can you think of a better 
strategy than just guessing to predict how many of each type of 
bean are in the container? Try your approach. 


Gail Stafford of North Carolina Wesleyan Col- 
lege, working with Maureen Willis and her fifth- 
grade students at Nashville Elementary School in 
Nashville, North Carolina, accepted the challenge 
of the More Than a Guess problem. Stafford intro- 
duced the problem by showing the class a jar with 
800 beans. The students identified the three differ- 
ent types of beans in the jar—lima beans, kidney 
beans, and pinto beans—and discussed eating chili, 
soup, and other foods that contain beans. Stafford 
then explained that the students were to figure out 
how many beans of each type the jar contained. The 
students brainstormed various ways to approach the 
problem and then agreed that they would work in 
small groups. Each group would be given a small 
scoop of beans and would use the number of each 


Carla Tayeh, Carla.tayeh@emich.edu, teaches elementary mathematics methods and content 
_ Classes at Eastern Michigan University, Ypsilanti, Ml 48197. 


Edited by Barbara Britton, Barbara.Britton@emich.edu, and Carla Tayeh, Carla.tayeh@ 
emich.edu, at Eastern Michigan University, Ypsilanti, MI 48197 
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type of bean in this sample to estimate how many 
beans of each type were in the jar. As the groups 
collected their data, the information was recorded 
on the board (see table 1). 

The students in group 5—Alyssa, Morgan, and 
Stormin—counted 11 lima beans, 6 kidney beans, 
and 21 pinto beans in their sample. “They rounded 
their totals to 10, 10, and 20 respectively. This gave 
them a total of 40 beans, and this nice number may 
have helped them solve the problem,” Stafford 
wrote. “They drew 20 circles on their paper and 
explained to me that each of the circles represents 
a sample of 40 beans. They went on to explain that 
they could count by twenties for the 20 pintos in 
each sample and get 400 pintos. By counting by 
tens for each of the 20 circles, they found a total 
of 200 lima beans and 200 kidney beans. On the 
basis of their work, I believe these students are at 
a beginning level of proportional thinking,’ noted 
Stafford. 

The predictions of students in the other groups 
were based on number relationships—greatest 
number of beans, median number of beans, and 
smallest number of beans—but proportional think- 
ing was clearly missing. “One student explained 
that there were more pinto beans than lima beans 
and more lima beans than kidney beans. Her esti- 
mate contained numbers using this number rela- 
tionship but were clearly guesses that just added 
up to 800,” wrote Stafford. “The task of using pro- 
portional thinking to estimate the number of each 
type of bean was definitely beyond the mathemati- 
cal capabilities of some students; however, others 
reasoned well.” 

Stafford also reported that when she filled the jar 
with the beans, she was concerned about not getting 
a good mix of the three types of beans because of 
their different sizes: “Honestly, the class average 
did not represent what was actually in the jar. There 
were more lima beans than pinto beans in the jar. I 
think this experiment would be better if the beans 
were the same size. I would like to try this again 
using only lima beans, some natural and some ayer 
or painted in other colors.” 
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Anissa Amancio, working with Lyn Walton’s 
fourth graders at Attleboro Public School in Attle- 
boro, Maine, adapted the original problem by using 
jellybeans. Amancio presented the students with 
a bowl of 285 jellybeans and challenged them to 
determine how many jellybeans of each color were 
in the jar. It did not take long for the students to 
agree that they would use a small scoop of jelly- 
beans as a sample and then try to generalize on the 
basis of the sample. The students created and exam- 
ined five samples and organized their results in a 
table (table 2). Scanning the results, the students 
began to share their initial impressions. “Students 
commented that there were not many yellows and 
greens and that there seemed to be more purples 
than any other color,’ wrote Amancio. 


After some think time, a student started adding 
the total for each color. This must have seemed 
like a good idea because the class proceeded to 
add the totals for each of the samples. Among 
the 5 samples, we had a total of 80 jellybeans 
(26 purple, 21 red, 20 orange, 5 yellow, 8 green). 
Students might have observed that 20 orange 
jellybeans out of 80 jellybeans is 1/4, so one- 
fourth of the beans in the bowl must be orange; 
however, none of the students used ratios to help 
them make their predictions. Rather, students 
examined the data, debated among themselves, 

_ and [decided that] the estimates that they agreed 
upon “looked good.” In some cases, our pre- 
diction was a range because there was a lot of 
debate among the students. When I gave them 
the actual totals, they were proud of how close 
their estimates were, and they were genuinely 
surprised that there were more orange jellybeans 
than any other color. It was a good lesson on the 
power and pitfalls of sampling. 


The next day, Amancio and Walton presented 
a follow-up to the More Than a Guess problem 
(see fig. 1). They were armed with 5 brown paper 
bags, each containing a total of 30 jellybeans, some 
green and some yellow, as well as 5 cards, each 
containing a different combination of a total of 30 
green and yellow jellybeans. Amancio explained 
that she wanted the students to work together to 
correctly match the cards with the bags. “The stu- 
dents laughed when I said they had to do it without 
peeking in the bags,’ she commented. It did not 
take long for the students to decide that they would 
need to look at samples from each bag; they agreed 
to look at a sample of 5 jellybeans from each bag. 
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Table 1 


Data Collected from Bean Samples 


Number 
of Kidney 


Number of 
Lima Beans 


Group 3 


Group 5 





Data Collected from Jellybean Samples 


Red 
Jellybeans 








Purple 
Jellybeans 


Orange 


Total for 
Each Color 









Actual 
Number of 
Jellybeans 


100 


. 


“While taking samples and discussing the results, 
we reviewed vocabulary words such as certain, 
likely, unlikely, and impossible,’ wrote Amancio. 
“After taking two samples, we had the results” (see 
fig. 2). 

This time, when totaling the samples, the stu- 
dents did use equivalent fractions to help them with 
their predictions. 


For example, students would observe that in bag 
B, 5/10 of the jellybeans were green and 5/10 of 
the jellybeans were yellow, so this is most likely 
the bag with 15 green and 15 yellow jellybeans 
because 5/10 is half and 15 is half of 30. After 
matching the cards with each of the paper bags, 
I asked the class how confident they were about 
their prediction. Most students agreed that they 
needed at least one more sample. 


Jellybeans 
ea peal alr a le. Cia Rl a Ot) a a 
eee ee 
poe Ets [fc Biaolan o> ji, tc ay Sead a 

5 


20 


Number of 
Pinto Beans 


Yellow 
Jellybeans 





5 
10 









Total 
Number 
of Beans 


Green 


Jellybeans 


2 
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Sample of student work for the More Than a Guess problem variation 


Our teacher, Mrs. Benson, labeled five paper lunch bags A, B, C, D, and E and placed 30 green and yellow 
counters in each bag. She said that in one of the bags half the counters were green and half were yellow; 
however, in each of the other bags, she had different combinations of counters, as shown below: 


A B C D E 
5 green 10 green 15 green 20 green 25 green 
25 yellow 20 yellow 15 yellow 10 yellow 5 yellow 


Mrs. Benson told us not to peek in the bags but to figure out how many green and yellow counters were 
in each bag. Then she told us that if we did not peek in the bag, we could reach in and pull out a sample 
of 5 counters from each bag. That sounded like a better strategy than just guessing the colors of the 
counters in the bag. A sample of even 5 counters might give a clue about what was in each bag. 


How many of the bags do you think we were able to correctly identify? Try this task yourself. Using the 
data you collect from the samples, can you predict the number of green and yellow counters in each bag? 


After the third sample, the class made its final deci- 
sion on which card matched which paper bag. “One 
of the students wanted to reverse the cards that we 
had on bags A and D. She said she just had a feeling 
that the cards should be switched, but she couldn’t 
convince the class. As it turns out, she was correct. 
The students were very proud of themselves and 
rationalized that the difference between 25 greens/5 
yellows and 20 greens/10 yellows was very close,” 
concluded Amancio. 

Robert Buyea and student teacher Crystal Roode 
collaborated to modify the More Than a Guess 
problem for their third-grade class at Bethany Com- 
munity School in Bethany, Connecticut. Buyea and 
Roode filled the 5 paper bags with lima and kidney 
beans instead of the green and yellow counters 
and changed the problem’s context to a challenge 
involving the Beans ’R’ Us Company. Buyea and 
Roode read a letter to the class from the Beans ’R’ 
Us Company to all potential employees explaining 
that a factory disaster had resulted in the beans being 
completely mixed up. The factory was sending the 
students 5 samples of beans, each in a separate bag 


and each containing a different combination of lima 
and kidney beans. The students were divided into 
teams, and each team was allowed to inspect a total 
of 25 beans from the 5 bags. The team could choose 
all 25 beans from one bag or choose different num- 
bers of beans from different bags as long as the total 
was not more than 25 beans. The members of the 
team that invented the best strategy for determining 
how many lima beans and how many kidney beans 
were in each bag would be judged the winners and 
would be hired by the company. 

“It was amazing to see our third graders persist 
with this problem over a two-day period,’ wrote 
Buyea. Before giving the students the bags to begin 
sampling beans, he and Roode encouraged them 
to devise a plan and explain their plan in writing. 
Once the plans were approved, the students col- 
lected their samples and organized the results in a | 
table. Buyea recounted: 


Some of the teams had difficulty knowing where 
to start. In this case, Crystal and I started by 
asking them to explain what the problem was 


Students’ T-chart record showing the results of each jellybean sample 
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asking for and helped them to understand the 
question. Once the teams had an understand- 
ing of the problem, they were able to begin 
hashing out ideas for potential strategies. At 
the end of the second day, we [ended] the 
contest. We talked about the strategies some 
teams employed. Then we shared some of the 
different ways teams chose to extract the 25 
beans. We discussed the value of doing more 
trials and talked to the class about how this 
very idea is so important when doing things 
like testing new medicines. The problems from 
this journal are a wonderful opportunity for a 
cooperating teacher and student teacher to col- 
laborate on and for a student teacher to plan, 
organize, facilitate, assess, and reflect upon a 
rich problem-solving investigation. 


The More Than a Guess problem can serve as 
an interesting introduction to a unit on surveys, 









| Developmen f 
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samples, or statistics. It can demonstrate how sam- 
ple size affects one’s ability to make predictions 
about a larger population. With a small sample, 
it is more difficult to make predictions with any 
level of confidence. The larger the sample, the 
more accurate the prediction. In addition, this 
problem provides a real-world context to apply 
what students have learned about estimating, 
rounding, averages, percentages, fractions, and 
proportions. 





Special thanks to Gail T. Stafford of North Caro- 
lina Wesleyan College along with Maureen Willis 
and her fifth-grade class at Nashville Elementary 
School in Nashville, North Carolina; Anissa Aman- 
cio and Lyn Walton along with the fourth-grade 
class at Attleboro Public School in Attleboro, 
Maine; and Robert Buyea and Crystal Roode along 
with their third-grade class at Bethany Community 
School in Bethany, Connecticut. & 
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FROM THE CLASSROOM 


Reflections on Teaching 
an Unanswered Question: 
Finding Factors of Large 
Numbers 


eaching Mathematics through Problem Solv- 

ing: Prekindergarten—Grade 6 (Lester and 

Charles 2003), published by the National 
Council of Teachers of Mathematics, advocates 
mathematics learning that is challenging for stu- 
dents. The authors of the articles in this compila- 
tion insist that rather than telling students how to 
do mathematics, we need to set up, in wisely struc- 
tured ways, problems that will engage students in 
discovering mathematical strategies and principles. 
These situations need not involve elaborate real- 
life situations—they may be simple mathematical 
equations. What makes them problematic is that we 
do not give students one set of steps for solving the 
problem. 

While reflecting on moments of mathemat- 
ics learning in my classroom that seemed to be 
moments of genuine problem solving, I am able to 
isolate aspects of those lessons that can be repli- 
cated in other situations. Recently, thinking about 
our class’s experience in researching factor pairs 
of large numbers, I was struck by how a particular 
kind of question can energize a class, especially 
when even the teacher does not know the answer 
to the question. My own curiosity and my students’ 
sense of doing research as a community combined 
to create a focused and excited class. 

Such a moment occurred last year when my 
fifth-grade class of fourteen students was investi- 
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gating factor pairs. We had been working on the 
TERC Investigations unit Mathematical Thinking 
at Grade Five (Kliman et al. 1996), which focuses 
on factors and multiples. Students had been skip- 
counting by 25, 50, and 40. They had been making 
arrays of all the possible factor pairs of the numbers 
1 through 40. They had discovered the factor pairs 
of 100 and 1000. We were spending the day looking 
at factor pairs of multiples of 100. 

I posed several questions: “Will all the factors 
of 100 be factors of multiples of 100? Will there be 
new factors?” We started by finding the factor pairs 
of 200. Students worked together and recorded 
their strategies. 

One group reported: 


We decided that all the factors of 100 would be 
factors of 200, but they would be in new pairs. 
Like, 2 is a factor, but the factor pair is 2 x 100, 
not 2 x 50. We noticed that one factor in the new 
pair would be double the factor in the old pair, 
like 100 is double 50. 


Another group added: 


We found a new factor: 40. We found it by notic- 
ing that 4 x 5 is 20, so 40 x 5 is 200. 


Once the students had some practice in finding 
the factors of the larger numbers, they worked with 
their partners to find the factors of 300, 400, 500, 
600, 700, 800, and 900. The students discovered 
that 100 has five factor pairs and that 1000 has eight 
factor pairs. I wondered aloud if there would be a 
pattern—just from looking at the factor pairs of 
600, 700, and 800, would we be able to predict the 
number of factor pairs of 900? This was not a ques- 
tion I had planned to ask, and it was not a question 
to which I knew the answer. 
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The students were also curious. With concentra- 
tion and dedication, they settled into finding fac- 
tors. Because their research results would be incor- 
porated into the data set for the whole class, they 
were especially diligent about finding all the factor 
pairs. Using their understanding of the relation- 
ships among numbers to help them, they noticed the 
shifting patterns of the factors. 

Circulating around the room, I spoke with the 
students about their thinking. One group had made 
progress in identifying the factor pairs of 300 (see 


Comparison of factor pairs of 100 and 300 








Factor pairs of 100 Factor pairs of 300 


1 x 100 3 x 100 
2 x 50 5 x 60 
4x25 6 x 50 
5 x 20 12 x 25 
10 x 10 





fig. 1). Looking at the factor pairs these students 
had listed, I asked how they had found them. One 
student responded, 


Well, we noticed that you can use one factor pair 


to find another. We just knew that 3 x 100 was 
300. But then we used that factor pair to find 6 x 
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50. We noticed that if you double the This was not a 


factor on one side, then you need to 
divide the other side in half. So, 6 is 


3x2, and 50 is 100divided by2. Question I had 
planned to ask, 
We found 60 x 5 by moving the and it was not a 


Another student added, 


Zero. 


question to which | 
pening when you move the zero?” Their knew the answer 


I followed up by asking, “What is hap- 
response: 


Well, it’s the same as the doubling and halving. 
60 is 6 x 10, so you have to divide 50 by 10. 


Using expanded notation, I wrote on the board: 
6 x (5 x 10) = (6 x 10) x 5. Then the students cal- 
culated to see if the expressions on each side of the 
equals sign were equal. When asked if they could 
see any other way to arrange the three numbers to 
get another factor pair, the students quickly found 
(6 x 5) x 10, or the factor pair 30 x 10. 

As the groups shared their factor pairs by writ- 
ing them on the board, we thought about their work 
and tried to see whether we could add to their list 
of factor pairs. We saw no pattern within the factor 
pairs—we could not make accurate predictions. But 
the students came up with interesting ideas about 
that fact and speculated: 
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Maybe there is a pattern [in the factor pairs] of 
300, 600, and 900, because they all have 3 as a 
factor. 


Another student countered, 


I think there is not a pattern—you just can’t tell 
how many [factor pairs] a number will have. 


Reflecting on this lesson, which held the stu- 
dents’ interest for more than an hour, I was puzzled. 
Why did I think there might be a pattern within the 
sets of factor pairs for multiples of 100? The factors 
of the numbers | through 10 do not show a pattern. 
If I had thought about the question beforehand, 
surely I would have realized that 900 would be 
richer in factor pairs than 1000. But I did not think 
about it beforehand. I simply wondered out loud in 
the middle of the lesson, as the students were begin- 
ning their research. The important point here is to 
have students wrestle with trying to finding patterns 
where there are not any. If we give students only 
problems whose solutions are neat and clear, we 
are not preparing them for the kind of mathematics 
that exists in life. 

I want students to be able to wonder about a 
problem, research it, and find that their specula- 
tions turned out to be wrong. I want them to keep 
wondering, in fact. There are whole fields of math- 
ematical study based on predictions—for example, 
how to predict whether numbers are prime or not. 
Simply because we did not see a pattern in factor 
pairs that day does not mean that one does not exist. 
This kind of exploration is some of the strongest 
kind of mathematical thinking we can do, which is 
why I believe my students responded to it. 
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SUM cuca cide 


Maureen D. Neumann 





Preservice Teachers 
Examine Gender Equity in 
Teaching Mathematics 


he National Council of Teachers of Math- 

ematics recognizes that mathematical knowl- 

edge is essential for employment and full 
participation in our society. The strategic inclusion 
of the Equity Principle in NCTM’s Principles and 
Standards for School Mathematics (2000) reflects 
the need in the mathematics education community 
to eliminate long-standing disparities in mathemat- 
ics performance. However, incorporating equitable 
pedagogical practices into one’s instruction does 
not mean that every student should receive identical 
instruction; rather, it “demands that reasonable and 
appropriate accommodations be made as needed 
to promote access and attainment [of mathematics 
knowledge] for all students” (NCTM 2000, p. 12). 

Although NCTM asserts that equity in math- 
ematics learning is a goal, achieving that goal is 
much more complex. NAEP average scale scores 
have risen since 1990 for both male and female stu- 
dents; however, gender gaps have not narrowed. On 
the 2003 NAFP test for fourth graders, girls scored 
three points lower than boys. Some researchers 
view this difference as a relatively small gap in 
achievement. However, other scholars believe that 
this small, persistent gap could explain the gender 
differences of women entering mathematics-related 
occupations (McGraw, Lubienski, and Strutchens 
2006). 

Mathematical proficiency is critical to the future 
careers of all students. Most high-paying science 
and technological positions require strong math- 
ematical skills. These positions have historically 
been filled by white males; women and minorities 
have been poorly represented in these fields. People 
who are innumerate in the twenty-first century will 
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increasingly find themselves in the same position as 
those who were illiterate in the twentieth century. 
It is essential that mathematics teachers engage 
all students in developing a deep understanding of 
mathematics by seeking to eliminate inequitable 
teaching practices. In this article, I discuss aspects 
of gender equity that exist in mathematics class- 
rooms, describe a project that I use with preservice 
elementary school teachers to help them recognize 
possible inequitable practices, and share ways of 
adapting this project to address other aspects of 
inequitable practice. 


Inequity in Mathematics 
Teaching 


Mathematics teaching is a product of society. It 
reflects and serves the interests of particular groups 
and can be “examined by looking at the social 
system in which mathematics is created and used” 
(Martin 1997, p. 155). Claims that females do not 
have the “gene for math” or are “less biologically 
capable” of doing mathematics are unsubstanti- 
ated (Martin 1997; Zaslavsky 1996). Zaslavsky 
(1996) worked to expose the belief that certain 
large categories of people—women, minorities, 
and working-class people—are incapable of learn- 
ing high-level mathematics. Her research showed 
that teachers are guilty, perhaps unconsciously, 
of this type of stereotyping. Teachers often think 
that “girls succeed because they try hard whereas 
boys succeed because of their innate ability” (Perez 
2000, p. 28). However, Principles and Standards 
for School Mathematics asserts, ““Well-documented 
examples demonstrate that all children, including 
those who have been traditionally underserved, can 
learn mathematics when they have access to high- 
quality instructional programs that support their 
learning” (NCTM 2000, p. 14). 

Teachers need to uncover any inequitable 
instructional practices and change their attitudes 
and beliefs about who can learn mathematics 
(Zaslavsky 1996). Teachers communicate unwrit- 
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ten expectations of their students’ academic success 
through their verbal interactions during classroom 
instruction, their comments on student papers, their 
tracking of students into ability groups, and their 
lack of consistent support for students who need a 
deeper mathematical understanding (NCTM 2000). 
Disparities between girls and boys are rooted 
early in children’s schooling. As early as second 
or third grade, girls perceive themselves as lower 
in mathematical ability than boys (Fennema et al. 
1998; Hanson 1992). The ways teachers instruct 
can contribute to the continuation or elimination of 
these patterns. 

One way for teachers to address gender ineq- 
uity is to identify their own inequitable teaching 
practices and then work to improve these. Lampert 
(2001) documented her struggle to include all 
students and adapt to meet their needs. Her sys- 
tematic investigation into her teaching by reflect- 
ing on video recordings helped her focus on what 
“make[s] it possible for students to perform in 
different ways to different kinds of competencies” 
(p. 367), thereby enabling her to better meet the 
needs of all her students. Paley (1986) related that 
tape-recording herself enabled her to hear what she 
really said to students, not what she thought she 
said or how she thought she handled situations. 
The audio tape served as an objective, nonbiased 
observer in her classroom. 
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The Equity Teaching Analysis 
Project 

The Equity Teaching Analysis Project (Equity Proj- 
ect) was designed to introduce elementary preser- 
vice teachers to equity in instructional practice by 
analyzing an actual teaching experience within an 
undergraduate mathematics methods course. This 
systematic analysis helps the preservice teachers 
see the need to make their teaching of mathematics 
more equitable. The term more equitable is defined 
here as “fostering equity in the quality and quantity 
of statements made by male and female students 
while learning mathematics during a period of 
K-6 classroom instruction.” The concept for the 
Equity Project was developed from the work of a 
colleague, Charles Rathbone, who initially taught a 
version of this project in his mathematics methods 
course. 

The Equity Project is conducted during pre- 
service teachers’ third year in their undergraduate 
teacher education program. They enroll in a three- 
credit mathematics methods course that is part of a 
larger block of professional coursework in literacy. 
Field assignments with K—6 students are supervised 
by university faculty and public school teachers 
who serve as mentors. 

Often elementary preservice teachers do not 
realize that their actions reflect or contribute to 
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Verbal interaction categories (adapted from Shepardson and Pizzini 1991) and examples 


Categories Examples 


Praise 
Academic—Teacher rewards students and rein- “Interesting strategy.” 
forces the intellectual quality of academic work. “| like your thinking in solving that problem.” 




















Nonacademic—Teacher rewards students and “You're being nice and quiet today.” 
reinforces work or activity not related to the intel- | “I like how you put your name at the top of your 
lectual quality of academic work. test.” 















Academic Criticism 
Intellectual quality—Teacher directs critical re- 
marks at the lack of intellectual quality. 






“| don’t think you're good at mathematics.” 
“This is a simple problem that you got wrong.” 









Effort—Teacher attributes academic failure to lack | “You're not trying hard enough.” 
of effort. “You could do the math if you just put your mind 
to it and worked harder” 












Nonacademic Criticism 
Mild—Teacher makes negative comments about “Megan, you need to raise your hand.” 
violations of conduct, rules, and forms; behaviors; | “Tom, stay in line.” 

and other nonacademic areas. 





















“Tom, | told you to get in line! | don’t want to talk 
to you again about this. The next time | say some- 
thing, no recess!” 


Harsh—Teacher makes negative comments that 
attract attention because they are louder, longer, 
and stronger than mild criticism. 





Questions 
Low-level—Teacher asks questions that require “What number follows 59?” 
memorization of facts. “What is 6 times 5?” 












High-leve/—Teacher asks questions that require “How did you figure out that 62 times 51 equals 
higher intellectual processes—i.e., that ask the 3162?” 

student to use information, not just memorize it. “How did you know that 60 follows 59?” 

These are considered open-ended questions or 
probing/pressing questions. 













Academic Intervention 
Facilitates—Teacher facilitates learning by provid- | “How does solving 60 times 50 help you solve 62 














ing students with suggestions, hints, and cues times 51?” 
that encourage and enable them to complete the “Looking at the hundreds chart, what do you 
assignment themselves. notice about the numbers that follow numbers 






that end in 9?” 











Short-circuits—Teacher prevents or short-circuits | “Give me your pencil. When multiplying, you 
student's success by taking over the learning first...” 

process. “You've got this part wrong—60 times 50 is 3000, 
not 300.” 













Information 
Academic—Teacher gives information related to 
the lesson content. 









“The sum of the interior angles for any triangle is 
1180p a0 










Nonacademic—Teacher gives information that is 
procedural or related to classroom management. 


“| need everyone to put their desks in groups of 4 
for today’s lesson.” 
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inequity. Before my preservice teachers begin this 
project, a majority believe that their instruction to 
K-6 students is equitable. Through video and audio 
_ tape recordings, transcriptions, and self-reflection, 
_ the Equity Project illuminates how they as teachers 
create conditions of unequal participation in their 
_ classrooms. The project also requires that the teach- 
ers prescribe immediate changes to their verbal 
instructions and address their inequitable behavior 
as part of their critical reflection assignment. 

To demonstrate the type of instruction elemen- 
_ tary teachers should use with their students, the 
Equity Project is conducted during a unit on 
teaching data investigations to K—6 students. For 
this project, the preservice teachers need to sort, 
display, analyze, and describe data just as their K-6 
students do in their data investigations. 


The task 

Elementary preservice teachers teach and, using 
either video or audio tape, tape-record a mathemat- 
ics lesson for twenty minutes. From this recording, 
they create transcripts of teacher-student discussion. 
They then code each sentence from the transcripts 
according to the verbal interaction categories cre- 
ated by Shepardson and Pizzini (1991), which help 
identify potential gender inequities: praise, aca- 
demic criticism, nonacademic criticism, questions, 
academic intervention, and information (see figs. 1 
and 2). The preservice teachers then create a data 
summary sheet using a spreadsheet computer pro- 
gram (see fig. 3, p. 392) and graph the data (see fig. 
4, p. 394) to represent the verbal interactions that 
occur during their lesson. The teachers then analyze 
their transcripts as to both the quality and the quan- 
tity of the various interactions. This analysis aids 
the teachers in identifying and interpreting patterns 
of potential inequitable practice and in creating an 
intervention plan for their teaching behavior. 

For their written report, the preservice teachers 
begin by discussing equity in instruction. Next, 
they describe their results and reflect on their analy- 
sis. Reflection questions help them focus their data 
analysis discussion (see fig. 5, p. 395, for sample 
reflection questions). 


Hidden inequities in teaching 
mathematics 

The Equity Project opens elementary preser- 
vice teachers’ eyes to their inequitable teaching 
practices. Although more than 200 teachers have 
completed the project during the last five years, 
the insights of three of them—Melissa, Ellen, and 
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Sample of elementary preservice teacher's transcript and coding 


To begin the lesson, the teacher demonstrates a chip trading game using deci- 
mal numbers. The teacher has drawn a chart on the blackboard and taped the 
chips on the board. The chips are used to represent a decimal number, and the 
teacher challenges the students to interpret the representation. 

Teacher [low-level question, directed to male student]. How would you say 
that number, Boy 1? 

Boy 1. Two and forty-two hundredths. 

Teacher [low-level question, directed to male student]. I'm sorry. What did you 
say? 

Boy 1. Two and forty-two hundredths. 

Teacher [academic praise, directed to male student]. Yes, two and forty-two 
hundredths. [academic praise, directed to male student] | like the way you 
used “and” in there, as you were taught. 

Teacher [high-level question, directed to whole class]. Now what would hap- 
pen if | took these chips off? 

[low-level question, directed to whole class] How would | say that? [academic 
information, directed to the whole class] That's a little bit different. [low-level 
question, directed to female student] Girl 1? 

Girl 1. Two and four tenths. 

Teacher [academic praise, directed to female student]. Two and four tenths, 
good. [high-level question, directed to female student] And why is it two and 
four tenths and not hundredths? 

Girl 1. Because you don’t have any chips in the hundredths? 

Teacher [academic praise, directed to female student]. That's right. Let’s do 
one more to refresh our memories. [Puts more chips on the board.] [low-level 
question, directed to male student] Okay, Boy 2? 

Boy 2. Three and twenty-five hundredths. 

Teacher [academic praise, directed to male student]. Good, three and twenty- 
five hundredths. [/ow-level question, directed to whole class] Does everyone 
agree with that? 

Whole class. Yes. 


Megan—are representative of the thinking that 
emerged from the larger group. 

Melissa noticed that her classroom management 
strategies often enabled boys to receive more sub- 
stantive mathematics instruction: 


As I reflect on [my classroom management 
strategies], it becomes clear that the boys who 
were acting out and not being cooperative were 
rewarded with more opportunities for learning! 
I look back over my transcript and realize that 
I tried to manage behavioral issues in the class 
by inviting the disruptive person to the front of 
the room and asking [him] a high-level math 
question.... In all cases, the disruptive students 
that I engaged in high-level questioning were 
boys. The boys would stop the negative behav- 
ior and become engaged in math concepts that 
were being explored. I did not realize that this 
was rewarding behavior with opportunities to 
learn math. I rewarded girls [who demonstrated] 
more cooperative behavior with nonacademic 
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Elementary preservice teacher’s data summary sheet: Comments directed at children by 
teacher 


Verbal Interaction Boys 
Categories 


Praise 


Academic criticism 
Intellectual cuality 0 0% 0 
Effort (0) 0% 0 


Nonacademic criticism 





Mild 6 75% 0 

Harsh 0 0% 0 
Questions 

Low-level 14 30% 15 

High-level 0 0% 0 








Academic intervention 
Facilitates 1 100% 0 
Short-circuits 1 100% 










Information 
Academic 
Nonacademic 


= 













praise/encouragement. (Equity Teaching Analy- 
sis Project 2002) 


Melissa realized that she rewarded negative behav- 
ior by having the boys answer questions that helped 
push their mathematical thinking. The students who 
sat quietly were not given the same opportunity. 
With this awareness, she planned to change her 
practice by asking high-level questions to all stu- 
dents, including those who were not disruptive. 

Ellen, too, realized that she asked more higher- 
level questions of boys than girls, enabling the boys 
to think about the mathematics at a deeper level: 


I noticed something really interesting about my 
interactions with students when I asked higher- 
level questions. I don’t think I probed the girls 
as intensely as I probed the boys. When I asked 
a girl a question about place value and she gave 
me the right answer, I just told her that she was 
right. However, whenever I asked a boy ... 
whether he gave a correct or incorrect answer, 
I would always follow up with, “How do you 
know?” or “Why did you do it like that?” I was 





No. | Percentage | No. 
Academic ; vy 47% 8 
Nonacademic 3 38% 0 





0 

11% 1 

4 20% 0 
4 


Total Tallies/Percentages | 37 33% 





Girls Whole Class 


53% 0 0% 15 13% 
0% 62% 8 7% 












o1 










0% 0% Oe 
0% 0% 0% 


0% 2 25% 7% 
0% 0 0% 0% 


32% 18 38% 47 42% 
0% 2 10% 2 2% 


0% 0 0% 1 1% 
0% 0 0% 1 1% 


11% 7 18% 3 8% 
0% 16 80% 20 18% 


21% | 51 | 46% 100% 



















really surprised to see this. I didn’t even notice 
that I was doing this. (Equity Teaching Analysis 
Project 2004) 


The transcript analysis made Ellen realize that, by 
asking boys probing, open-ended questions about 
mathematics, she was subconsciously limiting the 
opportunities for other students to learn. Asking 
higher-level questions can assist students in learn- 
ing mathematics at a deeper level. Ellen’s analysis 
helped her realize that the quantity and the quality 
of the interactions that elementary teachers have 
with their students were necessary for promoting 
equitable practice. 

Megan, another third-year student, noticed her 
use of language to shape students’ behavior: 


All of my nonacademic criticism was towards 
boys.... I think that I am going to have to be 
more aware of my academic praise as well. 
Fifty-four percent of my academic praise was 
again to boys, compared with about 31 percent 
given to girls.... I have noticed many things that 
I would not have been able to pick up on with- 
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out (analyzing) a transcript. (Equity Teaching 
Analysis Project 2001) 


_ Like her peers, Megan found that the transcribing 
and coding of her teaching helped her become more 
conscious about the amount of praise and criticism 
_ she gave students. 


Following preservice teachers 
into in-service placements 

I recently observed some former preservice teach- 
ers from my mathematics methods class who are 
currently teaching in nearby schools. Afterward, 
when I interviewed them to learn how the Equity 
Project has shaped their mathematics teaching, two 
themes emerged: (1) they ask questions of all the 
students to learn their thinking; and (2) they address 
behavioral problems equitably and consistently. 
Wilma, an undergraduate student from spring 2003, 
commented on what she had learned from the 
Equity Project: 


It was really the first time that it [gender equity] 
had ever even been brought to [my] attention— 
the idea that you may not realize that you are 
calling on the same kids all the time and that you 
could be basing a whole lot of assumptions that 
may not be true for your class because you feel 
like they totally get it when you really are only 
calling on five kids. (Equity Teaching Analysis 
Project 2006) 


Wilma’s teaching reflected this idea of asking all 
her students questions about their thinking. She 
directed 53 low-level and 20 high-level questions 
to different students in the class. Many high-level 
questions were follow-ups to low-level questions. 
When queried about why she asked these questions, 
Wilma responded, “Because I want to see where 
their thinking is and what misconceptions they 
have, if any. I’m trying to get a quick check in with 
everyone and then follow up with certain students 
depending on what they initially said or where they 
are in their understanding” (Equity Teaching Anal- 
ysis Project 2006). For this lesson, questioning stu- 
dents was an integral part of Wilma’s instruction. 
For Tarlie, an undergraduate during fall 2004, 
the Equity Project made her realize that she was 
much harder on boys than on girls regarding behav- 
ioral problems. “I [was] more likely to call a boy, 
to tell him to stop doing something and recognize 
that he’s doing something wrong when there’s a 
girl right there doing the exact same thing and I 
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looked over it” (Equity Teaching Analysis Project 
2006). Even though the gender gap in the NAEP 
mathematics scores has not changed in the last 
ten years, research has established that boys are 
becoming increasingly disaffiliated from schools 
because of the classroom management strategies 
being used (Sullivan and Bishop 2005). Tarlie now 
tries to address the behavior problems of both girls 


and boys in her class. 


Concluding Thoughts 


The methods used in the Equity Project are not lim- 
ited to elementary preservice teachers’ mathematics 
instruction. The project could be used to uncover 


inequity in science (see Nelson 
2006), literacy, and social stud- 
ies teaching or used to reveal 
in-service teachers’ inequitable 
practices. Further, although this 
project focused on gender ineq- 
uity, it also has the potential for 
teachers to examine inequitable 
practices with minority students 
and students from different 
socioeconomic status. 

The Equity Project provides 
teachers only an early indica- 
tion of equitable instructional 
practices and only from one per- 
spective—verbal interactions. 
To further investigate gender 
equity, teachers need to examine 
more than the verbal interac- 
tions of one lesson because 
lessons can vary considerably. 
As they work with students, 


People who are 
innumerate in the 


twenty-first century 


will increasingly 


find themselves in 


the same position 


as those who were 


illiterate in the 


twentieth century. 


teachers should consider long-term trends that may 
exist in their own teaching. One way to address 
these trends is for teachers to repeatedly investigate 
their teaching over time to see if these inequitable 
practices persist and if the self-prescribed interven- 
tion plans had positive effects on students who were 
initially marginalized. Other areas of equity that 
teachers should examine include the curriculum 
(Boaler 2002) and student assessment (Morgan and 
Watson 2002). Teachers can work toward equity in 
these areas by determining whether the activities 
are engaging for all students, whether the problems 
or tasks allow struggling students to be successful 
and gifted students to be challenged, and whether 
the interpretative judgments on student assessments 


are consistent and rubric based. 
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Elementary preservice teacher's graph based on the data summary sheet 


Teacher Analysis Data Graph 


120% 
i Boys % 
Girls % 
0, 
100% Whole Class % 
Total % 
80% 
oa 
5 
cS 
= 60% 
2 
® 
a 
40% 
20% 


0% 


M 


Pr-Ac Pr-Non AcCr- AcCr- Non Non 
Ac Int Eff AcCr- AcCr- 
H 





Q-LL Q-HL Aclnt-  Acln- Inf- Inf- Tallies 
Fac ShCt Aca Non 
Ac 


Verbal Interaction Categories 


Key: Pr-Ac—Praise, academic; Pr-Non Ac—Praise, nonacademic; AcCr-Int—Academic criticism, intel- 
lectual quality; AcCr-Eff—Academic criticism, effort; Non AcCr-M—Nonacademic criticism, mild; Non 
AcCr-H—Nonacademic criticism, harsh; Q-LL—Questions, low-level; Q-HL—Questions, high-level; AcInt- 
Fac—Academic intervention, facilitates; Acln-ShCt—Academic intervention, short-circuits; Inf-Aca—Infor- 
mation, academic; Inf-Non Ac—Information, nonacademic 


The means of combating inequitable teaching 
practices are awareness. and action. Systematic 
analysis of a transcript of teacher-student dialogue 
and graphing coded data illuminate the type of ver- 
bal interactions teachers used in their instruction. 
This approach highlights whether a teacher limits 
opportunities for groups of students to learn, limits 
opportunities for building conceptual understand- 
ing, or limits participation in mathematical dis- 


course. This approach also highlights who receives 
more substantive feedback during mathematics 
instruction and who is singled out for behavioral 
problems. These are issues that affect all students, 
not just one gender. Several research and practitio- 
ner articles examine and address equity in instruc- 
tion (see scholargoogle.com). Particularly helpful 
readings to use with preservice teachers should 
begin with the definition of the Equity Principle 
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(NCTM 2000) and include Cohen (1994), Gilbert 
(2001), Levi (2000), Perez (2000), and Rubel and 
Meyer (2005). 
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Sample reflection questions for Equity Project written report 


Questions to think about as you write your paper 

Did you notice that you were asking higher-order questions to one gender 
more often than to the other? Why did this occur? 

Did you notice that you were providing mild criticism to one gender more 
often than to the other? Why might this be? 

Were you deliberately trying to change the natural outcome of the data by 
being deliberate in whom you were calling on? Why did a certain group of stu- 
dents participate less? Is the quality of your interaction with certain students 
favoring or disfavoring their learning experience? 

Did a group of students dominate the dialogue? Why would this be? 


Discuss your data analysis and its implications 

Were disruptive students getting more “air time”? What does this mean for 
the learning of students who were well behaved? 

Were you asking more low-level questions than high-level questions? What 
does this mean for the type of instruction you are providing? 

Do your interactions consist mainly of providing academic information and 
asking low-level questions? What does this mean for all students’ ability to 
learn mathematics? d 

How can gender differences in the classroom unintentionally lead to differenc- 
es in your students’ performance, achievement, and motivation? Discuss what 
this means for your instruction and your students’ ability to learn from you. 


Examine your transcript for the interactions that occurred after you asked 
questions or provided instruction to the whole class 

Who responded to you? Whom did you call on? Were the same students 
responding to you when you asked questions to the whole class? How did you 
respond to them? What was the gender ratio for students you called on after 
asking a question to the whole group? 
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Learning 
Environments 
That 
Mathematical 
Understanding 


eaching occurs within an environment. The 

learning environment encompasses the physi- 

cal setting, the climate, and the expectations 
that become part of the classroom culture. Although 
teachers guide the interactions, the learning envi- 
ronment can significantly influence what and how 
students learn. Inquiry-based learning environments 
allow students to develop a robust understanding of 
mathematics, encourage and motivate students from 
different cultural and mathematical backgrounds, and 
build on each student’s strengths. How are such envi- 
ronments established? 
How do the NCTM Pro- 
cess Standards empower 
teachers to create an 
inquiry-based learning 
environment? What tran- 
sitions do teachers and 
students experience as 
they attempt to establish 
a community of prac- 
tice with which they are 
unfamiliar? 
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The Editorial Panel of Teaching Children Math- 
ematics is seeking manuscripts that provide insights 
regarding these issues. We are particularly interested in 
manuscripts that— 


e help readers understand how to establish appropriate 
mathematics learning environments; 

e describe the process or phases that teachers experi- 
ence as they attempt to alter the mathematics learn- 
ing environment so that it is aligned with NCTM’s 
recommendation; and 

e consider the implication of various mathematics 
learning environments. 


Topics to explore include but are not limited to the 
following: 


e The role of teachers and students in establishing the 
mathematics learning environment encouraged by 
the NCTM Standards documents 





Photograph by DeAnn Huinker; all rights reserved 


e Methods of designing learning environments that 
engage and motivate a diverse group of learners, that 
are culturally responsive, or that are responsive to 
the needs of all students, including English language 
learners and special needs students 

e Phases that teachers and students experience as 
they transition to a more reform-based instructional 
approach or curriculum 

e How the use of challenging tasks or curriculum 
affects the learning environment 

e How a technology-rich learning environment influ- 
ences the teaching and learning of mathematics 

e How particular learning environments promote or 
hinder students’ meaningful learning of mathematics 

e Encouraging reluctant students to become active 
participants in the established learning environment 

e Methods for getting students to unpack and share 
their thinking 


Manuscripts should be no longer than ten double- 
spaced pages, not counting figures and photographs 
(these should be included at the end of the manuscript). 
Submit completed manuscripts to Teaching Children 
Mathematics by accessing tem.msubmit.net by July 
31, 2007. On the cover page, please state clearly 
that the manuscript is being submitted for the 2008 
TCM focus issue “Learning Environments.” Author 
identification should appear only on the cover page. 
For manuscript preparation guidelines, visit my.nctm 
-org/eresourcs/submission_tcm.asp. 
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Books 


For Students 


All of the Above, Shelley Pearsall, 2006. 242 pp., 
$15.99 cloth. ISBN 0-316-11524-X. Little, Brown 


| and Company, Time Warner Book Group; (800) 


759-0190; www. lb-kids.com. 


Mr. Collins, a teacher at an inner-city school, 
decides to adapt a project to engage his students 
in mathematics. He had read about students at a 
California school who had built a tetrahedron so 
large—approximately 7 feet tall and consisting of 
4,096 pieces—that it was featured in the Guinness 
Book of World Records. For Mr. Collins’s students 
to beat that record, they would have to add another 
level to the tetrahedron, meaning that they would 
need four times as many pieces. Initially, despite 
Mr. Collins’s enthusiasm, few students wanted to 
participate in the project. Readers are introduced 
to the students who did become involved with the 
project, each for his or her own unique reasons. 
Even a reluctant student, present in the classroom 
during the meetings only because he was serving 
detention, is drawn into the group. Individually and 
collectively, the students overcome many setbacks 
to complete the project. 

This engaging story is written so that each 
chapter presents the thinking of one of the char- 
acters. Moving from one character’s thoughts to 
another and back again keeps the reader pressing 
on to see what happens. The book’s mathematics 
content is not significant. Although I enjoyed read- 
ing the book, I was taken aback by the illustrations 
of the characters; I found those of the African- 
American characters to be stereotypical.—Jane 
Hunt, Macdonald Intermediate School, Fort Knox, 
KY 40121. 


Math and My World II, Kieran Walsh, 2006. 45 
pp. ea., $20.95 ea., cloth. Grades 4-6. Animal 
Math, JSBN 1-59515-491-4. Space Math, /SBN 


- 1-59515-494-9, Sports Math, ISBN 1-59515-495-7. 


Time Math, /SBN 1-59515-496-5. Rourke Publish- 
ing; (772) 234-6001; www.rourkepublishing.com. 


Math and My World II is a series whose purpose 
is to focus on the presence of mathematics in real- 
world situations. Through high-interest topics such 
as sports, space, animals, time, construction, and 
music, Walsh attempts to demonstrate that math- 
ematics is found in many areas of students’ daily 
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life. The Math and My World II series should not 
replace the upper elementary mathematics text- 
book. The series attempts to integrate language arts, 
science, and mathematics into children’s books to 
supplement the mathematics program. 

The Math and My World II series could be 
used as a resource in the classroom library or as an 
opening activity for an integrated unit focused on 
mathematics, science, and language arts. However, 
the books have many weaknesses. First, the mathe- 
matical, scientific, and grammatical errors—which 
are numerous and blatant—promote confusion and 
lead to many misunderstandings in these subjects. 
For example, in Animal Math (p. 6), the author 
states: “Just to make things easier, drop the mil- 
lion.” This comment, which is repeated several 
times throughout the series, can lead students to 
believe that the concept of a million is not relevant, 
and this belief can impede their understanding of 
the use of zero in place value. There is a big differ- 
ence between 230,000,000 and 230 and between 
65,000,000 and 65. 

Second, the books are written in such a way 
that the students are not active participants in the 
instructional approach or the mathematics process. 
All that is required of them is to read the narrative; 
the problems are completed for them. Third, these 
books are not problem based, and thus the students 
have no reason or incentive to explore the math- 
ematical concepts within each of the scenarios. The 
only sound reason for solving many of these prob- 
lems is simply to perform the algorithm; as a result, 
I believe a great opportunity has been missed. 

All the books need more pictorial representa- 
tions of the concepts and the topics discussed. 
Often, for examples of mathematics and science at 
work that are given in the text, no visual representa- 
tions of the solutions are provided. For example, 
when the author is discussing Khafre’s pyramid, a 
picture should be included. In addition, the series 
should be more closely coordinated with NCTM’s 
Principles and Standards and make greater use of 
technology. 

I do not recommend these books to anyone in 
the educational community.—Diane McElwain, 
eighth-grade mathematics and science teacher, 
Barberton City School District, Barberton, OH 
44201. 
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Numbers Are Primary 


Exemplars Pre K-K Math Series Feature 


e Differentiated performance tasks 


at three levels 


¢ Teacher notes for assessment 


and instruction 


¢ Standards-based scoring rubrics 
e Annotated benchmark papers 


¢ Classroom-tested material 


Math Matters en Espanol Books: La limonada 
de Luli, Barbara deRubertis, 2006. 32 pp., $4.95 
paper. Grades K-2. ISBN 1-57565-190-4. ;Ya era 
hora, Max! Kitty Richards, 2006. 32 pp., $4.95 
paper. Grades I-3. ISBN 1-57565-191-2. Kane 
Press; (212) 268-1435; www.kanepress.com. 


Luld, the title character of La 
limonada de Lulu, is a preco- 
cious young girl who follows 
her sister and friends around 
as they make lemonade for a 
competition. The mathemat- 
ics is presented in a natural 
and clever manner that can 
be easily understood by kin- 
dergarteners and at the same 
time expands the knowledge 
of older students. This story is 
well presented and developed. 

jYa era hora, Max! tells 
about Max, who is learning 
how to tell time by using an 
analog watch or clock. He 





TR 


Math, Pre K-5 
Professional Development 


www.exemplars.com 






800-450-4050 





struggles with this concept but eventually is suc- 
cessful. This engaging story could be applicable 
to children trying to learn the difference between 
telling time by using an analog watch or clock and 
telling time by using a digital one. The transla- 
tion is appropriate and accurate, and the graphics 
and suggested activities included at the end add 
another effective dimension to the book. I would 
recommend this book for this age level without 
hesitation.—Enrique Ortiz, University of Central 
Florida, Orlando, FL 32816. 


For Teachers 


From NCTM 


Individual NCTM members receive a 20 percent 
discount on NCTM publications. To order, visit 
the NCTM online catalog at www.nctm.org/cata- 


log or call toll free at (800) 235-7566. Free print 
catalogs of NCTM publications also are available 
by writing to NCTM. 





Teachers Engaged in Research: Inquiry into 
Mathematics Classrooms, Prekindergarten-— 
Grade 2, 2006. 236 pp., $39.95 paper. ISBN 
1-59311-495-8. Stock #13042. Information Age 
Publishing and National Council of Teachers of 
Mathematics; (S00) 235-7566; www.nctm.org. 


Teachers Engaged in Research: Inquiry into Math- 
ematics Classrooms is a four-volume series. This 
volume focuses on research that 
corresponds with prekindergar- 
ten—grade 2, the first grade-level 
band of NCTM’s Principles and 
Standards for School Mathematics 
(2000). Written for teachers and 
teacher educators, the topics of the 
nine studies, conducted through- 
out the United States and Canada, reflect the Stan- 
dards. Each volume contains the series foreword as 
well as an individual introduction, which includes 
a table presenting an overview of the studies, their 
grade level, the mathematical content, the context, 
and the research topic addressed. 

This overview of the studies is immensely help- 
ful in identifying which ones might be of interest 
to the reader. Throughout the foreword and the 
introduction, the editors stress the importance 
of the teacher as researcher and the necessity of 
sharing evidence-based practices that support and 
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encourage those in the field. Some of the studies 
include the methodology and directions so that they 
can be replicated or revised. Although the volume 
title mentions prekindergarten, none of the stud- 
ies’ reported results relate to prekindergarteners; 
however, the findings of studies relating to kinder- 
garteners might be applicable to younger children. 
Reading formal research studies can be somewhat 
arduous, but many of these include graphics that 
facilitate comprehension. I recommend this volume 
for practitioners interested in action research as 
well as for a mathematics book discussion group.— 
Patricia Richwine, educational consultant, Brick, 
NJ 08724. 


Teachers Engaged in Research: Inquiry into 
Mathematics Classrooms, Grades 3-5, 2006. 
223 pp., $39.95 paper. ISBN 1-59311-497-4. Stock 
#13043. Information Age Publishing and National 
Council of Teachers of Mathematics; (800) 235- 
7566; www.nctm.org. 


This volume in the Teachers Engaged in Research 
series features articles by classroom teachers and 








teacher educators detailing their 
experiences in researching their 
inquiry-based teaching of math- 
ematics. The twelve chapters 
cover topics such as division 
| of fractions, multiplicative and 
algebraic reasoning, problem 
_ solving, subtraction strategies, 
' and probability. The chapters 
document these researchers’ 
insights regarding collaboration as well as develop- 
ment and implementation of strategies focused on 
student learning and understanding. 

The series achieves a stated purpose: to “illustrate 
what it looks like when mathematics teaching and 
learning are informed by research and evidence” 
(p. xv). Using specific examples of their struggles 
and actions in this self-critical examination of their 
teaching, these classroom teachers show how to 
conduct such research and demonstrate its benefits 
to students, teachers, and researchers. The teachers 
note the importance of planning for and imple- 
menting questioning in instruction, purposeful 
student writing, challenging and engaging tasks, 


Celebrating 100 Years of 


Mathematics ‘Teacher 


This year the Mathematics Teacher (MT) is celebrating 100 years 
of publication. That’s 100 years of thought-provoking articles and 
activities that have inspired educators to provide more and better 
mathematics for all students. 
















To commemorate this centennial, NCTM has published a special 
issue of MT, with notable articles and fresh perspectives on 
mathematics education from the past 100 years and an overview of 
the journal’s history. NCTM has also created a colorful poster of 
100 of our readers’ favorite problems from the MT’s “Calendar.” 


Join the celebration—order your issue and poster today! Shop 
online at www.nctm.org or call (800) 235-7566. 
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collaboration, and student discourse. One, Jen- 
nifer Segebart, states, “From my role as an action 
researcher, I better understand my role as a teacher” 
(p. 142). 

Samples of student work strengthen the articles, 
illustrating the development of students’ under- 
standing. The only drawback is the photocopy qual- 
ity, which is difficult to read. Classroom anecdotes, 
teachers’ comments on their interactions, and data 
effectively illustrate the methodology. 


Too Much Work ei 
Too Little Time? 


NCTM’s embers Only 
can help—www.nctm.org/members 


Being an NCTM member has its advantages. Individual 
members have exclusive access to a wealth of information 
online in the Members Only section of the NCTM Web 
site. And best of all, it’s free to members! 


Log on today and let us help you find the latest mathematics 
resources, activities, products, and professional development 
opportunities, including: 


* The most current journal issues (and archives) — 
thousands of articles available — 

* Activities and lesson plans 

* Principles and Standards for School Mathematics 

Maya (a71 MY (CNUs 

* ON-Math online journal 

* Member-only grants 


NATIONAL COUNCIL OF 
TEACHERS OF MATHEMATICS 
(800) 235-7566 | WWW.NCTM.ORG 
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This easy-to-read volume is, despite some typo- 
graphical errors, useful for classroom teachers and 
teacher educators in encouraging action research and 
providing examples of how mathematics teaching 
can be changed and how collaboration can ben- 
efit researchers and practitioners.—Dianne Goldsby, 
clinical associate professor and fellow, Texas A&M 
University, College Station, TX 77863-4232. 


Thinking and Reasoning with Data and Chance: 
Sixty-eighth Yearbook of the National Council 
of Teachers of Mathematics, Gail F. Burrill, ed., 
2006. 481 pp., $54.95 cloth. ISBN 0-87353-588- 
X. Stock #13011. National Council of Teachers of 
Mathematics; (800) 235-7566; www.nctm.org. 


This yearbook, useful to teachers of grades pre- 
K-12, provides activities and lessons for teachers 
to use with their students 


as well as information that Thinking and Reasoning with 


DER es 


can be used as professional 
development for teachers. 

This volume is divided 
into three parts. Part 1, 
Learning about Data and 
Chance, contains articles 
that address ways in which 
teachers can help students 
make sense of the world 
using data; understand variability and quantify 
uncertainty; plan and design studies to use with 
data collection; draw valid conclusions from data 
collected; and use different technologies as tools. 
This section also examines various assessments 
of student learning that teachers will need. Part 2, 
Reasoning with Data and Chance, includes articles 
related to what and how we teach to develop stu- 
dents’ ability to think statistically. Part 3, Reflecting 
on Issues Related to Data and Chance, discusses 
questions raised about the nature of statistics, the 
relationship between statistics and mathematics, 
and the consequences for the classroom. 

One strength of this book is the wide audience 
that can benefit from its lessons, activities, and 
discussions. Some lessons integrate the curriculum 
with other subject areas, such as health and social 
studies. An accompanying CD offers support 
materials for many of the articles. Teachers who 
purchase this book will find many helpful lessons 
and ideas that they can use to teach data and chance 
both to their students and in a professional devel- 
opment setting—Sarah Pullie, Latta Elementary 
School, Latta, SC 29565. & 
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Collaborative Celebrations of 
Mathematical Learning 


s a mathematics educator at a midsized 

public university, I have taught hundreds of 

undergraduate elementary education majors 
how to teach mathematics to elementary school 
children. When I first started teaching mathematics 
methods, I struggled with how to give my students 
the opportunity to actually practice teaching math- 
ematics to children. College campuses generally 
do not have accessible populations of elementary 
school children whom preservice teachers can 
practice on. And even if I could persuade a local 
school to host my students for some practice teach- 
ing during the school day, college class periods are 
too short to allow for field trips to local schools. 
Eventually I decided to have my students teach 
mathematics lessons to one another during my class 
time, but it was not the same as having them teach 
children. 

Luckily, during my second year of teaching, a 
teacher at a local elementary school approached 
me about jointly planning and presenting a Fam- 
ily Math Night. She had recently attended a state 
conference where she had participated in a session 
on organizing schoolwide Family Math Nights. 
One suggestion presented was to recruit help with 
the planning from faculty at the local colleges in 
the area—and so she immediately looked me up on 
her return. 

Working together, we came up with a structure 
for organizing a Family Math Night and success- 
fully implemented our first one, involving five ele- 


i Andrea Lachance, lachance@cortland. edu, is an eecucare professor in the Childhood and — 

te Early Childhood Education Department, State University of New York-Cortland, Cortland, NY 
-13045- 0900. She is interested in how preservice elementary school teachers Bota the skills 
ere knowledge to be eieceva teachers of mathematics. 
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mentary school teachers, twenty college students, 
and fifty families. Since that first Family Math 
Night more than five years ago, I have worked with 
several different teachers at three different schools 
to conduct more than a dozen others. Hundreds of 
college students and families in our community 
have participated. And nearly all the Family Math 
Nights have followed the organizing structure we 
devised for that very first one. 


Planning for Family 
Math Night 


My teacher colleague and I approached our first 
Family Math Night with two simple goals in mind. 
First, we wanted all participants to have a positive 
experience both socially and educationally. We 
wanted everyone to participate in strong math- 
ematics activities and leave feeling good about 
mathematics. Second, we wanted a structure that 
did not create too much work for either one of us. 
Organizing a successful schoolwide event is chal- 
lenging, but we knew that we could more easily 
meet that challenge if we could figure out a way to 
divide the work. 

In the end, we decided that it made sense for my 
teacher colleague to take care of all the school-side 
details: reserving a suitable space, publicizing the 
event, arranging for door prizes and refreshments, 
and developing some catchy “starter” problems for 
families to work on while they waited for the event 
to officially open. 

We also decided that because I had access to 
the college students—that is, the preservice teach- 
ers—I would take charge of organizing the event’s 
activity tables. Although college students are gener- 
ally enthusiastic and eager to help out with projects 
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such as this, both my teacher colleague and I wor- 
ried about relying on college student volunteers to 
plan the mathematical activities. Because of the 
many demands on college students’ time and atten- 
tion, the activities they developed might not be of 
the high quality we wanted. Therefore we needed to 
come up with a means of supporting the preservice 
teachers to do their best work while holding them 
accountable for their efforts. 


The Preservice Teachers’ 
Assignment 


I decided to “volunteer” all the students in my 
mathematics methods class to assist with Family 
Math Night by giving them a formal assignment. 
This assignment was developed for the first Family 
Math Night I helped organize and has since been 
used nearly every semester for each of my classes. 

For this assignment, students choose a partner. 
I explain that our class is going to be involved in 
organizing a Family Math Night at a local school. 
At this event, our job will be to offer children and 
their families a variety of mathematical activities to 
engage in and enjoy. 

Each pair of students is directed to create a 
mathematical activity or game that will help chil- 
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dren learn something new about mathematics. I 
encourage students to develop (or adapt) engaging 
activities that involve children and their parents in 
hands-on explorations of mathematical ideas. All 
activities have to be connected to one or more state 
mathematics standards. 

Because the students are new to the practice of 
teaching, a review and feedback process was built 
into this assignment to help support the development 
of their activities. For example, once they develop an 
idea for an activity, the students present this idea in 
class to their peers, me, and, when possible, the local 
teacher helping organize the event. During the pre- 
sentation, we all offer suggestions for improvement. 
On the basis of our feedback, the students revise their 
ideas and write them up as a formal lesson plan. As 
their instructor, I review the plans one final time before 
the students make the final preparations to implement 
their activities. Although the feedback and planning 
process is challenging, we all recognize that this work 
is necessary to ensure that the activities offered at 
Family Math Night are of the highest quality. 

The fun part of the Family Math Night assign- 
ment for both my students and me comes during 
the event itself, when they actually implement their 
activities with children and their families. During 
the event, some of the teachers and I observe the 
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college students doing their “teaching” and offer 
them support and feedback as needed. Once Fam- 
ily Math Night is over, my students are expected 
to reflect on their experiences and the particular 
activity each offered: What did the children learn 
from the activity? What did the parents learn? What 
did each university student learn about himself or 
herself and about teaching from participating in 
this event? 

About a week after Family Math Night, my 
students have to submit a math night “packet” that 
includes early drafts of their activity’s lesson plan, 
the final version of their lesson plan, and a personal 
reflection. On the basis of these written products 
as well as on my observations of their teaching at 
Family Math Night, I assign each pair of students 
a grade using a grading rubric the students and I 


- develop together. Generally, their planning and 


participation in Family Math Night counts for 10 
percent of their final grade in the methods course. 


Where the Action Is! 


The atmosphere at Family Math Night pulsates 
with energy—the event is something like a school 
carnival with mathematics as its theme! As fami- 
lies arrive at the door to the gym or cafeteria, a 
teacher from the school welcomes them, has them 





sign a guest register, and presents them with pen- 
cils and notebooks to use during the night as well 
as a plastic bag from our college store to hold any 
materials they gather from the activities. The num- 
bered activity tables have been set up all around 
the gym in a large circle. Each family is given a 
card with a number on it to indicate which table 
that family should go to first. The numbered cards 
allow us to disperse the families among all the 
activities so that one activity station does not have 
too many participants while another has none. At 
some schools, a bell is rung every fifteen minutes 
to encourage families to move along to the next 
activity table, in numerical order. At other schools, 
after completing the first assigned activity, fami- 
lies are free to move among the activity stations at 
their own pace. 

Each pair of preservice teachers has its own 
activity table. The table is decorated with a poster 
giving the name and a description of the activity 
and set up with all the supplies needed—game 
boards, number cubes, counting blocks, tangrams, 
and so forth. As a family approaches the table, the 
preservice teachers greet the parents and children 
and begin to engage them in the activity. 

Parents and teachers agree that the preservice 
teachers have come up with some marvelous activi- 
ties. Many are adapted from sources such as the 
NCTM Web site and Standards-based mathemat- 
ics curricula, such as TERC’s Investigations in 
Number, Data, and Space. Some activities are more 
physical, such as scavenger hunts that require chil- 
dren to search the gym for objects that resemble a 
certain shape or are approximately a given length. 
Some activities are more creative—for example, 
making a patterned quilt from provided shapes or 
creating a three-dimensional object from a two- 
dimensional drawing. 

The most popular activity stations involve con- 
tests or games in which children compete in some 
way against themselves, their parents, or the preser- 
vice teacher hosts. For example, the activity tables 
usually include a “school store” station where 
children are given a set amount of money to spend 
in a limited amount of time; they have to use esti- 
mation to choose items to “buy” without going over 
the amount they have to spend. The items—comic 
books, small treats, fun school supplies—generally 
have great appeal to children, and working with 
money in this way delights them. 

Other games are also popular. At one Family 
Math Night, two preservice teachers used the Prod- 
uct game, adapted from the NCTM Illuminations 
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Web site (illuminations.nctm.org/ActivityDetail 
.aspx?ID=29), as their activity. During this multi- 
plication game, players try to cover up products on 
a game board grid by choosing the appropriate fac- 
tors that make up the products; the object is to cover 
four products in a row. Two brothers who visited 
this table engaged in an intense but friendly compe- 
tition while playing this game. Over the course of 
the evening, they returned repeatedly to this activ- 
ity. At the end of the night, the preservice teachers 
gave the brothers a set of game boards to take home 
so that they could keep playing. Their mother later 
e-mailed me to report that her boys played the game 
the whole way home in the car! 


A Win-Win Evening 

There are many different ways to organize and 
implement a Family Math Night. The approach 
described here involves many different groups: 
schoolchildren and their families, schoolteachers 
and staff, and college instructors and their students. 
This model allows the work of organizing such an 
event to be accomplished more easily because it is 
shared among a number of people. 

This model also allows all the people involved 
to share the benefits of Family Math Night. The 
children and parents who attend have an opportunity 
to learn about mathematics together in an informal 
and supportive setting. They begin to appreciate how 
mathematics is integrated into a variety of contexts 
and subject areas while having fun. 

Similarly, the classroom teachers who help 
organize Family Math Night see students and 
their families experience mathematics in a fun 
and exciting way. In addition, the mathematical 
content they teach the children during the regular 
school day is reinforced during this informal, 
after-school event. 

This model of organizing Family Math Night 
allows instructors of college students who are pre- 
paring to be teachers to observe students actually 
working with children and teaching mathematics. 
The observations are relatively simple to complete 
because the students are all teaching in the same 
place during the same time. There are few other 
assignments that would allow me to see my stu- 
dents “‘in action.” 

Family Math Night also gives my students the 
opportunity to work with parents. Most preservice 
teachers do not experience working with parents 
until they are student teaching. Family Math Night 
allows my students to work with parents in an infor- 
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mal, positive setting, very early in their preparation 
for becoming a teacher. 

But even given the benefits that instructors reap 
from Family Math Night, the people who likely 
benefit the most from this event are the preservice 
teachers who plan and conduct the mathematical 
activities. My students’ reflections on their experi- 
ences at Family Math Night indicate that they have 
gained much from this assignment. 

One benefit of Family Math Night frequently 
mentioned by my students is the opportunity to 
implement activities with children. As one student 
explained, 


I believe that reading in a textbook about ways to 
teach a subject is important, but there is only so 
much [that] words can teach. The actual process 
of answering questions and demonstrating is 
much more fulfilling than answering questions 
ona chapter exam.... Math Night proved that the 
extra work is well worth all of our efforts. 


' By leading activities at Family Math Night, 
preservice teachers also experience the diversity 
of learning styles and levels of understanding they 
will see among their future students: 


I was surprised to see how much the students 
varied in their math levels. Some children were 
able to understand the concept of the game 
immediately while others appeared to be quite 
confused by the concept. 


At the same time, Family Math Night helps my 
students recognize how to adjust their instruction to 
meet varying student needs: 


After teaching the lesson several times to different 
groups of kids, I figured out the right way to phrase 
questions and the clearest way to explain my 
points. I saw that changing a few words of my sen- 
tence could make all the difference in the world. 


Finally, my students learn to appreciate the 
important role that parents play in children’s learn- 
ing. One student, who devised a measurement activ- 
ity in which children had to make predictions about 
the weight of objects and then test their predictions 
using a scale, learned that her own predictions about 
parent involvement were not quite accurate: 


I was very surprised to see that many of the par- 
ents were interested in what was going on and 
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what their child was doing. Several parents tried 
to help their children with their estimations and 
then to weigh the objects. They weren’t trying to 
give away answers to sway them on their predic- 
tions, but to keep them on track and assist them 
when they weren’t sure what to do. I also saw 
a few parents who did one of the experiments 
themselves. I think they learned just as much as 
their children did sometimes, as their predictions 
were off as well. 


Through the years, my students’ reactions to 
Family Math Night have been very positive. When 
they first get the assignment, many of them are not 
too pleased about having to participate in an eve- 
ning event away from campus. But once they have 
participated in the event, they come to appreciate 
the power such a collaborative venture holds for 
children’s learning and their own teaching. As one 
student put it: 


I have to be honest that I was unsure of what 
to expect at Math Night.... I had never heard 
of anything like this. After experiencing it for 
myself I have to say that it is wonderful! It is so 
important to work with children in this manner, 
outside of the classroom, and in an environment 
that is friendly and open to questions. I really 
enjoyed Math Night and I am so glad that I had 
the privilege to participate. 


Conclusion 


A schoolwide Family Math Night is an excellent 
way for communities to celebrate mathematical 
thinking and learning. When organizing this event 
involves college students who are preparing to 
become teachers, the benefits of the event extend 
beyond a given school. The participating preservice 
teachers get invaluable experience in teaching chil- 
dren, working with parents, and understanding the 
power of informal contexts for children’s learning. 
For these reasons, instructors of preservice teachers 
may consider participation in Family Math Night 
part of their course requirements. 
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Learning 
Environments 
That 
Mathematical 
Understanding 


eaching occurs within an environment. The 

learning environment encompasses the physi- 

cal setting, the climate, and the expectations 
that become part of the classroom culture. Although 
teachers guide the interactions, the learning envi- 
ronment can significantly influence what and how 
students learn. Inquiry-based learning environments 
allow students to develop a robust understanding of 
mathematics, encourage and motivate students from 
different cultural and mathematical backgrounds, and 
build on each student’s strengths. How are such envi- 
ronments established? 
How do the NCTM Pro- 
cess Standards empower 
teachers to create an 
inquiry-based learning 
environment? What tran- 
sitions do teachers and 
students experience as 
they attempt to establish 
a community of prac- 
tice with which they are 
unfamiliar? 
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The Editorial Panel of Teaching Children Math- 
ematics is seeking manuscripts that provide insights 
regarding these issues. We are particularly interested in 
manuscripts that— 


e help readers understand how to establish appropriate 
mathematics learning environments; 

e describe the process or phases that teachers experi- 
ence as they attempt to alter the mathematics learn- 
ing environment so that it is aligned with NCTM’s 
recommendation; and 

e consider the implication of various mathematics 
learning environments. 


Topics to explore include but are not limited to the 
following: 


e The role of teachers and students in establishing the 
mathematics learning environment encouraged by 
the NCTM Standards documents 
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e Methods of designing learning environments that 
engage and motivate a diverse group of learners, that 
are culturally responsive, or that are responsive to 
the needs of all students, including English language 
learners and special needs students 

e Phases that teachers and students experience as 
they transition to a more reform-based instructional 
approach or curriculum 

e How the use of challenging tasks or curriculum 
affects the learning environment 

e How a technology-rich learning environment influ- 
ences the teaching and learning of mathematics 

e How particular learning environments promote or 
hinder students’ meaningful learning of mathematics 

e Encouraging reluctant students to become active 
participants in the established learning environment 

e Methods for getting students to unpack and share 
their thinking 


Manuscripts should be no longer than ten double- 
spaced pages, not counting figures and photographs 
(these should be included at the end of the manuscript). 
Submit completed manuscripts to Teaching Children 
Mathematics by accessing tem.msubmit.net by 
July 31, 2007. On the cover page, please state clearly 
that the manuscript is being submitted for the 2008 
TCM focus issue “Learning Environments.” Author 
identification should appear only on the cover page. 
For manuscript preparation guidelines, visit my.nctm 
.org/eresourcs/submission_tcm.asp. 
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A Useful Tool or Just 
Another Procedure? 


grade 4 mathematics homework question 
[iiss students, “Use the empty number 

line to solve the following,’ causing nine- 
year-old Emily to respond, “No one should tell me 
what strategy to use. I should be allowed to make 
up my own mind!” Emily found it easier to solve 
some two-digit addition and subtraction computa- 
tions by splitting them into tens and ones rather 
than using a strategy that could be recorded on a 
number line. 

Recently, a new mathematics syllabus for 
K-6 students was introduced in New South Wales, 
Australia (Board of Studies 2002). This document 
reflected an international trend in its emphasis on 
the development of mental strategies in the early 
elementary years (e.g., NCTM 2000); it also for- 
mally delayed instruction of traditionally taught 
algorithms for the four operations and introduced 
some new instructional “tools.” One such tool was 
the empty, or blank, number line. This article is the 
result of my daughter Emily’s and my decision to 
explore for ourselves the origins and potential ben- 
efits of using an empty number line. 
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What Is an Empty 
Number Line? 


The empty number line—a number line that is 
presented with no numbers or markers—is a visual 
representation for recording and sharing students’ 
thinking strategies during mental computation 
(NSW Department of Education and Training 
2002). Starting with an empty number line, students 
mark only the numbers they need for their calcula- 
tion. For example, figure 1 shows Emily’s strategy 
for solving the problem 53 — 26 as she recorded it 
on an empty number line. 


Why Use an Empty 
Number Line? 


The first recorded use of the empty number line 
that we could find occurred in the Netherlands in 
the 1970s. According to Gravemeijer (1994), the 
empty number line was developed as a “new” tool 
to help overcome difficulties associated with the 
common “procedure only” use of base-ten materi- 
als regularly used when modeling the standard writ- 
ten algorithms. Early experiments with the empty 
number line were not as successful as hoped, pos- 
sibly because it was introduced in a measurement 
context and its similarity to a standard ruler, with 
its rigid calibrations, made students feel uncertain 
when approximating the position of numbers on a 
line with no given calibrations. However, Treffers 
(1991) and Beishuizen (2001) found that students 
could successfully use the empty number line to 
record and make sense of a variety of solution 
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strategies for two-digit addition and subtraction. 
The empty number line is now widely accepted in 
ithe Netherlands as an important didactical tool for 
working with numbers up to 100 and beyond (Van 
den Heuvel-Panhuizen 2001). 

Advantages of using the empty number line, as 
outlined by Gravemeijer (1994), include— 


the need for a Jinear representation of number; 
the close alignment of young children’s intuitive 
mental strategies with the empty number line; 
and 

e its potential to foster the development of more 
sophisticated strategies in children. 


Clearly, base-ten materials, such as Dienes blocks, 
are best for dealing with quantities and actual 
problems, but linear representations, such as the 
empty number line, are best for modeling distance 
or measurement. The strong links between the 
empty number line and young children’s intuitive 
mental strategies are evident in the way that chil- 
dren, when attempting to solve number problems 
up to 100, naturally tend to focus first on counting 
strategies—counting all, counting on, or counting 
down. Students who are more proficient mental 
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calculators use a combination of counting strategies 
(usually in chunks of 10) with partitioning strate- 
gies. In partitioning, children “take apart” numbers 
in flexible ways to make them more convenient 
to calculate mentally. These strategies typically 
approximate the jumps on a number line. Note that 
to solve the problem 53 — 26 (fig. 1), Emily used a 
combination of counting back in chunks of 10 and 
then partitioning the 6 into 2 lots of 3 to bridge the 
decade more easily. 

The empty number line’s potential to support 
the development of more sophisticated strategies is 
the result of children’s using the line to record their 
computation strategies, thus revealing to others (and 
to themselves) their thinking processes. Hence, we 
see not only the level of thinking but also the errors 
in thinking that might occur. Instructional decisions 
can then be made to assist the development of more 
efficient strategies. Given this last point, it seems 
logical that such a visual recording of children’s 
thinking strategies can provide a stimulus for class- 
room discussion and sharing of mental strategies. 


‘Students can explain their strategies by “showing” 


them to others. This fact makes the empty number 
line a very powerful tool for enhancing communi- 
cation in the classroom. 

Many of the benefits of using an empty num- 
ber line are supported by Emily’s reflections on 
its use. Currently in grade 4, she was introduced 
to the empty number line at the age of 8, when 
she was in grade 3. She now considers the empty 
number line “easier to learn and remember than 
the pencil-and-paper method” because “I get to 
record the strategy I’m thinking, not what I think 
the teacher wants.” Furthermore, she explains, “If 
you make a mistake, it’s easier to find it.” From 
Emily’s perspective, the empty number line is 
“easier” to use because— 


e she understands how it works (it represents her 
thinking); 


Emily recorded “jumps” on a number line to solve the problem 


53 - 26. 
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A number line indicating only the numbers 0 and 100 (a) and the 
reverse side of this number line (b), which includes decade numbers 


added by the teacher 








A predrawn number line, indicating multiples of 10, is used to solve 


the problem 27 + 24. 
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e it keeps a record of each step in her thinking; 

e it allows her to track errors; and 

e it enables her to think about what to do next 
when the computation -is too demanding to do 
solely “in her head.” 


Introducing the 
Empty Number Line 


Before children are introduced to the empty num- 
ber line, they should already be familiar with a 


linear representation of number—a number line 
with numbers. Buys (2001) recommends that the 
empty number line be introduced through strings 
of beads that alternate in color every 10 beads. 
Although Emily’s teachers did not use this particu- 
lar approach, they used another type of number line 
that supported the linear representation and assisted 
Emily’s and her classmates’ understanding of an 
empty number line. Figure 2a shows a number line 
that displays only the numbers 0 and 100. Emily 
was asked to move a clip along this number line 
to a designated number determined by a teacher or 
another child. After she positioned the clip on the 
number line at the point she estimated to be the des- 
ignated number, Emily “flipped” the number line to 
reveal a more complete number line (see fig. 2b). 
She could then check how close her estimate was to 
the designated number. 

Before children use the empty number line to 
record more complex mental strategies involving 
two-digit addition and subtraction, certain counting 
skills and knowledge are required. Two essential 
strategies that children must understand and use 
effectively before-they can use the more sophisti- 
cated empty number line include (1) counting by 
tens, both on and off the decade; and (2) jumping 
across tens (or bridging tens). 

Counting by tens, both on and off the decade, 
allows a student to start with any number and count 
forward or backward in multiples of 10. When first 
introduced to this skill, children can use manipula- 
tives, such as strings of 10 beads or bundles of 10 
popsicle sticks, to model the counting process and 
record their counting on either a hundreds chart or 
as jumps on an empty number line. 

Bridging tens requires that children be able to 
flexibly partition numbers. For example, to solve 
the problem 8 + 5, the first number remains as a 
whole and the second number, the 5, is partitioned 
(for example, into 2 and 3) and added in parts. The 
process is easier if a part of the 5 (the 2) is added 
to the 8 to “make 10” before the final part (the 3) 
is added; hence, 8 + 2 = 10 and then 10 + 3 = 13. 
This same strategy can then be applied when bridg- 
ing tens in higher decades (e.g., 38 + 5 = (38 + 2) + 
3=40+ 3 = 43). 

After learning the strategies for counting by 
tens and bridging tens, students can be intro- 
duced to the jump strategy (or sequential strat- 
egy) for two-digit addition and subtraction. The 
fundamental characteristic of this strategy is 
that one number is treated as a whole while the 
second number is added or subtracted in man- 
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ageable chunks of tens and ones In calculating a 
problem such as 66 — 29, it is often more efficient 
to apply a compensation strategy—for example, 
by subtracting 30 and adding | (66 — 29 = (66 — 
30) + 1). 

For instructional purposes, the children 
should record only the relevant numbers on the 
empty number line. As their strategies become 
more sophisticated, the number of jumps should 
decrease. Emily recalls some confusing experi- 
ences with the empty number line during grade 3, 
when she was provided with a predrawn number 
line that started at zero and had all the multiples 
of 10 marked (see fig. 3). Still a relative novice at 
using the empty number line, Emily thought that 
she needed to start at the first number marked on 
the line—zero. The result was the meaningless, 
“procedure-like” execution of unnecessary jumps. 
Hence, while a proven powerful tool for develop- 
ing mental computation in young children, the 
empty number line and associated jump strategy 
must be introduced thoughtfully and with well- 
chosen examples. Inappropriate use could result in 
the execution of a less sophisticated strategy or in 
learning a meaningless procedure. Recent work by 
Van den Heuvel-Panhuizen (forthcoming) refers 
to similar concerns about the introduction and 
appropriate application of the empty number line 
with children in the Netherlands. 

Another basic strategy for mental computation 
of two-digit addition and subtraction is referred to 
as the split strategy. This strategy involves “split- 
ting” the tens and ones and addressing these sepa- 
rately. Emily considered the split strategy a better 
(“easier”) method to use for two homework prob- 
lems—42 + 26 and 56 + 32—because “the digits 
[in the ones place] don’t add up past ten.” Hence, 
to calculate 42 + 26, Emily performed two addition 
operations—40 + 20 = 60 and 2 + 6 = 8—and then 
combined the tens and ones again to get 68. No 
written recording was necessary because the num- 
bers were simple enough for her to do completely 
“fn her head.” 


Conclusion 


We teachers need to be aware that children will 
vary their strategy use according to the numbers 
involved. The rigid application of just one tool 
or one procedure will severely limit their ability 
to apply mental strategies in flexible and fluent 
ways. Hence, children must be given oppor- 
tunities to develop a variety of strategies and 
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representational tools on their road to fluency. 
Eventually, children also need to make decisions 
about what strategy to use and be accountable for 
these decisions. 

The empty number line was introduced into 
our curriculum to help children move away from 
meaningless manipulations of algorithms using 
only pencil and paper, but we must be careful that 
we do not unintentionally adopt a similar “pro- 
cedural only” approach toward mental strategies. 
The development of mental computation strategies 
could be prone to the same difficulties we face in 
teaching the standard pencil-and-paper algorithm 
unless we learn to listen to our greatest critics—our 
students—and let them make up their own minds 
about the best strategy to use. 
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Sun Catchers 


he “Investigations” department features chil- 

dren’s hands-on and minds-on explorations 

in mathematics and presents teachers with 
open-ended investigations to enhance mathematics 
instruction. These tasks invoke problem solving 
and reasoning, require communication skills, and 
connect various mathematical concepts and prin- 
ciples. The ideas presented here have been tested in 
classroom settings. 

A mathematics investigation— 


e has multidimensional content; 

e is open ended, with several acceptable solu- 
tions; 

e isan exploration requiring a full period or longer 
to complete; 

e is centered on a theme or event; and 

e is often embedded in a focus or driving ques- 
tion. 


In addition, a mathematics investigation involves 
processes that include— 


researching outside sources; 

collecting data; 

collaborating with peers; and 

using multiple strategies to reach conclusions. 


Although this department presents a scripted 
sequence and set of directions for an investiga- 
tion in this particular classroom, Principles and 
Standards for School Mathematics (NCTM 2000) 
encourages teachers and students to explore 
multiple approaches and representations when 
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engaging in mathematical activities. In this inves- 
tigation, students will discover that leaves are nat- 
ural solar-energy collectors—they collect energy 
from the sun for the purpose of making their own 
food through photosynthesis. Students will dis- 
cuss the concept that an increased surface area can 
collect a larger amount of solar energy and will 
apply this concept to solar panels and an array 
structure as well as leaves. Using graph paper and 
estimation techniques, students will measure the 
surface area of a variety of leaf samples. They will 
then estimate the number of leaves on a tree by 
using a multiplicative structure and will calculate 
the average total leaf surface area of a particular 
tree. This investigation addresses NCTM’s Mea- 
surement Standard and Number and Operations 
Standard (NCTM 2000). 


The Investigation 


Learning goals 

The concept of surface area lends itself to a variety 
of contexts and applications. The wrinkles of an 
elephant’s skin increase its surface area so that 
excess heat can more efficiently escape from its 
body. The lining of the human body’s intestines 
contain villi, which increase their overall surface 
area for maximum absorption of nutrients. When 
we hang damp laundry up to dry, we spread it out 
to increase its surface area and thus allow the water 
to evaporate more quickly. Intrigued by the varied 
contexts in which surface area plays a major role, 
we began to think about yet another application: 
the surface area of leaves. Although leaves come 
in many different sizes and shapes, maximum leaf 
surface area is critical for the absorption of solar 
energy in the process of photosynthesis. 

In conducting this investigation, we ultimately 
wanted the students to learn that leaves are natural 
sun catchers in which surface area plays an impor- 
tant role. Solar panels were a way to connect the 
students’ thinking to a type of solar collector that 
has a regular shape and, because it can be measured 
in square centimeters, can be used to help measure 
the surface area of an irregularly shaped leaf. The 
students traced the outline of a leaf on centimeter 
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graph paper and then measured its surface area 
by counting the number of square centimeters 
contained inside the outline. We challenged the 
students’ thinking by asking them to use various 
estimation techniques to measure leaf surface area, 
including using leaf symmetry, “chunking” cen- 
timeter squares into groups of ten, and averaging 
the surface area of small, medium, and large leaves 
from a particular tree. Finally, we wanted the stu- 
dents to calculate the average total leaf surface area 
of an entire tree. To accomplish this, the students 
used a multiplicative structure—twigs to branchlets 
to major branches to the entire tree—to estimate the 
number of leaves on a tree. The Sun Catchers inves- 
tigation was conducted with fourth- through sixth- 
grade students from a variety of school districts in 
Ulster County, New York. 


Objectives of the investigation 
The students will— 


e discover how surface area affects the collection 
of solar energy; 

e compare the irregular shape of a leaf with the 
regular shape of a solar panel; 

e measure the surface area of a variety of leaf 
samples by tracing the leaf outline on centimeter 
graph paper and using counting strategies, 

e use different estimation techniques to measure 
leaf surface area; 

e use a multiplicative structure to estimate the 
number of leaves on a tree; and 

e determine the average total leaf surface area of a 
tree. 


Materials 

Students will work in cooperative groups of three 
or four in lesson 1 and with a partner in lessons 2 
and 3. 


Lesson I 
For the class demonstration— 


e one square 8-by-8-inch metal baking pan and 
one rectangular 4-by-8-inch metal baking pan 

e two identical desk lamps with 60-watt incandes- 

cent bulbs (or another heat source, such as the 

sun) 

two thermometers 

two plastic cups 

one measuring cup (1-cup size) 

tap water (32 ounces) 

a stopwatch 
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‘For the whole class— 


e two pieces of Styrofoam insulation (to place 
under the pans) 

¢ centimeter graph paper (2 sheets) 
photograph of solar panels (or access to nearby 
solar panels) 


For each student— 
e activity sheet 1 (see page 421) 


Lesson 2 
For each student— 


e a variety of leaf samples (obtained from trees in 
the school yard or a nearby area) 
centimeter graph paper 
centimeter cubes 
colored pencils 
calculators 

magnifying lenses 


Lesson 3 


e asample tree branch 
For each student— 


e pencils 

e calculators 

e access to a variety of trees (different sizes and 
species) 

e clipboards 

e activity sheet 2 (page 421) 


Previous knowledge 

Students’ knowledge and skills should include 
counting skills, basic multiplication, the concepts 
of area and surface area, familiarity with regular 
and irregular shapes, prediction and communica- 
tion process skills, and experience with recognizing 
and controlling variables in an experiment. 


Lesson 1 


Solar collectors 

The idea for this lesson was adapted from “Col- 
lecting Solar Energy: Is Bigger Better?” (Watts on 
Schools 2004). During the demonstration, students 
will observe two temperature readings—the initial 
temperature and the final temperature—in two 
metal pans (one should have approximately twice 
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the surface area as the other) that will be warmed 
by light from desk lamps. 

On the afternoon before the demonstration, 
fill a container with tap water (at least 32 ounces) 
and place it in a relatively cool location in the 
classroom (not in direct sunlight) to achieve room 
temperature. When setting up the demonstration, 
be careful to keep all variables constant except for 
the size of the pans. First, trace the bottom of each 
pan on a piece of centimeter graph paper, cut out 
each shape, and place it in the bottom of the cor- 
responding pan. Measure the surface area of each 
pan using the centimeter squares and record the 


Centimeter graph paper cut to the shape 
of each pan is a means of measuring the 
pan’s surface area. 








area on the graph paper (see fig. 1). Next, place a 
piece of Styrofoam insulation underneath each pan 
and a desk lamp next to each pan so that the bulb 
of each lamp is almost parallel to the pan and about 
six inches away from the pan’s surface. Pour 2 
cups (16 ounces total) of the room-temperature tap 
water into each of two separate plastic containers 
and place one container next to each pan. Insert a 
thermometer into each container; at the start of the 
demonstration, the water in both containers should 
have the same initial temperature. 

Alternatively, you can organize the materials 
that each group will need and have the students set 
up the experiment the day before. Because this les- 
son provides a context for discussing surface area 
of irregularly shaped forms, we decided to structure 
the lesson on the Itakura method (Itakura 1967; Isa- 
belle 2004), an inquiry-based teaching method that 
relies strongly on the power of peer discourse. 

During the demonstration, we emphasized that 
all the variables were the same, except for the size 
of the pans. The class discussed the idea of surface 


area and the fact that the square pan has approxi- 
mately twice the surface area of the rectangular 
pan. We explained that the same amount of water (2 
cups, or 16 ounces) at the same temperature would 
be poured into the pans at the same time. 

We posed a hypothesis in the form of a question: 
“If we leave the two pans with the water under the 
lamps for 15 minutes, what do you think will hap- 
pen to the temperature of the water in each pan?” 
We suggested three possibilities to help focus the 
students’ thinking: 


1. The final temperature will be higher in the 
rectangular pan. 

2. The final temperature will be higher in the 
square pan. 

3. The final temperature will be the same in both 
pans. 


Before making their predictions, the students 
read the temperature on the thermometers and 
recorded an initial temperature of 74° F on the 
board. They were then asked to think about the 
experiment and pose questions to clarify their own 
thinking. One student asked, “What are the pans 
made out of?” The pans were made out of a type 
of coated metal, and the class had a short discus- 
sion about metals being good conductors of heat. 
Another student asked, “Why is there Styrofoam 
under the pans?” Styrofoam is a type of insulator, 
and we discussed its ability to keep the heat from 
the water in the pan from escaping into the table. 
Using activity sheet 1, the students made indi- 
vidual predictions about the experiment’s outcome 
and explained their thinking. They also predicted 
the final water temperature. 

In their small groups, the students then shared 
their ideas and tried to come to a consensus about 
the experiment’s outcome. After about five minutes, 
the group members reported to the class what they 
had discussed and whether or not they had come 
to a consensus. One student predicted, “I chose B 
because the square pan is bigger so there is more 
area for the light bulb to heat, but the water isn’t as 
deep.” Another student ventured, “I think it is the 
rectangle pan because it is smaller so the water is 
higher. That means the light hits it first so it gets 
warmer faster.” The students individually voted on 
the outcome, and we tallied the votes on the board. 
We poured the water into the pans simultaneously, 
turned on the lamps, and started the stopwatch. 

For the next fifteen minutes, the class went 
outside to observe the photovoltaic solar panels on 
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our town’s maintenance building, located near the 
school (fig. 2). We first asked the students what they 
knew about solar panels. The general response was, 
“Solar panels collect energy from the sun to heat 
things.” These particular collectors, we explained, 
make electricity from solar energy. We then asked 
some probing questions: “When the town installed 
these solar panels, why did they install so many? 
Why didn’t they just install a few?” One student 
responded, “The purpose of the solar panels is to 
collect as much sunlight possible.’ We prompted 
the students to relate the solar panels to the experi- 
ment being conducted in the classroom: “How 
are the pans of water in the classroom similar to 
these solar collectors? For example, to heat your 
home, would you want a solar panel that has a 
large surface area or a small surface area?” The 
students agreed that to collect a larger amount of 
solar energy, the solar panels should be as large as 
possible. In addition, we discussed the solar panels’ 
array structure and that the array could assist in 
calculating the total number of panels through the 
operation of multiplication. Within each individual 
solar panel, the students observed another level of 
the array consisting of the individual solar collec- 
tors. The maintenance building had a 6 x 15 array 
of large panels, each of which had a 5 x 12 array of 
cells. We could calculate the total number of cells 
as (5 x 12) x (6 x 15) = 60 x 90 = 5400 cells. (Note: 
If solar panels are not available in close proximity 
to your school, this portion of the investigation can 
be-accomplished by having the students do research 
in the library and using the Internet. The Web 
site of the California Electric Company—www 
.californiasolarco.com/power-systems-photo- 
gallery.html—has a gallery of solar panels that 
displays the individual solar cells within the panels 
and also clearly shows the use of multiple solar 
panels to maximize solar absorption.) 

Back in the classroom, the students eagerly 
gathered around to read the final temperatures (fig. 
3). First, we poured the water back into the plastic 
containers. The final temperatures we recorded 
were 80° F for the rectangular pan and 82° F for the 
square pan. To guide the students in understanding 
the outcome, we explored real-world examples— 
why laundry dries faster when its maximum surface 
is exposed and why some birds spread their wings 
while warming up in the sun—that have the same 
underlying principle: a larger surface area results in 
the collection of a greater amount of solar energy. 

A few students did not find the difference of 2 
degrees very convincing. To put this difference in 
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The class observes the photovoltaic 
solar panels on the town’s maintenance 
building. 





The students gather around to read the 
final temperatures of the water, poured 
from the pans into plastic containers. 


eer 





Photographs by Karen N. Bell; all rights reserved 


perspective, you may want to convert the 2 degrees 
into a measure of how much extra energy needs to 
be absorbed to cause the higher temperature. To 
express this extra energy in calories, we need to 
first convert degrees Fahrenheit to degrees Celsius. 
Two degrees Fahrenheit represents about | degree 
Centigrade. It takes 1 calorie of energy to increase 
1 gram of water | degree Celsius. Because 2 cups 
of water equals approximately 450 grams, one pan 
absorbed 450 more calories than the other. Remind 
the students that total calories for a slice of pizza 
start at 200! 


Lesson 2 


Measuring leaf surface area 

In this lesson, based on an idea adapted from 
‘T eaves: All-Natural Solar Collectors” (New York 
State 2004), we collected a variety of leaf samples 
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from trees in the school yard. We transitioned to the 
second part of the investigation by making a connec- 
tion between the solar panels and the leaf samples— 
that is, that leaves are natural solar collectors. 

We began by asking the students, “What do you 
already know about the function of leaves? For 
example, what do you think would happen if a leaf 
was placed in the dark for a long period of time?” 
The students responded, “The leaf allows the plant 
to conduct photosynthesis; the leaf and the plant 
would die without sunlight.’ We encouraged the 
students to think about the leaves as tiny engines 
that fuel a plant, emphasizing the ideas that plants 
are the only living things that can make their own 
food and that leaves are an essential part of the 
process. We connected the first lesson, involving 
the pans and solar collectors, with the idea that the 
larger the surface area of a leaf, the larger amount 
of solar energy it absorbs. 


Using magnifying lenses to scrutinize the 
leaves, the students note insect damage, 
leaf veins, and different leaf shapes and 
sizes. 





Working with a partner, the students used 
magnifying lenses to observe various leaf charac- 
teristics, including insect damage, leaf veins, and 
different leaf shapes and sizes (fig. 4). After about 
ten minutes of free exploration, we explained that 
the students would be measuring the average sur- 
face area of these irregularly shaped leaf samples 
by using the regular shapes of centimeter squares 
of centimeter graph paper. We introduced a basic 
strategy for measuring leaf surface area: 


Look at the collection of leaves on your table. 
Select one leaf. Place it on a piece of centi- 


meter graph paper and trace around the leaf’s 
perimeter. Place an X in each whole square 
contained in the outline of the leaf and count 
the number of complete squares (square centi- 
meters) it covers. Then decide what to do with 
the leftover parts. Record the surface area of 
this leaf on the graph paper. Repeat this process 
with at least two other leaves of different sizes. 
Last, calculate the average leaf size of your tree 
using your calculator and record this figure on 
your graph paper. 


Centimeter cubes were also provided as a choice to 
aid the students in determining the area. 

The students got to work using a number of 
different approaches and estimation strategies 
(fig. 5a—e). Some students followed our directions 
exactly by placing an X on the whole squares inside 
the leaf outline and then counting the boxes. One 
student wrote a number inside each box as he was 
counting to ensure that his count was accurate (fig. 
5a). Another placed the leaf underneath the graph 
paper and created a leaf rubbing (fig. 5b); she then 
outlined each of the whole squares with colored 
pencils. Another strategy was to chunk groups of 
ten squares together and then count the groups of 
ten (fig. 5c). Yet another strategy was to find the 
line of symmetry through the middle of the leaf (fig. 
5d); the student counted the boxes on one side of 
the leaf and then doubled the number of boxes. One 
student combined partial squares inside the leaf 
outline; for example, she counted two half squares 
as one whole square. Another placed centimeter 
cubes on the top of the leaf itself and on top of the 
leaf outline and then counted the cubes (see fig. 5e). 
The students used calculators to find the average 
of the surface areas of the three different sizes of 
leaves. They recorded these calculations on activ- 
ity sheet 2. 

After the students had completed calculating the 
average surface area for their leaves, each shared 
his or her work and explained what approach he 
or she used. Although we had suggested one way 
to approach the task, we were quite impressed that 
they came up with multiple ways to accomplish 
this. We also talked about the rationale for mea- 
suring at least three leaves of different sizes (see 
fig. 6). As the students had observed, leaves on a 
particular tree are of all different sizes, not just 
one size. By measuring the surface area of three 
different-sized leaves and then averaging surface 
areas, we can obtain a more accurate representa- 
tion of a tree’s average leaf size. We also noted that 
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The students use a number of different approaches and estimation strategies to find the area of a leaf (figs. 5a-e). 
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5a. Writing a number inside each 
box to ensure an accurate count 















































































































































5c. Chunking groups of 10 squares together for easier 
counting (note that not all groups have 10 squares, a 


student error) 


when students use the strategy of picking a small, 
medium, and large leaf, the average leaf surface 
area should be close to the surface area measured 
for a medium-sized leaf. 


Lesson 3 


Estimating the total number of 
leaves on a tree and the total 
leaf surface area 

In this lesson, adapted from an idea in “Leaf Count” 
(EducationGuardian.co.uk 2006), the students work 
with a partner to calculate the total average leaf sur- 
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5d. Finding the leaf’s line of 
symmetry 


face area of a tree in the school yard. To do this, they 
first must estimate the number of leaves on a tree, 
so we brought a tree branchlet into the classroom 
to demonstrate how to use a multiplicative strategy 
to estimate the number of leaves on a tree (see fig. 
7): count the number of leaves on a twig, count the 
number of twigs on a branchlet, count the number of 
branchlets on a major branch, and then multiply the 
numbers. We literally made and used a tree diagram! 
A tree diagram, like an array, inherently has a multi- 
plicative structure. The students multiplied the aver- 
age number of leaves on the tree by the average leaf 
surface area, measured in lesson 2, to calculate the 
total average leaf surface area of the tree. (Note: We 
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5e. Using centimeter cubes 
for calculating 
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By measuring the surface area of three 
different-sized leaves and then averag- 
ing surface areas, the students can more 
accurately represent a tree’s average leaf 
sizely (this is a student's practice sheet). 
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A tree branchlet becomes a model for us- 
ing a multiplicative strategy to estimate 
the number of leaves on a tree. 





strongly recommend having the students investigate 
a small or medium-sized tree. Estimating the total 
number of leaves on a large tree can become quite 
overwhelming.) 

After the students had calculated the average 
surface area of individual leaves, the challenge was 
to estimate the total surface area of all the leaves on 


a particular tree. We asked the class, “What do we 
need to know to find out the surface area of all of 
the leaves on a tree?” The response was unanimous: 
‘“‘We need to know the number of leaves on the tree.” 
‘How would you go about estimating the number 
of leaves on this branch?” we asked, indicating the 
sample tree branch. The students seemed a little 
unsure. Focusing their attention on the branch’s 
structure, we introduced terminology such as twig, 
branchlet, and major branch. We also sketched a 
tree on the chalkboard and showed the students that 
the sample branch was just one branchlet from the 
tree. By counting the number of leaves on a twig 
and then multiplying this number by the number of 
twigs on the branchlet, we estimated that there were 
approximately 180 leaves just on this one branchlet. 
If we knew the number of branchlets on a major — 
branch as well as the number of major branches 
connected to the tree trunk, we could estimate the 
total number of leaves on the entire tree. Then we 
would be able to calculate the total average leaf 
surface area. 

Out on the school grounds, we gathered around 
a small tree and had the students count the major 
branches connected to the trunk of the tree; we 
counted a total of 8 major branches. Then we 
had the students focus on one major branch. The 
students counted 3 branchlets connected to the 
major branch. We gently pulled one of the branch- 
lets downward so that we could count how many 
twigs were on the branchlet; we counted 10. Then 
we focused on | twig and counted 4 leaves on the 
twig. We asked the students, “Since we know the 
number of leaves on a twig, the number of twigs 
on branchlet, the number of branchlets on a major 
branch, and the number of major branches, how can 
we estimate the number of leaves on the tree?” One 
child responded, “You multiply all the numbers 
together: 4 x 10 x 3 x 8 = 960 leaves:” (See fig. 8.) 

After checking that all the students completely 
understood the multiplicative strategy, we directed 
them to the particular trees from which we had col- 
lected the leaf samples for lesson 2: The students 
worked with a partner to estimate the number of 
leaves (see fig. 9) and recorded their data on activ- 
ity sheet 2. If they finished quickly, they moved on 
to another tree and repeated the process. 

After about twenty minutes, we returned to the 
classroom. In the next-to-last column on activity 
sheet 2, the students recorded the average leaf sur- 
face area calculated from lesson 2. Incorporating 


(Continued on page 422) 
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SUN CATCHERS: Activity Sheet 1 





Through the following activities, you will explore how surface area plays a role in the collection of solar energy. We will investigate a 
variety of trees to determine how many leaves they have and calculate the total surface area of the leaves that collect solar energy. 


Lesson 1. Solar Collectors 

In front of you are two pans and two light sources (lamps). One pan is rectangular, and the other is square. The square pan has twice the 
surface area of the rectangular pan. Two cups (16 oz.) of water at room temperature are placed in each pan. If we leave the two pans with 
the water under the lamps for 15 minutes, what do you think will happen? Circle your choice below: 

a. The final temperature will be higher in the rectangular pan. 

b. The final temperature will be higher in the square pan. 


c. The final temperature will be the same in both pans. 


Explain your thinking and why you chose the answer that you did: 














SUN CATCHERS: Activity Sheet 2 





Lesson 3. Estimating the total number of leaves on a tree and the total leaf surface area 


Number of Number Average Estimated 
Tree N Nees oi ee oj Branchlets of Major ‘ira ey Surface Surface 
Gace serars ee cists ciDna Major Branches Area of Area of All 


ona Twig Braneniet Branch on Tree Rees One Leaf Leaves 
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TEACHING CHILDREN 


e 
From the April 2007 issue of Mathematics 


Example of multiplicative strategy used for estimating the number of 


leaves on a tree 


1 tree with 8 major branches = 8 major branches on the tree 


8 major branches, each with 3 branchlets = 8 x 3 branchlets = 24 branchlets on 


the tree 


24 branchlets, each with 10 twigs = 24 x 10 twigs = 240 twigs on the tree 


240 twigs, each with 4 leaves = 240 x 4 leaves = 960 leaves on the tree 
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Working with a partner, the students 
estimate the number of leaves on their 
particular tree. 





all the data collected, the students used calculators 
to determine the average number of leaves on their 
tree and the total average surface area of all the 
leaves on the tree. They were quite surprised to see 
that just one tree had many thousands of leaves! 
They were also amazed at how much surface 
area there was for absorption of solar energy. We 
recorded the class results on the board, including 
tree type, average number of leaves, and total aver- 
age leaf surface area. 

Our concluding discussion revolved around 
these questions: 


e “What surprised you in.this investigation?” 

e “For several trees of different varieties that are 
roughly the same size (height and width), how 
do the total leaf surface areas compare? How do 
the number of leaves compare?” 

e “How does the number of leaves on a tree with 
small leaves compare with the number of leaves 
on a tree with large leaves?” 


We discussed the idea that if two trees are approxi- 
mately the same size, a tree with small leaves has 
many more leaves than a tree with large leaves; 
however, their total leaf surface area seemed to be 
about the same. This was something that we needed 
to investigate further. 


Beyond the Lesson 


Have the students measure a piece of paper that is 
one meter square and then determine the number 
of square centimeters that it contains. This task 
further emphasizes the multiplicative property of 
arrays—that is, the larger array provides more sur- 
face area—and how to find a conversion factor to 
make sense of the measurement. To find the surface 
area in square meters of a tree’s leaves, use the 
conversion factor 10,000 sq. cm = 1 sq. m. Have the 
students measure the school hallway or classroom 
floor in square meters to drive home the connection 
and assist in visualizing this size. This extension 
can lead students to consider which unit of mea- 
surement is appropriate for which measuring task. 

Students can use environmental data to study the 
total number of leaves in the world and how this 
number is changing as a result of deforestation and 
other factors. This task will require students to deal 
with and make sense of rather large numbers. For 
example, on the everything2 Web site (everything?2. 
com/index.p1?node_id=1793020), you can find a 
method for comparing the number of leaves with 
the number of ants in the world. 

Discuss the importance of shade trees in mod- 
erating Earth’s temperature. Have the students 
measure the temperature at different locations, in 
full sun and beneath trees, in the school yard or the 
neighborhood. Is there a difference between the 
temperature under large shade trees, which produce 
a considerable amount of shade, and the tem- 
perature under smaller trees? Make the connection 
between temperature differences and the amount of 
surface area of a tree’s leaves as well as the amount 
of solar energy each tree is collecting. 

In addition, students could identify all the 
species of trees in the school yard or nearby area 
by using tree identification guides; measure the 
amount of water given off by tree leaves through 
the process of transpiration; learn about the pro- 
cess of photosynthesis and how all living things 
depend on leaves’ solar-collecting capabilities; 
and use digital microscopes to identify cells and 
nuclei, chlorophyll, and other components of 
trees’ anatomy. 
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Reflections 


This investigation showed that our students were 
able to analyze multiple components and use mul- 
tiplication to estimate the number of leaves on a 
tree. By tracing the leaves’ perimeters, counting the 
number of square centimeters contained within the 
leaf outlines, and averaging these measurements, 
students were able to estimate the average surface 
area of a leaf on a particular tree and then estimate 
the total surface area of the leaves on that tree. 

The students made connections among the water 
temperature in pans, the solar panels on a building’s 
roof, and the solar-collecting capacity of leaves, 
recognizing that the more surface area is exposed, 
the greater the amount of energy is collected. 

The students found the Sun Catchers investiga- 
tion thought provoking. Their strategies for finding 
the surface area of leaves were very inventive. One 
student made the connection between the solar pan- 
els on the building’s roof and those on his calculator 
with this comment: “My calculator is an array of 
solar collectors, and if I put my finger over them, 
then the calculator shuts off’ Another student said 
that she and her friend now looked at large trees in a 
whole new way. Before, they might have estimated 
that a large tree has 1,000 leaves. Now, however, 
they realize that a large tree probably has more than 
10,000 leaves. 


Bibliography 


EducationGuardian.co.uk. “Leaf Count.” Guardian News- 
papersLimited.2006.education.guardian.co.uk/primary 
resources/story/0,920994,00.html (July 8, 2006). 

Isabelle, Aaron D. “The Itakura Method: An Inquiry- 
based Teaching Model.” In Teaching Tips: Innova- 
tions in Undergraduate Science Instruction, edited 
by Marvin Druger, Eleanor D. Siebert, and Linda W. 
Crow, pp. 20-21. Arlington, VA: National Science 
Teachers Association Press, 2004. 

Itakura, Kiyonobu. “Instruction and Learning of Con- 
cept ‘Force’ in Statics Based on Kasetsi-Jikken-Jiggo 
(Hypothesis-Experiment-Instruction): A New Model 
of Teaching Science.” Bulletin of the National Insti- 
tute for Educational Research 52 (1967): 1-121. 

National Council of Teachers of Mathematics (NCTM). 
Principles and Standards for School Mathematics. 
Reston, VA: NCTM, 2000 

New York State Energy Research and Development Au- 
thority. “Leaves: All-Natural Solar Collectors.” 2004. 
www.powernaturally.org/Programs/SchoolPower 
Naturally/InTheClassroom/level2.asp?i=9#Lesson17 
(July 5, 2006). 

Watts on Schools Program for American Electric Power. 
“Collecting Solar Energy: Is Bigger Better?” 2004. www 
-wattsonschools.com/activities.htm (July 1, 2006). A 


Teaching Children Mathematics / April 2007 















A math specialist, 
a teacher’s aide... 
a sigh of relief. 


Introducing Radius™ Audio Learning System 


An innovative new teaching platform 


Radius™ Audio Learning System creates unique, center-based learning 
experiences by combining interactive CD technology with advanced 
card-reading capabilities. 


Radius™ Interactive Math Kits feature varied and differentiated instruction 
in key math concepts for grades 1-2. Engaging lessons motivate students 
through hands-on interaction. Kits include CD, manipulatives, double-sided 
cards and teacher's manual. 


View a Radius™ demonstration 
at www.RadiusLearning.com 





LEARNING , 
RESOURCES 





For a chance to WIN a 
Radius, register at : 
www. LearningResources.com/tcm 


1-800-707-2126 


© Learning Resources 
Patent Pending 


— 





423 


j 


GE ae iD 
elie 





& fee 


How Does Your Garden Grow? 


Ad ath by the Month” activities are designed to engage students to think as mathemati- i 
cians do. Students may work on the activities individually or in small groups, or ‘ ag 
the whole class may use these as problems of the week. Because no solutions are 

suggested, students will look to themselves for mathematical justification, thereby developing 
the confidence to validate their work. : 

The garden provides students with many authentic problem-solving experiences—from plan- 
ning to harvesting. This month’s activities will engage students in mathematical coneepts such 
as counting, measuring growth rates, and representing data. A 












WEEKLY ACTIVITIES 
HOW DOES YOUR GARDEN GROW? K-2 








How many peas in your pod? Pea plants usually produce 5 or 6 peas in each pod. Suppose 
a pea plant had 5 pods and a total of 26 peas. How many of its pods would have only 5 peas? 
How many of its pods would have 6 peas? How many peas could a pea plant have if it had 6 pods? 











Lettuce entertain you! Plant a package of leaf lettuce seeds for your class. Keep track of how 
long it takes for the lettuce seeds to sprout and poke through the soil. Predict how long you will have 
to wait before the lettuce is ready to eat. When the lettuce is mature, count how many leaves of lettuce 


each plant has. How many total lettuce leaves are there? Are there enough for everyone in your class to 
have one leaf? Could everyone have more than one leaf? 













Carrots, anyone? The directions on a packet of carrot seeds state 
to plant the seeds 1 inch apart. How many seeds would you need 
for a row that is 1 foot long? For a row that is 5 feet long? When the 
seedlings are 1 inch high, you should thin the plants so that they are 


3 inches apart. How many carrot plants would you then have in a 
1-foot-long row? Ina 5-foot-long row? 


cs 3 ‘ 
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PEEL 


Plan a garden. Ask an adult to help you find out which planting 
zone you live in. Then find a seed catalog that sells seeds for that 
zone. Select five types of plants that will grow well where you live. 
Note how much sun they should get and how tall and wide they will 
grow. How will you arrange the rows in your garden? How many 
different arrangements could you have? 
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Me eet 
Edited by Kristen Forrest, kristen.forrest@anoka.k12.mn.us, Denise Schnabel, denise.schnabel@anoka.k12.mn.us, 
-Williams@anoka.k12.mn.us, teachers at Riverview Specialty School for Math and Environmental Scie 


to submit problems to be considered for future “Math by the Month” columns to Margaret Williams. 
problems selected for publication will be credited to the author. 


and Margaret E. Williams, margaret 
nce, Brooklyn Park, MN 55444, Readers are encouraged 
Receipt of problems will not be acknowledged; however, 
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HOW DOES YOUR GARDEN GROW? 3-4 APRIL 2007 


In the fields. A farmer is planting his field. If he plants 450 seeds in each row and he has 200 rows, how many plants 
will he have? How many rows will he have to plant if he plants 5,000 seeds? 


Keep out! A good way to keep animals out of a garden is to put up a fence. What length of fencing would you need 

for a rectangular garden that is 8 feet long and 5 feet wide? If you purchased 50 feet of fencing, would you have 

enough or would you have any fencing left over? If so, how much? What size of a rectangular garden could you pro- 

* tect with the leftover fence? oy 
What would it cost? Look through a seed catalog and make a list of the plants you would like in your garden. Add 
up the amount of money you would spend if you bought them all. What would the shipping charge be? What would 
the final total be? Which plants would you keep on your list if the maximum amount you could spend is $20? 


Quite an arrangement. A florist has roses, tulips, daffodils, aad carnations to use in making arrangements. If she 
were to make an arrangement using 12 flowérs, how many different combinations of these four types of flowers i 
would be possible? How many different combinations would be possible if the arrangement had 20 flowers? Make a — 
chart to help you organize your information. 
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| HOw DOES YOUR GARDEN GRow? 5-6 APRIL 2007 


, of a flower. The head of: a large sunflower can be 36 centimeters ¢ or more in diameter. The hed of a teddy a 
year sunflower is about 10 centimeters in diameter. How many teddy bear sunflower heads would be needed to have 
e area as a large sunflower head with a diameter of 40 centimeters? What is the ratio of the. diameters? What — 


s ;th ratio . the areas? : 


ing, growing .. . gone. Assume that a plant grows at a constant rate and that the length of its stem increases ~ 
illimeters each day. Make a table showing the plant's height over 10 days. What type of graph would best — 
ese data? Make a graph of the plant's growth over these 10 oe Then peed the plant’s growth over > 


jeking. eats of young seedlings can grow at 0.2 millimeters per 
hour. At that rate, how many hours will it take for a carrot root to reach the 
of a pot that is 10 centimeters deep? How many days will it take for 
to reach the bottom of the pot? : 


Ring: a ound the stem. With a waterproof marker, draw rings at intervals 
of 1 centimeter on the stem of a bulb, bean plant, or other plant with a 
traight stem. Each day for one to two weeks measure and graph the dis- 
ance between the rings to see how rapidly the stem grows. Give reasons" 
for the stem’ s Jee oo over af peeds 
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The Mathematics Survey: 
A Tool for Assessing 


Attitudes and Dispositions 





he need for positive attitudes and disposi- 

tions permeates the teaching and learning of 

mathematics. What students believe about 
mathematics influences what they are willing to 
say publicly, what questions they are likely to 
pose, what risks they are willing to take, and what 
connections they make to their lives outside the 
classroom (Borasi 1990; Whitin and Whitin 2000). 
Unless students have a realistic sense of math- 
ematical applications in real-life contexts, they 
are unlikely to see themselves pursuing courses in 
advanced mathematics or choosing mathematics- 
related careers (Picker and Berry 2001). 

Principles and Standards for School Mathemat- 
ics (NCTM 2000) delineates a range of attitudes 
and beliefs about mathematics that contribute to 
productive problem solving and communication. 
For example, perseverance, curiosity, confidence, 
and flexible thinking are related to learners’ invest- 
ment in challenging problem solving and investiga- 
tions involving complex patterns and relationships. 
Confidence, open-mindedness, a willingness to 
share one’s own successes and failures, and the 
ability to shift perspectives are hallmarks of mean- 
ingful communication. Resourcefulness and reflec- 
tive analysis are important dimensions in learners’ 
ability to use various forms of representation to 
generate, clarify, and express thinking. 

Given the ways in which mathematical attitudes, 
skills, knowledge, and strategies are intertwined, 
assessing students’ attitudes and beliefs can pro- 


vide valuable information, especially at the begin- 
ning of the school year. The results can be used to 
guide the development of a classroom environment 
conducive to growth in positive attitudes and in 
addressing misconceptions and counterproductive 
beliefs (Picker and Berry 2001; Rock and Shaw 
2000). This article describes the development and 
implementation of a mathematics attitude survey 
designed to meet this need. Examples of fourth- 
grade children’s responses to the survey over a 
four-year period, the ways in which the results 
guided teaching and learning, and an analysis of 
post-assessments illustrate the process. 


The Mathematics Survey as 
a Tool for Assessment 


The mathematics survey (fig. 1) is composed of 
six sentence-completion prompts designed to 
elicit children’s perceptions of what constitutes 
mathematical knowledge, ways of thinking, and 
usefulness in everyday life. It was adapted from 
the Burke Reading Survey (Goodman, Watson, and 
Burke 1987) and correlates with attitudes identified 
by NCTM (2000). Prompts 1, 2, 3, and 5—“To be 
good in math, you need to ... because ...”; “Math is 
hard when ...”; “Math is easy when ...”; “The best 
thing about math is ...’—are included to encour- 
age responses that reflect the degree of students’ 
confidence, curiosity, flexible thinking, and their 
views of student-teacher and student-student rela- 
tionships. The fourth prompt—“How can math 
help you?”’—addresses students’ perceptions about 
the usefulness of mathematics and real-life applica- 





Phyllis E. Whitin, phyllis.whitin@wayne.edu, is associate professor of ele- ; 
mentary education at Wayne State University, Detroit, Ml 48202. Her research tions. The final prompt—“If you have trouble solv- 
interests include the integration of language arts, mathematics, and science ing a problem in math, what do you do?”—is inten- 
as well as inquiry-based learning. tionally somewhat ambiguous so that the students 
can reveal their definitions of, attitudes toward, and 
strategies for problem solving. 
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The following questions guided the analysis of 
student responses: 


e What do these responses reveal about students’ 
perceptions regarding the teacher-student rela- 
tionship? Regarding student-student relation- 

, ships? Do references to the teacher imply that 
the teacher is the sole source of knowledge? Is 
there evidence of student autonomy? Of collab- 
orative thinking? Are other students mentioned? 
If so, in what ways? 

e What do these responses reveal about students’ 
perceptions regarding mathematical content and 
applications? Do students cite examples of func- 
tional applications of mathematical ideas? Do 
they view mathematics as valuable and relevant 
in both the present and the future? 

e What do these responses reveal about students’ 
perceptions regarding processes of engaging 
in mathematical investigations (e.g., planning, 
reasoning, using strategies in a flexible manner, 
making connections, representing ideas in mul- 
tiple ways, collaborating, discovering patterns 
and relationships)? Do the students view chal- 
lenge as rewarding? 


Examples of typical responses collected from the 
four fall surveys illustrate the assessment process 
(see fig. 2). In these examples, words and phrases 
about listening, paying attention, and studying 
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Mathematics survey 


To be good in math, you need to ... because ... 
Math is hard when... 

Math is easy when ... 

How can math help you? 

The best thing about math is ... 


COT ON 


Tell anything else you want about math. 


On the back of your paper, draw a picture that shows what math means to 


you. 


suggest a belief that mathematics is a silent and 
solitary endeavor. The responses suggest that these 
children view mathematics class as a period of 
teacher-student interchanges in which the teacher 
poses questions or problems and evaluates answers. 
The children do not usually mention their peers 
except in a negative sense, such as “talking to other 
people” rather than “‘paying attention.” To be a suc- 
cessful mathematics student, one must listen to the 
teacher, follow directions, and study. Responses 
such as this to prompt |—“study real hard because 
you need to know the problems in a flash’”—also 
imply that speed is a universal measure of math- 
ematical success. References to extended investiga- 
tions are absent. Similarly, each year about half the 
responses to prompt 6—“If you have trouble solv- 
ing a problem in math, what do you do?”—suggest 


lf you have trouble solving a problem in math, what do you do? 
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Typical student responses from the fall mathematics surveys 


1. 
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To be good in math, you need to ... because ... 
“study and do all your papers” 
“concentrate and don’t play around because if you don’t concentrate you 


will do bad” 


“study and listen because you might not know what to do” 
“study real hard because you need to know the problems in a flash” 


. Math is hard when ... 


“It's 2-digit division” 


“you don’t listen, not pay attention, or talking to other people” 


“you don't concentrate” 


“you don’t follow directions” 
“you can't understand what the teacher says” 


. Math is easy when ... 


“you work good by listening to the teacher” 
“when you have studied really hard” 


7 


“when it’s times or plus” 
. How can math help you? 


“when you get good grades and not get on restriction” 
“when you go to the store” 


“when you get a job” 
“when you get an A” 


“If you saw two numbers and if you wanted to do something with the 


numbers.” 


. If you have trouble solving a problem in math, what do you do? 


“Raise your hand and ask the teacher.” 


“Ask for help.” 


“| skip it and do the next one.” 


that students depend on the teacher for direction 
(e.g., “raise your hand,” “ask the teacher”). Other 
responses such as the one suggesting skipping the 
problem imply time management. Only rarely do 
students describe devising an alternative method, 
collaborating, or using various forms of representa- 
tion as problem-solving strategies. 

In response to prompt 4—‘‘How can math help 
you?”—the children’s statements indicate that 
the rewards of engaging in mathematical activity 
are extrinsic—for example, getting good grades 
and maintaining good relationships with parents. 
Almost exclusively, students do not mention the 
intrigue or challenge of investigations as rewarding 
or “fun.” Few students mention mathematics as use- 
ful in the present; most give vague references to col- 
lege or employment in the distant future. Although 
some children cite using money as a helpful part of 
mathematics, others mention computational activ- 
ity that is devoid of any context, such as the student 
who suggested seeing “two numbers” and “wanting 
to do something” with them. 

The patterns that emerged from the survey anal- 
ysis illuminate a range of attitudes and beliefs that 
could interfere with students’ mathematical growth. 


Identifying these trends served to guide plans for 
structuring the environment, designing instruc- 
tional activities, and delineating the teacher’s role. 
Figure 3 shows a summary of the trends from the 
fall surveys; productive attitudes, dispositions, 
and beliefs about mathematics (NCTM 2000); and 
plans for teaching and learning. 


Using the Results of the 
Survey | 


Changing the view of mathematics as a solitary 
endeavor entailed structuring group problem-solv- 
ing tasks, promoting collaborative conversations, 
and encouraging the children to view their peers 
as resources. In the case of these fourth graders, 
the teacher decided that beginning the year with 
a noncomputational activity, such as pentominoes 
or classification with attribute blocks, could help 
expand the children’s limited views of mathematics 
as computation. Further, a puzzle or game format 
could highlight for the children that all mathemati- 
cal activity is not done “in a flash” or by following 
a prescribed procedure. As pairs or small groups 
of children worked together to solve puzzles, their 
conversations laid an important foundation for writ- 
ing and visual representation (Huinker and Laugh- 
lin 1996; Whitin and Whitin 2003; Wickett 1997). 
At the completion of the task, the teacher conducted 
a reflective conversation that specifically addressed 
the targeted dispositions. She posed questions such 
as these: “What was going through your mind 
when you first started the puzzle?” “How did your 
group’s ideas help you?” “What did you do if your 
first idea didn’t work?” Many children were sur- 
prised to find that their peers encountered frustra- 
tion or that the teacher did not regard their building 
off a classmate’s suggestion as “cheating.” 
Following the conversation, the teacher asked 
the children to record their discoveries about their 
learning processes in writing and to name spe- 
cific children whose thinking helped them—for 
example, “Catherine helped me when she said, 
‘Switch them around.” Public acknowledgment of 
collaborative efforts and written reflections about 
problem-solving processes continued throughout 
the year (Whitin and Whitin 2000). Figure 4 shows 
one student’s representation of the value of math- 
ematical conversations. The first box shows a red 
and a blue circle, representing two children’s ideas. 
During the conversation, the two ideas begin to 
blend (second box) until finally they merge into one 
purple circle in which “the class works together and 
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the ideas get mixed.” The student’s summary—“T 
think math is easier when our class puts our ideas 
together” —demonstrates a marked change in atti- 
tude from such presurvey comments as “Math is 
easy when it’s times or plus.” 

To build the students’ confidence and self- 
reliance, the teacher needed to shift attention away 
from herself as dispenser of knowledge. To achieve 
this goal, she carefully examined the implicit mes- 
sages conveyed through her interactions with the 
students. She made conscious efforts to respond to 
the children’s questions and comments in ways that 
invited revisiting or extending a problem (Schwartz 
1996). If the students asked, “Is that right?” the 
teacher, to encourage them to revisit their thinking 
process and either confirm or revise their solution, 
would respond, “How can you be sure?” or “Explain 
your thinking.” When the children shared a conjec- 
ture—for example, “When you add two odd num- 
bers, you get an even number’—the teacher invited 
further investigation by asking, “Does that always 
work?” If a child raised a question during a class 
discussion, the teacher developed the habit of turn- 
ing the question over to the group. In addition, she 
learned to carefully choose words that conveyed 
resourcefulness and curiosity—for example, invent 
or discover rather than find or use. 

Regularly using student-authored problems for 
homework and a morning “problem of the day” 
‘were additional ways to increase the children’s 
confidence. Over time, the teacher strove to feature 
as the “problem of the day” an original problem 
written by every child in the class. As part of the 
ritual, the student-author led the discussion of the 
problem’s solution (Whitin and Whitin 2000). On 
other occasions, the children expanded on entries 
in their mathematics journals and “published” their 
findings for parents and other classes. In these ways 
the children had opportunities throughout the year 
to view one another as resources, develop their 
confidence, and feel recognized and rewarded for 
their learning. 

Instituting a mathematical forum where students 
shared their problem-solving strategies served to 
develop the children’s flexible thinking. When one 
child demonstrated his use of the distributive prop- 
erty, for example, the teacher suggested that the 
other students work in groups to apply his strategy 
to a variety of problems and later share their discov- 
eries. The teacher also introduced the students to 
problem posing (Brown and Walter 1990). Some- 
times she planned problem-posing explorations in 
advance (Whitin forthcoming), and on other occa- 
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sions she built on children’s spontaneous questions, 
such as, “If 4 x 3 =3 x 4, why doesn’t 34 x 3 = 33 
x 4?” This question inspired an investigation of the 
commutative property in multiplication, as well as 
the problem-posing extension, “Are there similar 
multiplication problems that do yield the same 
product? What are the attributes of the problems 
that do ‘work’?” In pursuing these extensions, one 
child found that 22 x 3 equaled 33 x 2. Follow- 
ing the pattern of using a two-digit number with 
the same number of tens and ones, she tried 33 x 
6 and 66 x 3. When she discovered that the strat- 
egy worked, she wrote: “When I wrote down the 
problems I didn’t know if I would get the same 
answer or not. I used these numbers because 3 x 6 = 
18 and 6 x 3 = 18.” Her statement conveys her 
willingness to take risks, her resourceful thinking, 
and her sense of personal accomplishment. These 


Using the analysis of survey results to guide instructional plans 












Trends Implied by Positive Attitudes, 
the Surveys Dispositions, Beliefs 

1. Mathematics is 
a solitary, silent 
endeavor. 





1. Collaboration 
and communica- 
tion contribute 
to mathematical 
understanding. 























. Mathematics in- 
volves learners in 
constructing mean- 
ing for themselves. 
The rewards for 
developing exper- 
tise are intrinsic. 


. The teacher is in 
charge of impart- 
ing knowledge. 

The rewards for 
developing math- 
ematical expertise 
are external and are 
often postponed 
until the future. 



















. Problems are 
solved through 
flexible use of 
multiple strategies. 
The time required 
to solve problems 
depends on the 
complexity of the 
problem. 


. Problems are 
solved in a swift, 
prescribed manner. 













. Mathematics has’ 

real-life applica- 
tion across the 
curriculum and in 
contexts outside 
school. 


. Mathematics is 
unrelated to other 
subjects. 


















. Emphasize content- 


Instructional Plans 
for Change 


th 


Structure group tasks; 
make children’s strate- 
gies public; encourage 
children to note others’ 
contributions to their 
learning 


. Encourage interaction, 


revisiting, extending 
(Schwartz 1996); involve 
students through 
student-authored 
problems, mathematics 
journals, mathematics 
“oublications” 


. Encourage strategy 


sharing, problem-posing 
investigations, extended 
explorations, mathemat- 
ics journals (Whitin and 
Whitin 2000) 


related problems (e.g., 
science), problems 
inspired by children’s 
literature, student- 
authored problems 
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A student's visual depiction of the value of sharing ideas in 
mathematical problem solving 


430 





When Id 
better, I +4; 


Two ideas. They 


of we 


ane Shown GS AiSSeren 


Colors bec 
different eo 


theyre 


Math, Sometimes I use peoples ideas to make things ; 
NK ath 
fe 


S easier When our class puts Our 





The two ideas Ore 


The Class war ke 
Coming tog ether. 


Together ane +h e ides get 
Mixed, 


and other problem-posing explorations also helped 
dispel the notion that all mathematical proficiency 
is universally equated with the speed of generating 
a solution. 

Finally, problem-solving opportunities arose in 
contexts outside mathematics class. Students gath- 
ered, represented, and analyzed data to make deci- 
sions about the ideal seed mixture to place in the 
class bird feeders (Whitin and Whitin 1999). While 
studying geology in science, the children used nets 
to build models of crystals, a process that afforded 
them the opportunity to apply geometric principles 
and terminology to the natural world (see fig. 5). 
In addition, the teacher regularly read aloud math- 
ematics-related children’s literature to demonstrate 
mathematical connections within a wide variety 
of contexts, initiate investigations, and inspire the 
children’s writing. The changes in children’s views 
about the usefulness of mathematics, as well as 
other attitudes and dispositions, were later reflected 
in their end-of-the-year assessment. 


The Survey as Post- 
Assessment: Reflection 


and Evaluation 

At the end of each year, the children completed 
the survey as a post-assessment. Usually the same 
survey format was used for both the pre-assessment 
and the post-assessment, but in the final year the 
post-assessment survey was slightly modified. 
Question 4—“How can math help you?”—was 


” 


changed to “To think mathematically means ... 
so that the children would state more directly their 
definitions of mathematical activity. Two new 
prompts were added: “When you write and draw 
about math ...” and “ ‘What if’ in math. ....” The first 
would ensure that the children address multiple 
forms of representation and communication, while 
the second referred to problem-posing experiences 
(Brown and Walter 1990). Both questions were 
included as a means to evaluate the effectiveness of 
the instructional modifications made to address the 
needs identified on the fall surveys. The examples 
in figure 6 illustrate trends in the end-of-the-year 
assessments. 

These examples of responses show a wider 
variety than those from the fall surveys. This range 
suggests that over the course of the year, the chil- 
dren developed more individualized mathematical 
identities as well as the confidence to express them- 
selves. One of the sharpest contrasts with the initial 
surveys is that the later surveys contain almost no 
references to the teacher. For a student facing a 
difficult problem, asking “someone to help me” 
implies peers as well as adults. This student also 
shows responsibility by adding, “I'll do the rest.” 
In this case, “help” does not mean that “someone 
else will do the work for me.” The student who 
mentioned the teacher directly included other alter- 
natives as well. Responses such as “use your own 
or someone else’s strategy” and “Math is easy when 
there are groups or partners” also show an apprecia- 
tion for collaborative thinking. In fact, as a whole, 
the children used the pronoun “we” in phrasing 
their answers to various prompts. This subtle shift 
in language from the fall surveys further implies a 
collaborative spirit. 

In addition to showing less dependence on the 
teacher, the students showed more resourceful- 
ness in their attitudes about problem solving. The 
response “make it into an easy math problem” sug- 
gests the strategy of simplifying the problem, while 
“trying another problem to help solve that problem” 
and “relate other math to it” show students’ aware- 
ness of connections among mathematical ideas. 
The child who noted “I write down what I think” 
is aware that writing is a tool for reflection and 
discovery. ; 

Sample responses to two of the revised and 
new questions are shown in figure 7. The collec- 
tion of statements implies active construction of 
mathematical meaning. Thinking mathematically 
incorporates strategic thinking (“math strategies”), 
the ability to assume multiple perspectives or pose 
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While studying geology in science, the children used nets to build models of crystals, a process that afforded them the 


opportunity to apply geometric principles and terminology to the natural world. 





5a. Building a model of a calcite crystal 


problems (“say a lot of things about one question’’), 
ownership (“make up creative problems”), and 
responsibility for one’s own learning (“be energetic 
and serious about your attitude and thinking”’). 
Some responses to the new question “ ‘What if’ 
in math ...” revealed an appreciation for engaging in 
mathematical investigations—for example, “every- 
thing would be more of a challenge and a mystery, 
math would be even more fun.” Interestingly, the 
child who initially responded to the prompt “How 
can math help you?” with the abstract example of 
“wanting to do something with 2 numbers” com- 
mented in the spring that “you can use math with 
almost everything.” In contrast to earlier comments 
about “getting an A” and benefiting from mathe- 
matics “in college,” these comments convey a sense 
of mathematical activity as intrinsically reward- 
ing. Thus, analysis of the post-assessment surveys 
provided documentation of individual children’s 
growth as well as trends in the classroom com- 
munity. This feedback was valuable in the ongoing 
process of refining teaching throughout the four 


Teaching Children Mathematics / April 2007 


5b. Comparing a calcite crystal with its model 


years of this study. 

Children’s attitudes and dispositions play a 
vital role in mathematics classrooms. The survey 
described here suggests one way to gain a window 
into children’s existing beliefs. Given that informa- 
tion, teachers can better make instructional plans to 
help their students become more confident, enthu- 
siastic, and autonomous learners. 
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Typical student responses from post-assessment mathematics surveys 


1. To be good in math, you need to ... because ... 


“try hard and correct yourself because you would have a hard time if you don’t” 


“have your own or someone else’s strategy” 


“be able to solve puzzles and be able to make puzzles because it means you know what math is” 
“study on what you do good because then you will do a lot better” 


2. Math is hard when ... 


“you don’t have a strategy and you can’t find a strategy” 


3. Math is easy when ... 
“you really understand it” 
“you have had experience” 
“there are groups or partners” 


6. If you have trouble solving a problem, what do you do? 


“If it is times | do plus. If it is division | do times.” 
“l try my hardest and write down what | think.” 
“| relate other math to it and work from there.” 


“lask someone to help me a little and I'll do the rest.” 
“Think slow so you will not be confused and you might need help from your teacher or use paper.” 
“You can look at a hard problem and make it into an easy math problem.” 


Typical student responses to sample 
revised and new survey questions 


When you write and draw about math ... 

“if you draw a picture, then youwwill find the 
answer” 

“you can understand it better” 

“it puts new thoughts in your head” 

“you are showing how you think in math” 

“| have a feeling | will make lots of 
connections” 

To think mathematically means ... 

“to think hard about your math and make up 
creative problems” 

“you use math strategies to solve a problem” 
“you can say a lot of things about one 
question” 

“to be energetic and serious about your at- 
titude and thinking” 
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Reflect and Discuss: 


The Mathematics Survey: A Tool for Assessing Attitudes and 
Dispositions 


Reflective teaching is a process of self-observation and self-evaluation. It means looking at your classroom prac- 
tice, thinking about what you do and why you do it, and then evaluating whether it works. By collecting informa- 
tion about what goes on in our classrooms and then analyzing and evaluating this information, we identify and 
explore our own practices and underlying beliefs. 

The following questions related to “The Mathematics Survey: A Tool for Assessing Attitudes and Disposi- 
tions” by Phyllis Whitin are suggested prompts to aid you in reflecting on the article and on how the author’s 
ideas might benefit your own classroom practice. You are encouraged to reflect on the article independently as 
well as discuss it with your colleagues. 


e What is the relationship between attitudes and dispositions and mathematical proficiency? 


e How do your students’ comments and actions in the classroom suggest their attitudes and dispositions? 
Share your observations and analysis with your colleagues. 


e What strategies do you use to foster students’ development of positive attitudes and dispositions? 


e Children’s views of geometry or data analysis are sometimes very different from their views of number 
or algebra. What questions would you use to assess students’ attitudes and dispositions toward the next 
mathematics unit you are scheduled to teach? How might the data change how you go about teaching 
the unit? 


e Teachers, particularly novice teachers, tend to rely on lesson planning formats to consider the impor- 
tant elements of the lesson. How might one modify the lesson plan format to remind teachers that atten- 
tion to issues of attitudes, confidence, and collaboration are important? 


You are invited to tell us how you used “Reflect and Discuss” as part of your professional development. The 
Editorial Panel appreciates the interest and values the views of those who take the time to send us their com- 
ments. Letters may be submitted to Teaching Children Mathematics at tem@nctm.org, Please include “Readers’ 
Exchange” in the subject line. Because of space limitations, letters and rejoinders from authors beyond the 250- 
word limit may be subject to abridgement. Letters also are edited for style and content. 


Teaching Children a is interested in publishing articles that relate to the following “hot topics” and 
meet the needs.of both eer seat and Bolo Beet 


Multiple representations © Differentiated Mote » Assessment strategies © See Pe of 
mathematics for themselves © Linking mathematics with other subjects @ Using calculators and technology 
in the classroom ®@ Intervention strategies ® Teachers’ knowledge of mathematics ® Role of administrators in 
mathematics education ® Using children’s literature in mathematics 


if you have interesting ideas, research, or classroom-tested approaches ee any of res Refelet aes : 
write them up and share them with this journal. Submit your manuscript to TCM by accessing tem.msubmit. us 
For more information, refer to the “TCM Writer's Packet” at www.nctm. oo aa 
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WHAT IS THE VALUE OF 





Deepening Teachers’ Understanding of Place Value 
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s faculty members of the Mathematics Edu- 

cation Group in the College of Education, 

Health, and Human Sciences at the Univer- 
sity of Tennessee, we are responsible for instructing 
both preservice and in-service teachers through 
courses and professional development activities. 
One topic we address is teaching place value to 
elementary school students. Teachers’ familiarity 
with the base-ten number system, however, can 
prevent them from fully comprehending the diffi- 
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culty these students have when trying to understand 
the abstract concept of place value. This article 
presents our evolving lesson in addressing this 
difficulty. 


The Significance of 
Understanding Place Value 


To circumvent our mathematics education students’ 
familiarity with the base-ten number system, we had, 
in the past, used base-five blocks to investigate place 
value. However, rather than working within the base- 

_ five system, many of our students simply tried to 

convert from base-five to base-ten. Further, both our 

preservice and in-service teachers continually read 
numbers incorrectly—for example, they read 10, as 

“10” rather than as “one zero base-five.” This real- 

ization led us to brainstorm ideas for activities that 

would produce a cognitive dissonance in these teach- 
ers, forcing them to think about place-value concepts 

such as these identified by Van de Walle (2007): 


1. Sets of ten (and tens of tens) can be perceived 
as single entities. These sets can then be 
counted and used as a means of describing 
quantities. For example, three sets of ten and 
two singles is a base-ten method of describ- 
ing 32 single objects. This is the major prin- 
ciple of base-ten numeration. 

, 2. The positions of digits in numbers determine 
what they represent—which size group they 
count. This is the major principle of place- 
value numeration. 

3. There are patterns to the way that numbers 
are formed.... 

4. The groupings of ones, tens, and hundreds 
can be taken apart in different ways. For 
example, 256 can be | hundred, 14 tens, 
and 16 ones but also 250 and 6. Taking 
numbers apart and recombining them in 
flexible ways is a significant skill for com- 
putation.... (p. 187) 


The Orpda Number System 


Because of the difficulties students confront in 
understanding place value, we as facilitators 
decided that we would create a new number sys- 
tem—which we named Orpda—that would use 
symbols rather than numerals to represent values. 
This approach had the advantage of making the 
activity more abstract so that the teachers’ experi- 
ence with place value would be similar to that of 
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their elementary school students’ introduction to 
place value. In previous workshops and courses 
that we had conducted, the teachers’ familiarity 
with base-ten numerals often interfered with their 
learning, but this approach intentionally placed 
them into an entirely new number system. We also 
wanted the teachers to explore the importance of 
concrete models and grouping activities, so we 
provided multilink cubes for early sessions and 
base-five blocks for later sessions. 

To begin the activity, we placed a blank transpar- 
ency on an overhead projector, drew an empty circle 
to create a group containing no objects, and told the 
teachers that the symbol ~ represented the number 
of objects inside the circle. The ensuing discussion 
included our statement that ~ represented nothing. 
Then sets containing 1, 2, 3, and 4 objects were 
illustrated and represented by different symbols as 
shown in table 1. To be sure that the teachers were 
comfortable working with the Orpda symbols, we 
asked them to indicate the symbol that represented 


_several different sets of objects ranging in number 


from 0 to 4 objects. 


Table 1 


Number of Objects and Representative 
Symbol in the Orpda Number System 







ioe an a df 





We explained that these five symbols were the 
only symbols in the Orpda number system and then 
challenged the teachers to use them to represent a 
group having 5 objects. Anticipating that the teach- 
ers might need some time to discuss answers to this 
question within their groups, we were surprised to 
see several hands go up immediately, but we allowed 
a few minutes for others to think about the question 
before soliciting responses. Although we expected 
the answer *~, representing a single group of 5 and 
no units, several teachers gave us alternative answers 
that quickly pushed all of us, teachers and facilitators 
alike, out of our comfort zone. 

The first teacher gave the answer *&. We wrote 
her response on the board and asked her to explain 
her answer. She stated that * represented | and 
& represented 4; therefore, *& represented 5. We 
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acknowledged her answer, recorded it on the board, 
and then asked if anyone had a different one. A sec- 
ond teacher gave the answer @#. Again, we wrote 
the answer on the board and asked for an explana- 
tion. The teacher replied that @ represented 2 and # 
represented 3, for a sum of 5. These answers were 
unexpected, but even more unexpected was that no 
one in the group of nearly fifty teachers suggested 
what we considered the correct answer. 

Rather than immediately commenting on these 
answers, we began a discussion about how to repre- 
sent the value 6. This gave us time to think about a 
new direction and further evaluate the participants’ 
mathematical thinking. Again, the teachers gave 
several different answers, some using two symbols 
and some using three, such as @@@. They dis- 
cussed the validity of the various representations 
and concluded that all were valid. We accepted these 
justifications and acknowledged their reasonableness 
but then posed this question: “If we have many ways 
of representing the same number, how would we 
know which to use?” We countered the explanation 
that @# represented the value 5 with an example 
from the base-ten system, pointing out that although 
2 + 3 represents the value 5, the representation 23 
does not. These arguments led to the realization that 
unless we could create a unique method of represent- 
ing values greater than 4, using the Orpda number 
system would be very confusing. 


Relating to the base-ten system 
We asked the teachers to think about the numerical, 
or place-value, relationships in the base-ten number 
system and then create a unique symbolic repre- 
sentation of 5 in the Orpda number system. After 
much discussion within their groups, the teachers 
suggested the answer *~, which we displayed on the 
board. Several teachers were skeptical and asked for 
an explanation. The teacher who had suggested this 


answer compared *~ to 10 in the base-ten system, 
saying we had one group of 5 with no singles left 
over; this formulation compares with one group of 10 
with no singles in the base-ten system (see fig. 1). 

Many of the teachers accepted this representation 
and its explanation, but some did not. A discussion 
regarding the use of ~ (zero) ensued. Several teach- 
ers suggested that ~ represented nothing, as defined 
at the beginning of the lesson, and should not be 
used. Others countered that ~ represented the idea 
that there were no units but rather one group of 5 
objects, hence the use of *~ to represent the value 
displayed. They maintained that their idea was 
related to the idea of 10 in the base-ten system being 
represented by one group of 10 objects and no units 
or ones. We then provided more information on the 
invention of zero and its use as a place holder. The 
teachers’ struggles with the concepts of zero, group- ° 
ing, and the position of digits within a numeral par- 
allel the struggles their elementary school students 
might have with the same concepts. 


Using manipulatives to 
understand a number system 
Using multilink cubes, the teachers were then asked 
to count and represent sets of objects up to 30 within 
the Orpda number system. We found it interesting 
that the teachers used the multilink cubes to repre- 
sent the number of objects but did not use them to 
create groups of 5. As we continued to count, the 
teachers began to see the patterns that developed, 
similar to patterns that elementary school students 
find when completing a hundreds table. 

Several teachers connected the ideas from the 
base-ten number system to the Orpda number system 
and quickly created symbols to represent the values 
of sets of objects through *~ ~ (25). Others needed 
more time to think and some guidance from the facil- 
itators. We let the teachers struggle with the problem 


Combining units to create a rod in the base-ten number system (a) and the Orpda (base-five) 


number system (b) 


coe 
ieee 


BERRERSSS 


la. 10 = 1 rod and O units 


are z= 


Le delle] 


lb. *~ = * rods and ~ units 
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on their own until we felt the frustration level rise; 
only then did we step in to offer suggestions to those 
who were frustrated to the point of no longer trying. 
- At this point, we suggested that they use the cubes to 
model the values. Rather than show or tell the teach- 
ers what to do with the multilink cubes, we contin- 
ued to ask questions such as these: 


e “What do you already know about the symbols 
for numbers in the Orpda system?” 

e “How can you represent these symbols with 
cubes?” 

e “How would a set of X X X X X X objects be 
represented in Orpda?” 

e “What would happen if you added one more 
object to the set? How would you represent this 
value?” 

e “What happens when you have X X X X X X X 
X X X objects?” 

e “What patterns do you see?” 


After a short time, one teacher suggested that we 
create a group of five rods, or groups of 5, to make 
a square (flat) and use the symbol *~ ~ to represent 
this value. Many of the teachers could now make the 
connections between the base-ten system and the 
Orpda system. They correctly represented the Orpda 
symbol *~ ~ ~ as a cube, or 5 groups of 25 (5 flats). 

At the conclusion of many of our workshops, 
‘we encouraged a discussion about the participants’ 
frustration level. We were surprised by the teachers’ 
vehement opposition to using the word frustration to 
describe feelings about mathematics. They viewed 
this term as negative and stated that they did not use 
it with their students during their mathematics work. 
However, we see the inherent challenges and frustra- 
tions of problem solving as an integral part of learn- 
ing mathematics. It is through cognitive dissonance 
that we build strategies for problem solving and 
deepen our understanding of mathematics. 

Several teachers commented that, as a result of 
participating in the workshop, they would now be 
more understanding of their students’ struggles with 
mathematics. Even with persistent questioning, how- 
ever, we had difficulties eliciting responses about the 
mathematics content. When we asked the teachers 
to focus on what finally made the “light bulb turn 
on,” most referred to the use of the manipulatives. 
This led to a discussion of their initial reluctance to 
actually manipulate the cubes rather than use them 
merely to display a value, a reluctance similar to 
some students’ reluctance to use manipulatives to 
help explore mathematical situations. These state- 
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ments reinforce the difference between having and 
using manipulatives in the mathematics classroom. 
As teachers, we should not assume that because we 
provide a set of linking cubes for students to use dur- 
ing an activity they will actually use them. Students 
might be hesitant to use the cubes, as the teachers in 
our workshop were, thinking that the need to work 
with cubes is a weakness. 


Conclusions 


We found that using the Orpda number system 
opened the eyes of these teachers and future teach- 
ers to some of the struggles their students face when 
learning place-value concepts as defined by Van 
de Walle (2007). Their additional insights into the 
availability of manipulatives versus their actual use 
during mathematics and the advantages of using 
manipulatives themselves will result in better atten- 
tion to their students and practice in the classroom. 
In presenting the base-five Orpda number sys- 


. tem to preservice and in-service teachers, we do not 


expect them to master this system. We want them to 
examine and evaluate the activities and models that 
helped them understand the concept of place value 
associated with the Orpda system. Most important, 
we want them to look more deeply at the mathemat- 
ics of place value. 

We hope that teachers will remember the follow- 
ing critical ideas for developing an understanding 
of place value: 


e The concept of zero as a value and a place holder 
is the underpinning of the base-ten system. 

e The use of manipulatives, grouping activities, 
and multiple representations allows exploration 
of place-value concepts 

e Patterns in the hundreds chart reveal characteris- 
tics of the base-ten system. 

e A number’s position determines its value. 


Teachers with a deeper understanding of place 
value, we feel, will prepare activities for their own 
students that will better help them explore place 
value. They will have a more empathetic understand- 
ing of the students’ difficulties and of how to assist 
them in overcoming these difficulties. 


Reference 


Van de Walle, John A. Elementary and Middle School 
Mathematics: Teaching Developmentally. 6th ed. 
Boston: Pearson Education, 2007. A 
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Joyce Bishop 
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Knights in Armor 


Austin and Allison found an old game in their grandmother's attic. The game board depicts a jousting field (fig. 1), and the 
two playing pieces are knights in armor. In medieval times, from around A.D. 500 to 1500, knights jousted on horseback, Each 
knight carried a blunt lance and tried to unseat his opponent. In this board game, the red knight begins on the left side and 


the blue knight begins on the right side. g 
The players take turns spinning the spin- Figure 1 
ner (fig. 2). If the spinner lands on red, the 
red knight advances one space toward the 
opposite side of the field. If the spinner 
lands on blue, the blue knight advances 
one space. The winner is the knight who 
has advanced the farthest when the two 
knights land on the same space. Do you 
think this game is fair—or, to ask the ques- 
tion another way, does each knight have a | 
the same chance of winning? Why or why a | 
not? Explain your reasoning. Draw your 
own game board and use counters as 
markers to represent the knights. Make 
two spinners that you think will be fair and 
two spinners that you think will not be fair. 
Explain why each spinner is fair or not fair. 
Test your ideas by playing some rounds with each spinner and recording the 
results. 


Extension 1: Suppose that the red knight and the blue knight move a different 
number of spaces when the spinner lands on each one’s color. For instance, 
suppose that the red knight moves three spaces and the blue knight moves 
one space. Would this change make the game fair? Using the original spinner, 
decide how many spaces each knight should move to make the game fair. Ex- 
plain why you think this game is fair. Choose another spinner and make rules 
for moving spaces that will result in a fair game. Explain. 


Extension 2: Can you make a spinner and rules for moving spaces that will 
give the blue knight a 12 to 5 advantage over the red knight? How many solu- 
tions can you find? Explain your thinking. 


_ Joyce Bishop, jdbishop@eiu.edu, teaches elementary and middle school mathematics content 
_ and methods classes at Eastern Illinois University, Charleston, IL 61920. 


Edited by Joyce Bishop, jdbishop@eiu.edu, Department of Mathematics and Computer 
Science, Eastern Illinois University, Charleston, IL 61920, and Sheryl Stump, sstump@bsu.edu, 
Department of Mathematical Sciences, Ball State University, Muncie, IN 47306-0490. Read- 

¢ ers are encouraged to submit problems to the editors to be considered for future “Problem 
Solvers” columns. Receipt of problems will not be acknowledged; however, problems selected 
for publication will be credited to the author. 
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Knights in Armor game board 





Figure 2 


Original spinner for Knights in Ar- 
mor game 





Classroom Setup 

Discuss this problem with your students but avoid 
giving too much guidance. Ask the students to pre- 
dict which knight they think will win and to explain 
their reasoning. Group the students in pairs. Have 
each pair draw the game board and make a simple 
spinner using a paper clip and a pencil (place the 
pencil point through one end of the paper clip 
and position the point at the center of the colored 
circle). Have the pairs play a few rounds to test 
their predictions, using tally marks to record the 
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winner of each round. Compare the results with the 
predictions. If some results differ widely from the 
expected outcome, you may wish to compile the 
results of several student pairs or of the entire class 
to see how the results compare to a larger set of 
data. Providing a master with blank circles for the 
students to use in creating their own spinners can 
minimize distractions and improve the preciseness 
of results. Encourage the students to write about 
their predictions, the spinners they made, and the 
results of their trials with the spinners. 


Share Your Students’ Work 


Allow the students plenty of time to try a variety of 
combinations so that they can begin to see patterns 
and relationships. Encourage them to think about 
how the number and size of the spinner’s sections 
are related to the number of spaces each knight 
can move; have them record their thinking. Collect 
students’ work, make notes about interactions and 
discussions that took place, and document the vari- 
ety of student approaches that you observed. 

As you reflect on your experience with the prob- 
lem, keep in mind the following questions: 


e What difficulties did the students have in under- 
standing the problem? 

e What strategies did you see the students using to 

_ solve the problem? 

e Were you surprised by any students’ responses 
or interpretations? ; 

e What methods did the students use to record 
their work? 

e Did the students relate this problem to any oth- 
ers that they have investigated? 

e What extensions to this problem did you or your 
students pose? 

e What did your students learn from investigating 
this problem? 


We are interested in how your students responded 
to the problem and how they explained or justified 
their reasoning. Please send us your thoughts and 
reflections. Include information about how you 
posed the problem, samples of your students’ work, 
and even photographs showing your problem solv- 
ers in action. Send your results with your name, 
grade level, and school by June 1, 2007, to Joyce 
Bishop, Department of Mathematics and Com- 
puter Science, 600 Lincoln Avenue, Charleston, IL 
61920. Selected submissions will be published in a 
subsequent issue of Teaching Children Mathemat- 
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Where’s the Math? ; 


Although we often encounter probability in everyday life, our understand- 
ing of probability is not as intuitive as some other areas of mathematics. 
Young children may predict the winner according to their favorite color, 
but older students may suspect that the difference in the areas of the two 
colors on the spinner tilt the advantage toward one knight or the other. 
Actual experiments like these may help students discover that mathemati- 
cal relationships such as the ratio of red to blue on a spinner can be used 
to predict outcomes. Occasionally, however, the results of an experiment 
differ greatly from the calculated probability. Have the class examine unex- 
pected results further by combining the results of many groups in order to 
compare individual results to a larger set of data. In addition, unexpected 
results can prompt a discussion about how probability provides a prediction 
for the averaged results of many trials but not an absolute rule for every 
trial. Results can sometimes be brought more in line with the predicted 
probability by conducting more trials—for instance, by playing 30 or 50 
rounds of Knights in Armor instead of 10. 

If the students focus their attention solely on the differences between the 
number of sections on the spinner or the number of spaces each knight can 
move, help them shift their thinking to the ratios among the same numbers. 
The extensions place less emphasis on the results of trials and more on 
mathematical relationships. In extension 2, where the goal is to create a 
game in which the blue knight has a specific advantage over the red knight, 
the students must consider how the ratios of the areas of the colors on the 
spinner can be related to the number of spaces each knight has to move to 
achieve the specific ratio. 


ics and acknowledged by name, grade level, and 
school. A 


(Solutions to a previous problem 
begin on the next page) 


Additional Resources 


Did you know that NCTM has published a collection 
of some past “Problem Solvers” columns? The col- 
lection features solutions and students’ work sent to 
the editors from teachers around the country. 


Sakshaug, Lynae E., Melfried Olson, and Judith 
Olson. Children Are Mathematical Problem 
Solvers. Reston, VA: National Council of Teach- 
ers of Mathematics, 2002. ISBN 0-87353-529-4. 
Stock #12340. List price $28.95; member price 
$23.16. 


Visit nctm.org/catalog for more on this and other 
NCTM resources, including professional devel- 
opment offerings, other publications, and online 
resources. 
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Making a difference in your profession can be easy—and richly rewarding. Through 
the member referral program of NCTM, you have the power to strengthen the 
mathematics education profession, and reap a few extra rewards of your own. 


Simply give an NCTM application to your colleagues interested in improving the 
teaching and learning of mathematics. For every qualifying application received, z 
you'll be eligible to win prizes, including a $10 NCTM gift certificate for every 5 new p 
members you recruit. Other exciting prizes include: 

e A trip to NCTM’s 2008 Annual Meeting in Salt Lake City and a digital camera 

* $200 NCTM gift certificate 

e A DVD player, an MP3 player, and more! 


To learn more about the program and prizes or to download applications, visit 
www.nctm.org/membership/referral.htm. 




















eet 100 Years of 
_ Mathematics Teacher 


This year Fihe Mathematics Teacher (MT) is celebrating 100 years 
of publication. That’s 100 years of thought-provoking articles and 
activities that have inspired educators to provide more and better 
mathematics for all students. 


To commemorate this centennial, NCTM has published a special 
issue of MT, with notable articles and fresh perspectives on 
mathematics education from the past 100 years and an overview of 
the journal’s history. NCTM has also created a colorful poster of 
100 of our readers’ favorite problems from the MT’s “Calendar.” 


Join the celebration—order your issue and poster today! Shop 
online at www.nctm.org or call (800) 235-7566. 
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Barbara Britton 





PROBLEM SOLVERS 


Solutions to the 
Counting Counts! Problem 


he problem appearing in the April 2006 “Problem Solvers” section was stated as follows. It is based on the “Xmania” activity pre- 
sented by Deborah Schifter and Catherine Twomey Fosnot in Reconstructing Mathematics Education: Stories of Teachers Meeting 
the Challenge of Reform (New York: Teachers College Press, 1993). 


Prain and Frain Spacecadet find a colony of creatures (the Dworbs) 
on another planet. The Dworbs are quite intelligent, but they have 
a very primitive way of counting things. They use only the symbols 
©, A, @, and *, which in their system represent the following num- 
bers of objects (each line represents a tally mark): 


©: no objects 
1 
: || 


* +> many 


Prain and Frain can see that this system has some major limita- 
tions. For example, if they ordered * snarfdoodles (their favorite 
food), how many would they get? They decide to help the Dworbs 
develop a better system of counting things. In order to make the 
new system easier, they will use the same symbols, although each 
symbol may represent something entirely different than it does 
now. After a little brainstorming, Prain and Frain decide that the 
new system must allow the Dworbs to do the Hellowing things that 
their old system did not: 


e Any number of objects must be able to be represented uniquely; 
that is, there will no longer be a symbol for “many” after a certain 
amount. Every number of objects will have a representation. 

e Thesystem must include reasonably easy ways to add, subtract, 
multiply, and divide. 


Now Prain and Frain need your help! Help make a new number 
system for the Dworbs using only the symbols ©, A, @, and * to 
represent the numbers. Prain and Frain have the beginning of an 
idea that they think they can illustrate using paper cut into the fol- 
lowing shapes: 
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You do not have to use these objects to help make your system—af- 
ter all, Prain and Frain are still just thinking about it—but the shapes 
might be useful. 

Your first job will be to simply count. How can the Dworbs rep- 
resent this many items in their new system? 


XXXXXXXXXXXXXXXX 
How about this many? 
XXXXXXXXXXXXXXXKXKXKXXKXXKXXKXXKXKXKXXKXXKXXX 


Remember, a unique representation must exist for each number. 
Try writing down counting numbers in the Dworbs’s system, start- 
ing at the beginning and going up to what you consider a pretty 
large number of objects. 

Now that you have a feel for the new system you have made 
for the Dworbs, try working with it. How do you add, subtract, 
multiply, and divide in it? Make up some story problems that the 
Dworbs might need to solve, and see if you can solve them. For 
example, suppose a Dworb named Dweeb had (insert one of your 
new Dworbian numbers here) pieces of Thnazzle (a scrumptious 
Dworb candy), and Dweeb’s mother gave Dweeb (insert one of your 
new Dworbian numbers here) more pieces of Thnazzle. How many 
pieces of Thnazzle does Dweeb have now? Can you solve this in 
the new Dworbian system that you just created? Explain how you 
figured it out. 

Make up some more problems similar to problems you have 
done in your mathematics class, and solve them in your new 
Dworbian system. Do you think Prain and Frain and the Dworbs 
will like your system? Why is it better than their old system? 


Variations: This problem, as written, is most appropriate for upper 
elementary students and above. It could be modified for slightly 
younger students. Instead of having the students create the sys- 
tems and the problems, a teacher could present some Dworbian 
systems and problems to them and have them play around with 
which systems are easier to use. One system could be similar to 
roman numerals, and another could be based on a base-4 place- 
value concept. 


Barbara Britton, Barbara.Britton@emich.edu, teaches mathematics educa- 
tion courses at Eastern Michigan University, Ypsilanti, MI 48197. A 


Edited by Barbara Britton, Barbara.Britton@emich.edu, and Carla Tayeh, 
Carla.tayeh@emich.edu, at Eastern Michigan University, Ypsilanti, Ml 48197. 
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he main purpose of this problem was to create 

a means for students to gain an appreciation 

of the power of a numeration system. Com- 
parisons with ancient numeration systems enhance 
the concept that mathematics is a human creation 
that changes over time. Having students create their 
own numeration system is like having them create 
their own little piece of history—it is a very power- 
ful way to get the message across and also fun! 

Suzie Spedden’s advanced third-grade class at 
White Oaks Elementary School in Virginia Beach, 
Virginia, and Marcia Cole’s advanced fourth-grade 
class at Hall’s Cross Roads Elementary School in 
Aberdeen, Maryland, tackled the problem with 
similar results. Both classes developed systems 
similar to roman numerals rather than creating a 
place-value system. Neither class used the base-4 
models suggested in the problem, although Sped- 
den pointed them out to the students as an optional 
strategy several times. The third and fourth graders 
came up with great systems for a very complicated 
situation designed for slightly older students. Both 
teachers mentioned that their classes were com- 
pletely engaged in the problem. 
Spedden’s students spent four class periods 

working on the problem. She describes how they 
reacted to the introduction of the problem: 


On day 1, I shared the story about the Dworbs, 
their number system’s limitations, and the need 
to develop a numbering system that would 
allow them to represent any number of objects 
uniquely. As I read the part about using only 
the four symbols given, I drew the four symbols 
on the chalkboard, then stopped, and asked the 
students to brainstorm suggestions on how we 
might begin to develop this new system. I was 
pleasantly surprised when one student imme- 
diately responded, “We could write one like 
the Romans.” This suggestion was met with a 
chorus of affirmations. Other children chimed in 
that we could use a system like that of the Egyp- 
tians or the Chinese. (I believe that these sug- 
gestions came as a result of our school’s social 
studies units on ancient civilizations. However, 
the number systems are not studied during these 
units, so the students have no experience with 
other number systems except for the roman 
numeration system.) 

Once the children’s ideas had been shared, 
I drew the base-4 block illustrations that were 
included in the problem. As soon as I put these 
illustrations on the board, the children began 


saying things like, “That’s a ten and that’s a 
hundred.” It soon became apparent that the 
children had made no distinction between the 
base-10 blocks and the base-4 representations. 
Since I didn’t want to lead them to an answer, 
I simply left all their suggestions, along with 
the illustrations, on the board and asked them 
to meet with their cooperative teams to preplan 
their approach. 

As I walked around, I found that many of the 
groups seemed to be struggling with how they 
could use the system for computation before 
they had even considered how to develop the 
number system itself. I mentioned that they 
should consider creating the symbols before 
they attempted to formulate computational plans 
or problems. Day | was concluded by reading 
the remainder of the problem as it appeared in 
the article. 


On the second day, the students began creating 
their number systems. They became frustrated at 
having only four symbols to use. Spedden took this — 
opportunity to have a whole-class discussion of the 
base-10 number system: 


I reminded the children that our “digits” are just 
symbols and that we only have 10 symbols but 
that we put them together in different orders to 
represent different numbers. I had hoped that 
this might trigger some thinking about how to 
use the four symbols in different orders/com- 
binations to create a system that more closely 
resembled a base-4 number system, but it did 
not. 

The children wanted to know if they had to 
write every number from 0 to 100, since they felt 
that would be “a lot of work.” Using the roman 
numeral chart as an example, I explained that in 
some systems it was not necessary to write each 
number since they were merely a combination 
of existing numbers. As soon as I referred to the 
chart, one team began using the given symbols 
to mimic the system used by the Romans. (It 
should be noted that this team contained the 
member who had said that we could write a 
system like the Romans on Day 1.) Even though 
one team seemed to be settled on an approach, 
most teams continued to struggle with how to 
use only four symbols to create multiple numeri- 
cal representations. 


On the third day, noticing that the students were 
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not using the illustrations of blocks at all, Spedden 
did a quick lesson reviewing the base-10 blocks and 
reminding the students of the similar blocks that 
Prain and Frain thought they might use in the origi- 
nal problem. Although the students agreed that the 
Dworbs might come up with a system using these 
[blocks], none. of the groups decided to change its 
system. Each student group recorded its systems on 
chart paper to share with the rest of the class. 

During the fourth day the groups presented their 
systems. Each team was asked to share its system 
and how it was derived. Team 1’s system can be 
seen in figures 1 and 2. It is very similar to roman 
numerals for 0 through 10 but very different for the 
numerals 20, 30, 40, and so forth, because these 
are built on a multiplicative system. Spedden states 
that “all the children seemed to grasp how the team 
developed the system and how to use it.” 

Team 2 created a system that was not as effi- 
_ cient. This group used the four Dworb symbols 
to represent 0, 1, 2, and 50 and represented each 
number in a purely additive fashion. Spedden states 
that this system 


became very cumbersome to read and write. 
[The students in this group] attempted to solve 
this problem by reversing the symbols, but the 
sheer length of the numbers was distracting to 
the class. They were able to write clear symbols 
for representing 50 and 100 objects, but, all in 
all, the class noted that this system would have 
been difficult for everyday use as well as for 
computation. However, the class did a good job 
in praising their efforts. 


Team 3 was very creative, making more symbols 
by putting original symbols inside one another— 
for example, placing the solid circle inside the tri- 
angle—to create new symbols. The team members 
even created new vocabulary words to go along 
with their new symbols. Nobody derided the group 
for bending the rules—the class was all very excited 
about the “new” symbols that had been developed. 

Team 4 had some interesting group dynamics. 
Spedden explains: 


Team 4 had an interesting approach to this 
problem from the very beginning. Because of 
the dynamics of the personalities, they had diffi- 
culty verbally sharing ideas as a team. One team 
member started using the four symbols to create 
elaborate symbols, even going so far as to label 
one of them a dodecahedron. Since, in some 


Teaching Children Mathematics / April 2007 


Spedden’s Team 1 represented the 
numerals 1-10 in this way. 


Team 1 used the multiplicative system for 
higher numbers. 
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instances, following his thought process was dif- 
ficult for his teammates, I asked him if he would 
be willing to simplify his representations so that 
even a kindergartener would be able to use this 
system. He agreed, and off they went. However, 
as their presentation began, it became apparent 
that the team had attempted to stay with some 
of their earlier ideas, which was an eye-opener 
for the remainder of the class.... Their repre- 
sentations for [the numerals] 0-6 were clear 
and understandable. However, as they moved to 
represent larger quantities of objects, the elabo- 
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rateness made the symbols more difficult to read 
and more time-consuming to write, which was 
evidenced by the incomplete poster that they 
shared. The group explained that their system 
was a combination of adding and multiplying 
but that as they made larger numbers it became 
very difficult for them to work with the symbols. 
Once again, we praised their efforts and thanked 
them for their presentation. 


The last of Spedden’s groups, Team 5, used 
place value but kept a base-10 system in spite of the 
limitation on symbols. When they got to symbols 
for 20, 30, etc., they used their symbols for 2, 3, 4, 
etc., with their symbol for zero after it. 

Spedden asked the students which system they 
felt would be “easier to teach, learn, and use. They 
were almost unanimous in their selection of Team 
I’s system.” The reason was that “most of the 
children felt that it was something with which they 
were familiar and that it seemed easy enough to 
understand, write, and use.” 

Marcia Cole’s fourth graders, a group of thirteen 
students, created a system together. They broke into 
smaller groups to create story problems to solve 
using their new system. They decided that they did 
not need a symbol for zero; instead, they used the 
four symbols ©, AA, @, and * to represent 1, 2, 8, 
and 5, respectively. Cole describes the process: 


When questioned about the @ equaling 8, they 
said that it would be easy to represent x x x x x 
XXXxXXXxXxXxXxXx as @@. All students agreed. 
Then I went on to ask students how they would 
represent x x x xxx xXxXxXxXXXXXXXXXXXXX*X 
XXKXXXKXXXKXXXKX, 

They used their system and came up with 
@@@@/. Then one student realized that it 
would make sense to have a symbol to represent 
10, and decided to change the @ from an 8 toa 
10. Now @@@* became the answer. 

Was this easier? Some students thought it 
was, some didn’t. 


The students now broke into groups to create 
and solve problems using their new system. Note 
that the following problems come from different 
phases of the conversation about the system, so 
when answers are included, they may not be what 
the reader expects. When that happens, see if you 
can determine what the students were using as val- 
ues to get their answers. Two of the problems use 8 
as the value of ® and two use 10 as its value. 


@e@/ + ** 
Answer: @@@/\ 


Jadei had @@O) pieces of monhozile (candy). 
She gave @©© pieces to her friend Churkle 
and © pieces to her other friend Mizen. How 
many pieces of monhozile does Jadei have left? 


Answer: *AO© 


Dweeb had @@A\ pieces of monhozile. He 
lost * pieces. How many are left? 
Answer: @*® 


Danielle had @@@** clothes and gave @@ 
away to her cousin. How many does she have 
left? 

Answer: @** 


After allowing the students to create their own 
problems, Cole challenged them to represent 619 
— 107 in their new system. Suddenly the students 
realized that they needed a way to represent larger 
numbers. Cole writes, “One student said, ‘We need 
a symbol to stand for 100. That would be so much 
easier.’... So the value of the AA, which stood for 2, 
was changed to 100.” Cole then asked the students 
to create other problems using the newly revised 
system. 

Both Spedden and Cole reported that their 
students had great fun with this problem. One 
can sense from the stories that the students came 
away from the experience with a much greater 
appreciation of our base-10 numeration system and 
understood that different civilizations may work in 
different systems. 





A special thanks to those teachers and students who 
made contributions: Suzie Spedden and the third- 
grade students at White Oaks Elementary School, 
Virginia Beach, Virginia; and Marcia Cole and 
the fourth-grade students at Hall’s Cross Roads 
Elementary School, Aberdeen, Maryland. A 
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children and call on students to apply mathematical ideas.from the five main content areas— 
“number, algebra, geometry, measurement, and data analysis. In conducting the investigations, young 
students infer, generalize, reason by analogy, recognize relationships, and make representations. 
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to help address concerns parents may have about problem solving in the mathematics curriculum. 
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Books 


For Students 


My Money series, Gerry Bailey and Felicia Law, 
2006. Common Cents: The Money Is in Your 
Pocket, ISBN 0-7565-1671-4. Cowries, Coins, 
Credit: The History of Money, /SBN 0-7565- 
_ 1676-5. Get Rich Quick? Earning Money, /SBN 
0-7565-1674-9. Money, It’s Our Job, JSBN 0- 
7565-1675-7. Save, Spend, Share: Using Your 
Money, JSBN 0-7565-1672-2. What’s It All 
Worth? The Value of Money, /SBN 0-7565-1673-0. 
$27.93 ea., cloth, grades 4-6. Compass Point 
Books; (877) 371-1536; www.compasspointbooks 


-com. 


In this comprehensive six- 
book series, many facets of 
money are explored, includ- 
ing the history of money, 
trade, careers, economics, and 
relationships to our everyday 
lives. Each book focuses on 
a different topic and contains 
a table of contents, glossary, 
and index for easy refer- 
encing. The presentation is 
similar to an encyclopedia’s, 
yet the colorful cartoon-style 
graphics make the consider- 
able textual information more 
fun and interesting. 

Any of these books would prove useful in a 
classroom of curious students or as a resource 
during a unit on money, careers, or economics. 
Sophisticated topics such as debt and stocks are 
presented in a way that students (and teachers!) can 
understand them. However, the reading levels of 
these books make them unsuitable for most elemen- 
tary classrooms; short passages selected from each 
book scored grade-level readability results between 
6.3 and 9.9! 

Overall, this series would function well as a 
resource for projects, as enrichment materials for 
_ advanced students, as a class read-aloud, or as 
part of a school or classroom library. These books 
would also be appropriate for middle or high 
school students who have lower reading levels but 
who need high-interest materials or for teachers 
who wish to improve their own understanding of 
topics relating to money. Teachers would be well 
advised, however, to thoroughly preview the mate- 
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rials before presenting them to students. I would 
recommend this series as a resource for grades 3 
and up.—Susan Eith, teacher, Glen Landing Middle 
School, Blackwood, NJ 08012. 


Uno’s Garden, Graeme Base, 2006. 40 pp., $19.95 
cloth. ISBN 0-8109-5473-7. Harry N. Abrams, dis- 
tributed by Time Warner Book Group; (800) 759- 
0190; www.abramsyoungreaders.com. 


Just what is a Snortlepig? Delighted elementary 
and middle school students, readers and nonreaders 
alike, will find out while exploring Uno’s Garden. 
In the process of comparing arithmetic and geomet- 
ric progressions, readers follow a friendly, baby- 
faced creature named Uno through the destruction 
and then the regeneration of a forest. In vivid colors, 
Base presents rich illustrations populated by fantas- 
tic plants, animals, and homes with great names 
such as Trifflids, Moo- 
paloops, and Wigloos. 
Mathematical readers 
can count, predict, and 
find prime numbers or 
layers of repeated num- 
bers. They can compare 
increasing and decreas- 
ing sets of creatures, 
See See plants, and structures in 
eh picture. Hidden pictures and one magnificent 
fold-out page add to the intrigue. The font, which 
simulates handwriting, may cause some reading 
difficulty for younger students. Although the sen- 
tences are simple, the word forms of numbers are 
not emphasized in the text. Careful teaching will 
maximize the text for early elementary readers. 
The youngest picture readers will be able to 
find and count the obvious and colorful animals on 
each double-page spread; first, ten Moopaloops, 
then nine Lumpybums, eight Frinklepods, and so 
on down to zero animals. In the second half of the 
book, the pattern increases back up to ten animals. 
Early elementary children may explore multiplica- 
tion as a series of additions. Each page illustrates 
square products of plants. For instance, the first 
page shows ten examples of each of ten types of 
plants; the next page shows nine examples of nine 
types of plants, and so forth. Middle elementary 
students will enjoy finding the cubic products on 


Prices on software, books, and materials are subject to change. Consult the suppliers for the 
current prices. The comments reflect the reviewers’ opinions and do not imply endoeesets 
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these same pages, as each of the ten (or nine or 
eight, etc.) plants has ten (or nine or eight, etc.) 
fronds, spots, leaves, bunches, and so forth. Upper 
elementary and middle school children will notice 
the use of prime numbers in the presence of Uno 
and his people. Middle school students could 
extend and solve equations to discover the number 
of objects per page. 

This tale of environmental caution will hold 
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students’ interest again and again with its simple 
language, logical math, and complex paintings. 
Teachers can use this book in science class as a 
companion to endangered species or land use stud- 
ies, in mathematics class to develop and reinforce 
richer levels of number sense, and in social studies 
class to support discussion of Manifest Destiny and 
laissez-faire policy. Students familiar with Base’s 
playful and intriguing best sellers, Animalia and 
The Eleventh Hour, will welcome this new addition 
to the school or classroom library.—Kare Marshall, 
Heath Elementary School, Mohawk Trail Regional 
School District, Shelburne Falls, MA 01370. 


Et Cetera 


Math Facts to the MAX! Mastering the Basic 
Facts with Flash Cards and Songs, Carl M. Sher- 
rill, 2005. 204 pp. plus CD, $29.95 paper. Morning 
River Publications; (S00) 852-4890; www.Morning 
RiverPubs.com. 


Classroom teachers of grades 2—5 constitute the pri- 
mary audience for this book. The premise is that the 
flash card activities and the CD, featuring unusual 
fact and strategy songs, will provide students with 
Opportunities to practice basic facts. Sherrill pro- 
vides a thoughtful rationale for practicing basic 
facts and backs it up with quotes from well-known 
mathematics education researchers. However, parts 
of the book do not align with current research. 
Assessment of where in the book to begin with 
students is based on timed fact tests, which much 
of current research suggests is not an appropriate 
method of assessment. The flash cards use a variety 
of strategies for practicing facts, including num- 
ber lines, touch and count-on strategies (similar 
to Touch Math), ten frames, skip-counting, visual 
representations, and fact family combinations. 
None of these strategies is new, but they have been 
put together to support a progression through addi- 
tion, subtraction, multiplication, and division. The 
songs on the CD are catchy and useful with audi- 
tory learners. I would have liked a printed version 
of the lyrics, as the words are not always clear. I 
particularly liked the idea of sorting flash cards 
by different strategies. This may be an appropriate 
choice as a resource for supplemental practice, but I 
would not make it the centerpiece of my classroom 
instruction.—Karen Soanes, Rochester City School 
District, Rochester, NY 14614-1187. 
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“Measure Up for Understanding,” by Barbara J. Dougherty and 
Linda C. H. Venenciano, describes how first graders’ sense of 
number can be developed through a measurement perspective. 
Photograph by Curriculum Research and Development Group, 
University of Hawaii; all rights reserved 
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Rooure Up 


eacher. Justin, what do you notice? 
Justin. I notice that the bigger the unit, the 
lesser times you use it. 
Wendy. And if the unit is smaller, the more times 
you have to use it. 
Stephanie. It all depends on the unit. 


This conversation between teacher and students 
took place during the fall semester 2003 in a first- 
grade class as part of Measure Up, an elementary 
mathematics research project at the Curriculum 
Research and Development Group of the Uni- 
versity of Hawaii. In Measure Up, all students 
in grades 1-5 develop their mathematical under- 
standings through measurement contexts. This 
approach to teaching and learning mathematics 
was suggested by research in Russian education 
conducted by Davydov (1975), Minskaya (1975), 
and others. 

Measurement is often thought of as the determi- 
nation of size, amount, or degree of something by 
using an instrument or device marked in standard 
units. Measure Up, however, uses a broader defini- 
tion of measurement that includes (1) comparing 
something with an object of known size; (2) esti- 

_ Mating or assessing the extent, quality, value or 
effect of something; and (3) judging something by 
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comparing it with a certain standard. These three 
aspects of measurement allow students to explore 
mathematical structures and develop an under- 
standing of quantitative relationships that offers 
access to more sophisticated mathematical ideas at 
earlier grades. 

This article focuses on one aspect of the first- 
grade Measure Up curriculum (Dougherty et al. 
2004) related to students’ understanding of unit. We 
describe some of the critical tasks that develop the 
concept of unit and summarize the effect on student 
development of a later concept of fractions. 


Comparing Quantities to 
Develop the Concept of a 
Unit 

Students begin first grade by identifying attributes 
of objects that can be compared. These attributes 
include size, shape, and color. Of all the attributes, 
size is the one that students use in the most general 
sense. They often say that this object is larger or 
smaller than that one, but they do not specify how it 
is larger or smaller. 

To better describe size, students identify four 
ways that size can be measured or compared. These 
measures are length, area, volume, and mass. For 
each of these measures, students determine meth- 
ods to compare two or more objects, called direct 
comparisons. In direct comparison (fig. la—d), they 
physically compare the quantities by placing them 
side by side to measure length; putting them on a 
balance scale to measure mass; using congruent 
containers to measure the volume of liquid or dry 
quantities; or placing one quantity on top of the 
other to measure area. 

The need to label each quantity arises as 
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Students use direct comparisons to measure length, mass, volume, and area. 





students attempt to communicate their findings 
from the direct comparisons. By selecting a differ- 
ent letter to represent each quantity, the students are 
‘able to show their comparisons. At first they use 
concrete models, a process that leads, in quick and 
smooth progression, to using symbolic statements 
one would typically find in a formal algebra pro- 
sram(esayY > LyD=XK). 

After the students compare various quantities 
by directly measuring one against another, they are 
confronted with a problem similar to the one given 
by the teacher in figure 2. The students suggest 
ways they can compare the lengths of the various 
line segments without moving them. One way is to 
create a unit equal in length to length R. In essence, 
this unit represents the standard (or intermediate 
measure) by which the students can measure the 
other lengths. As they make comparisons to this 
intermediate measure, they generate statements 
about the comparisons. For example, the unit cre- 
ated is called length Q, and students can write R = 
Q (read as “length R is equal to length Q”). As they 
measure, they might generate other statements such 
as 0=H,L <Q, and B> Q. From these statements, 
the students decide that length R is the same as 
length H, is longer than length L, and is shorter than 
length B. Besides developing deductive reasoning 
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Sample problem for introducing intermediate units to first 


graders 


When | got to school this morning, | found this note from our 


friend, Rabbert. Let me read you what he wrote: 


Lani has promised to get me a special treat if | can figure out 
a way to compare the lengths of these line segments to length 


R. See, | put them up all around your room. | thought that first 
graders might be able to help me. | hope so because | love 
getting special treats from Lani! Signed, Rabbert. 


What could we do? We can’t take the line segments off the 


wall! 


skills by creating and using a standard for mea- 
surement, the students are developing conceptual 
understandings about the symmetric and transitive 
properties of equality and inequality. 

For example, the students recorded R = Q and 
Q > C. Dustin described this relationship by say- 
ing, “If lengths R and Q are the same and length 
Q is more than length C, then R has to be more 
than C because R and Q are the same. You could 
write R greater than C” (authors’ observation notes 
2002). By physically measuring and recording the 
comparisons, the students are noting relationships 
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Figure 3 


among and across multiple quantities without 
directly measuring them. 


Using a Unit to Quantify 
Continuous Quantities 


The question of how much larger or smaller the 
measure of one object. is compared with the mea- 
sure of another object arises quite naturally. While 
justifying why quantities are not equal, the students 
articulate what it is about their methods of compari- 
son that reveals the difference between the quanti- 
ties in question. Although they can easily point to 
the difference on a physical model, they have to 
decide how to describe the difference in words and 
symbols. Early on, they describe the differences 
by saying that, for example, volume W is greater 
than volume T by volume L. In this case, volume 
L is the difference (the amount by which volume 
W is greater than volume 7) between volume W 
and volume T. The physical model can be used to 
illustrate volumes 7, L, W, W — L, and 7 + L. To 
describe more precisely how much larger or smaller 
one quantity is compared with another, the students 
discuss the need to quantify volume L. 

This recognition of the need to describe in words 
and symbols the difference in quantities establishes 
the need to introduce a unit to compose or decom- 








Sample problem for introducing units to first graders 


pose a quantity in order to quantify amounts. The 
students first begin with tasks that require them 
to create a quantity equal to another quantity that 
must be measured with a unit. The teacher may ask 
the students to complete a task similar to the one in 
figure 3. 

After some discussion of what is and is not pos- 
sible and appropriate, the students suggest using 
another (smaller) container to find a volume unit 
that will measure volume W a whole number of 
times-and then using that same volume unit an 
equal number of times to create another volume 
equal to volume W. To keep track of the number of 
times they use the volume unit to measure volume 
W, the students record tally marks. This notation 
symbolizes the action that the students are doing. 
For example, if four volume units of E are needed 
to measure volume W, students would represent 
this comparison in this way: 


ba 
E——>w 


This notation reads as volume unit E is used four 
times to make volume W. Volume W can be repli- 
cated if volume unit E is used the specified times. 
Students represent that relationship by using other 
mathematical statements, including these: E + E + 
E+E=W,W=3E+E,W=4E, and W-4E=0. 

Through these tasks, first graders can decom- 
pose and then compose quantities in length, area, 
volume, and mass that use the iterations of a unit. 
As one first grader, Jason, described it, “You have 
to know the unit to measure something. And you 


We need to pour a volume equal to volume W into the empty container 
across the room. Volume W cannot be moved, and we don’t have any 


have to remember how many times you used it to 
measure. And you have to be careful when you 
measure *cause if you’re measuring length, you 
can’t leave any spaces or put a unit on top of a 
unit or you won’t be able to know how many 
units it took to measure it” (authors’ observation 
notes 2003). 

The introduction of units allows students to 
move from direct comparisons to indirect com- 
parisons. For example, they no longer need to 
physically place two lengths next to one another to 
compare them. They can use units to measure both 
and then compare the number of units used. 

The students are given the quantities of two 
areas and then asked to decide how the two areas 
compare without cutting them out. Macy, a first 
grader, found an area unit that could be used to 
measure both quantities (see fig. 4). She used an 
area unit that looked like this rectangle and found 


other containers large enough to hold an equal volume. How could we 
create this new volume? 








Macy’s area quantities to compare 





~ Area P 


Area R 


454 Teaching Children Mathematics / May 2007 


that it took four iterations of the unit for both areas. 
She wrote these statements: 


P=4E 
P=R 


To describe her method, Macy said, “I made area 
unit E because it could fill up area P four times and 
it filled up area R four times. That’s why I know the 
two areas are the same quantity because it took the 
same number of area unit E's to make them.” 

Macy was asked if there were other area units 
that could be used to measure the two areas. She 
thought there could be and proceeded to find one, 
which she later described. Macy found that mul- 
tiple units could be used; although they varied in 
shape, both areas required the same number of units 
to measure them. She wrote the statements in figure 
5 to show the measure of the two areas with the dif- 
ferent area units. 

Macy made another discovery: “I can tell which 


area-units are bigger than others. If it takes more ~ 


area-units to measure, then the unit is smaller. If 
it takes lesser area-units to measure, then the unit 
is bigger. The bigger the unit, the lesser times you 
have to use it. The smaller the unit, the more times 
you have to use it” (interview notes 2002). 
Macy’s description of the relationship among 
the unit, the number of iterations, and the quan- 
"tity allows her to use other notations to symbol- 
ize it. Students write P/E = 4 (read “quantity P 
measured by E is 4”) or P/H = 6. From just the 
symbolic statements, the students recognize that 
the quantity being measured is the same but that 
the units used to measure the quantity are differ- 
ent. By looking at the number of times the unit 
is used, students can decide that unit E must be 
larger than unit H because it took 4 unit Es to 
measure the quantity. As Reed (interview notes 
2002) described it, “The bigger the unit, the more 
space it takes up, so it takes less of them to mea- 
sure the quantity.” 


Impact on Mathematics 
Learning in Later Years 


The use of continuous, nonspecified quantities, 
linked to specific measurement with units, intro- 
duces students to the concept of number in a rich 
way that promotes flexible numerical thinking. 
As the Measure Up students move to other grade 
levels, their experience with units allows them to 
investigate rational numbers, for example, from 
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Figures 
Macy's statements of measure 
3B=R 
3B=P 
P=R 


2W=P 
2W=R 
P=R 


6H=R 
P=6H 
P=R 


Fraction problem for fourth graders 


Sammi said, “3/4 is always greater than 2/3.” “| disagree,” said Carly. 


eX ie 
12X=R 
P=R 


1A=f 
1A=R 
P=R 





“| 


think there are some cases where 2/3 will be greater than 3/4.” Whom do 


you agree with? Why? Support your answer with details that may include 
a drawing or diagram. (Dougherty, Zenigami, and Okazaki 2005) 





the measurement perspective as they build number 
sense and articulate magnitude. 

Measure Up students in grade 4 use the notion 
of unit to work with a fraction by thinking of the 
fraction in two ways. It can represent the quantity, 
or the whole; or it can represent the amount used to 
measure the whole. In the latter case, the denomi- 
nator of a fraction tells how many units are needed 
to measure the whole. Because of the students’ 
previous experience in describing the relationships 
between and among units and quantities, comparing 
fractional quantities becomes more meaningful. 

One task we give to fourth-grade students is 
shown in figure 6. Students’ responses to this task 
focused on the size of the unit. They indicated that 
Sammi is correct if the whole for both quantities is 
the same and that Carly is correct if the whole is not 
the same for both quantities. They conclude that to 
compare fractional quantities one must assume that 
the whole quantity is the same for everything being 
compared. 

Measure Up students in grade 5 continue their 
development of fractions through explorations of 
the concept of theoretical probability. In this model, 
a rectangular area unit is subdivided into parts that 
represent occurring events. The fraction of the area 
represented by each part is the probability that a 
given event might occur. 

Students are given an area unit created from col- 
ored square tiles and asked to compare the chances 
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Reflect and Discuss: 
Measure Up for 
Understanding 


Reflective teaching is a process of self-observation 
and self-evaluation. It means ooking at your class- 
room practice, thinking about what you do and 
why you do it, and then evaluating whether what 
you do works. By collecting information about 
what goes on in our classrooms and then analyzing 
and evaluating this information, we identify and 
explore our own practices and underlying beliefs. 

The following questions related to “Measure 
Up for Understanding,” by Barbara J. Dough- 
erty and Linda C. H. Venenciano, are suggested 
prompts to aid you in reflecting on the article and 
on how the authors’ ideas might benefit your own 
classroom practice. You are encouraged to reflect 
on the article independently as well as discuss it 
with your colleagues. 


e What mathematical understanding of mea- 
surement and algebra must a teacher have 
in order to implement these concepts effec- 
tively in classroom instruction? 

e How can students benefit from thinking 
first about generalized concepts and later 
about specific numerical examples? 

e How does learning mathematics from 
a measurement perspective influence 
a child’s understanding of numeric 
relationships? 

e What expectations of student behaviors 
must be communicated to build a classroom 
environment where students construct their 
understanding and explain their thinking? 


You are invited to tell us how you used “Reflect 
and Discuss” as part of your professional devel- 


opment. The Editorial Panel appreciates the 


interest and values the views of those who take 
the time to send us their comments. Letters may 
be submitted to Teaching Children Mathemat- 
ics at tem@nctm.org. Please include “Readers’ 
Exchange” in the subject line. Because of space 
limitations, letters and rejoinders from authors 
beyond the 250-word limit may be subject to 
abridgement. Letters are also edited for style and 
content. 


of randomly pulling a specific colored square tile. 
To decide, students used the fact that red tiles make 
up more of the area unit than do green tiles; thus, 
one has a greater chance of pulling a red tile than 
pulling a green tile. 


Summary 


In its preliminary results, Measure Up’s approach 
to measurement (Davydov 1975) as the basis 
for mathematical development has shown that 
students proficiently use the relationships among 
and between units to compare quantities through 
indirect measures. We feel that by beginning with 
measurement we give students opportunities to 
concretely represent mathematical structures. 
This experience influences students’ approach to 
new and more sophisticated mathematics topics. 
They become accustomed to pursuing a concep- 
tual understanding that is well connected and 
logically fits into their theoretical framework of 
measurement. 

As we move further into the Measure Up proj- 
ect, we are excited to see the longitudinal effects 
of using measurement as the basis for mathemat- 
ics topics as the complexity of the mathematics 
increases. We hope that these early experiences will 
empower all students to confidently approach new 
topics and pursue higher-level mathematics at an 
earlier age and with greater understanding. 
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ngel and Naisha, two sixth-graders in Ms. 

Font’s mathematics class, had the follow- 

ing conversation as they reflected on their 
experience with posing and investigating problems 
related to overcrowding at their school. 


Angel. I think that every time you did the project 
[about overcrowding at the school], it makes you 
feel more quizzitive. 
Naisha. What’s quizzitive? 
Angel. Curious. It’s like—curious about different 
' things, like it makes you want to go deeper into 
the project, and learn more stuff.... Like the legal 
width of the hallway, the different dimensions of 
each room. It makes you feel mad curious, because 
you want to know different things. And when you 
learn different things, that will help you with stuff, 
cause then you know how much space you got [in 
your school]. 


As teachers, we would like for all our students to 
be as “‘quizzitive” and as curious about mathematics 
as Angel. The problem posing she is discussing with 
Naisha was part of the study unit Overcrowding at 
Our School, in which students drew on important 
mathematical concepts such as measurement, frac- 
tions, and ratios to investigate their school space, 
compare it with that of other schools, and ultimately 
argue that their school was overcrowded. 

Problem posing and problem solving have been 
core elements of reform initiatives for decades 
(National Council of Teachers of Mathematics 
1989, 2000). Numerous researchers have argued for 
grounding problems in contexts relevant to students’ 
experiences (e.g., Kahn and Civil 2001). What was 
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unique about the problems posed by Angel, Naisha, 
and their classmates was that they were authen- 
tic—that is, they arose from an actual situation that 


* was genuinely problematic: overcrowding at their 


school. The problems the students posed emerged 
from their daily experiences in navigating narrow, 
densely populated hallways, sitting in classrooms 
that felt “way too small,’ and observing a similar 
school that appeared to have more space. Students 
cared deeply about these issues, and whether or not 
they were solved made a difference to them person- 
ally. As Angel commented, 


It was what we wanted to learn about.... It 
was easier to do the math this way, instead of 
just learning it straight, like solving a problem, 
because we would actually like really get into it, 
and that made it easier.... Like the facts [about 
the school] they make you want to find out the 
answer. Like we wanted to know. 


What happens when students pose and inves- 
tigate authentic problems? What is the impact on 
their learning and engagement? And how do teach- 
ers negotiate a balance between helping students 


investigate real problems as they arise and ensuring 


By Erin E. Turner and Beatriz T. Font Strawhun 
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that all students learn the mathematics they need 
to learn? 

In this article, we describe what happened when 
we taught a five-week mathematics unit designed to 
foster posing and solving authentic problems. We 
tell the story of Angel’s participation in this unit 
and use her story to highlight the value of this peda- 
gogical approach. The merits include increased stu- 
dent engagement, enhanced opportunities for math- 
ematical learning, and shifts in students’ beliefs 
about mathematics (see fig. 1). We conclude with 
our reflections on the project and some suggestions 
for posing authentic problems in the elementary 
mathematics classroom. 


Mathematics as a Tool to 
investigate Crowding 


Ms. Font teaches sixth-grade mathematics at “Fran- 
cis Middle School,” a diverse, urban public school 
in New York City. A small school with approxi- 


Merits of students posing and investigat- 
ing authentic problems 


— 


. Increased student interest and engagement 
in mathematics 
2. Enhanced opportunities to develop math- 
ematical understanding 
3. Shifts in students’ views of mathematics and 
its potentially transformative role in their 
lives 


Students record their concerns about overcrowd- 
ing at their school. 


ee 


Why does Why are =\Whuydow 
Longmore have the hallways ae to 
wider , Sotrowdedé Share. 

hallways ¢ 4 


mately 210 students, Francis Middle School is 
located in a predominantly working-class African 
American, Dominican, and Puerto Rican commu- 
nity. During the year of this study, the authors col- 
laborated to design a series of project-based study 
units in which students used rigorous mathemat- 
ics to investigate local and global issues. While 
each unit involved students in posing problems 
of interest to them, the overcrowding project in 
particular was driven by themes that emerged from 
the students’ experiences (Freire 1993). To begin 
the study unit, Ms. Font asked the students to list 
issues about the school and local community that 
concerned them. The students’ lists included topics 
such as neighborhood violence, gender-based sal- 
ary discrepancies, decreases in school funding, and, 
repeatedly, the “space crisis” at their school (see 
fig. 2). Although any one of these topics might have 
sparked a rich mathematics unit, we selected the 
topic Overcrowding at our School for two impor- 
tant reasons. First, overcrowding was a salient issue 
for the students. Second, we knew that mathemati- 
cally investigating the school space would provide 
an authentic context for several important math- 
ematical concepts that Ms. Font needed to address, 
such as linear and area measurement and operations 
with fractions and ratios. 

At the beginning of the study unit, the students 
claimed that Francis was “more crowded” than 
other schools and were eager to speak out in hope 
of increasing school space. Yet they were not sure 
how to discuss the crowding in terms that might 
convince school district administrators, and it was 
unclear to them how mathematics could enhance 
their argument. To help the students connect their 
concern about overcrowding with mathematics 
tools that would support their investigation, Ms. 
Font posed questions such as these: “How can we 
show the school district administrators how much 
space we have? What kind of information would 
we need to collect? What kinds of measurements? 
How might we prove that Francis is more crowded 
than Longmore?” (“Longmore Middle School” 
was located in the same building, one floor below 
Francis.) Students quickly realized that quantifying 
the school’s space would be helpful. As one student 
noted, “We need to give them specifics ... like [we 
need] to find the area!” 

Ms. Font then prepared a series of lessons that 
addressed linear and area measurement, including 
how to find the area of a space having mixed- 
number dimensions, such as a hallway that mea- 
sured 10 1/2 meters by 1 1/4 meters. [Note: The 
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students initially measured length in meters and 
centimeters, but, considering the unit’s mathemat- 
ics goals—linear and area measurement, ratios, and 
operations with fractions and mixed numbers— 
Ms. Font guided them to record measurements 
expressed as the nearest fraction of a meter (e.g., 
10 1/2 meters rather than 10 meters and 50 cm), 
thereby creating opportunities for the students to 
solve problems with fractions and mixed numbers. ] 
After several days of measuring classrooms and 
hallways, calculating areas, and collecting informa- 
tion about the school district’s space regulations, 
students formed small groups to investigate a par- 
ticular aspect of the school space in greater depth. 
Ms. Font met with each group and helped the group 
members frame a problem that they could investi- 
gate mathematically. For example, one group, con- 
cerned about the schools’ narrow hallways, posed 
the following problem: “How does our hallway 
space compare to the hallway space at Longmore? 
Are we really more crowded?” They generated 


relevant comparative data, such as area of the hall- - 


ways and the number of students in each school, 
and constructed arguments based on their analysis. 
Figure 3 displays students’ analysis of the hallway 
space, and figure 4 presents additional examples of 
the problems students investigated. 


Angel's Topic: Overcrowding 
in the Girls’ Restroom 


Angel was a tall, rather quiet African American 
student in Ms. Font’s class who spoke candidly 
about her preference for other subjects, such as 
language arts, over mathematics. She frequently 
made comments such as, “Math is all right, I guess, 
but I’m not really good at it,” and her class partici- 
pation was minimal. She often failed to complete 
assignments and was not very “quizzitive” about 
mathematics. However, when the class began to 
investigate overcrowding at the school, Angel’s 
level of engagement increased noticeably. 

Angel was extremely concerned about the 
school’s bathrooms. She was bothered that all the 
female students in the school shared one small 
facility with only three working stalls and that the 
“wait time” during “peak use periods” made using 
the restroom almost impossible. Having to navigate 
among ten or twelve people in a tight space caused 
her significant frustration. Given the opportunity 
to pose her own problem about the school, Angel 
responded: “We want to know, why are the girls’ 
bathrooms so small? And how does the size of 
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Lianna and Thomas's investigation of hallway space 


Lianna and Thomas were concerned about overcrowded hallways, 
particularly between class periods, when all the students used the 
space at the same time. They first measured the length and width 
of the hallways in their school (Francis Middle School) and ina 
neighboring school (Longmore Middle School) and then calculated 
the total area of all hallways. Next, they calculated the amount of 
hallway space per student in the two schools and used these ratios 
to argue that the hallways in Francis were more crowded. 


Total Area Number Hallway Space 
of All Hallways | of Students per Student 
Francis Middle | 199 1/2 square 213 0.95 square 
School meters meters 


Longmore 
Middle School 


251 3/4 square 
meters 


4.2 square 
meters 





Space problems at Francis Middle School that the students 
investigated 


How does the total hallway area of Francis compare with the total 
hallway area of Longmore? 

What percentage of the school’s hallways meets school district 
building codes (for minimum hallway width)? 

How much classroom space is there for each student at Francis? 
How does the classroom space per student at Francis compare 
with the classroom space per student at Longmore? 

What percentage of Francis’s classrooms meets district building 
codes (for minimum classroom area)? 


our bathroom compare to the girls’ bathroom at 
Longmore?” She assumed a leadership role in her 
group and with great enthusiasm gathered relevant 
data such as the number of female students in the 
school, the restroom’s dimensions, and the number 
of stalls. Her group collected similar data from 
Longmore in order to compare the girls’ restrooms 
across schools. 


As Angel posed an authentic problem that mat- 


tered to her, her desire to understand and change the 
situation motivated her engagement in mathemat- 
ics. This was not the first time that Angel’s class 
had participated in rich problem solving. However, 
for Angel the opportunity to pose problems related 
to issues she cared about set this experience apart 
from the rest. In her words, 


Look, it’s like you are learning about things 
you be [sic] in every day, and it’s a part of your 


459 





Angel's strategy for calculating the area of the girls’ restroom 


Angel partitioned a drawing of the girls’ 


restroom into smaller rectangular spaces 

to calculate the area. She began by divid- 
ing the space into areas of whole and 
partial square meters (i.e., ten whole square 
meters, five 3/4 square meters, and two 1/4 
square meters). To find the area of the five 
3/4 square meters, she broke one 3/4 into 
individual fourths, and then combined these 
fourths with the remaining 3/4s to create I 


23/4 
meters 


5 1/4 meters 


wholes. Her calculation of the area was an I 
estimate; she did not include the area of 


the small rectangular space in the lower 
right corner of the diagram, which mea- 


sured 3/4 meter by 1/4 meter. The students 


in Ms. Font’s class decided that they could 
accurately estimate the area of rooms and 


hallways without including the area of this 


small space. The decision to omit this space 


was made, in part, because multiplying two 
fractions with conceptual understanding 
was beyond the ability of some of the students. 
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life.... Because you know something more, it’s 
like adding to your knowledge. Because you 
can remember that. So when we did that project 
about the space, it was something you could 
keep with you, it is like information that could 
involve you. 


Angel’s story is not unique. We found that pos- 
ing authentic problems increased many students’ 
interest and engagement in mathematics. They 
assumed ownership over the problems they posed 
and acted as agents in their own learning. We argue 
that this increased engagement, especially for 
students such as Angel, who tend to remain on the 
margins of classroom activity, is an important merit 
of this kind of problem-posing pedagogy. 


Enhanced opportunities for 


developing mathematical 
understanding — 

The students in Angel’s group continued their 
investigation by constructing a floor plan of the 
girls’ restroom and calculating the area. To figure 
the area, Angel partitioned the 5 1/4-by-2 3/4-meter 
space into smaller rectangular areas so that she 
could deal with whole and partial square meters 
separately (see fig. 5 for a diagram and full descrip- 
tion of Angel’s strategy). This partitioning strategy 





2x 1/4 = 2/4 


5 x 3/4 = 3 wholes and 3/4 


Total area: 


10 +3 3/4+2/4=14 1/4 





3 wholes (distributing one 3/4 across other 3/4ths to create wholes) 


was invented by one of Angel’s classmates as a 
way to deal with rooms whose dimensions included 
fractions of a meter. The strategy was made public 
in a whole-group discussion and then appropriated 
by many students. 

As figure 5 demonstrates, Angel had a develop- 
ing understanding of area, including how to cal- 
culate the area of a rectangular space with mixed- 
number dimensions. Also evident is her ability to 
multiply a whole number by a fraction (i.e., 5 x 
3/4) and combine fractional parts to create wholes. 
These concepts, important for all sixth graders, 
were concepts that Ms. Font aimed to address in 
this study unit. In addition, for Angel they were 
new mathematical understandings she developed 
and applied over the course of the project. Given 
her history as a low-achieving mathematics student, 
this understanding is significant. 

Other teacher-created problems may have 
addressed the same mathematical goals (i.e., area 
and fractions) but may not have engaged Angel. 
The authentic problems Angel posed were math- 
ematically rich and engaging, thus motivating 
her to participate in problem solving and, in turn, 
resulting in learning. We argue that such enhanced 
opportunities for constructing mathematical under- 
standing are a second merit of this problem-posing 
pedagogy. 
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Shifts in students’ view of 
mathematics and its usefulness 
Posing problems that matter resulted in new mathe- 
matical understandings for Angel and also changed 
how she viewed the discipline. Before this study 
unit, Angel spoke of mathematics as “numbers” 
and “operations” and topics she never understood, 
such as “that division thing.” She knew that math- 
ematics was “important for the future” but could 
not describe how it related to life outside the class- 
room. Investigating authentic problems pushed 
Angel to broaden her conception of mathematics, 
particularly how it might be useful in her life. She 
commented: 


With math ... it’s like you have more defense. 
You know the length and the width, and you 
know—let’s say you go and have an argument 
with somebody, and you say the hallway or the 
bathroom is small, and they say, “What do you 
mean it’s small?” and you don’t even know how 
big it is. And it’s like, this room, you know the 
length and the width and the area, and then it’s 
like you have more defense right there, because 
you know more stuff that they didn’t even know 
about. 


Angel was not the only student who experienced 
a shift in her views about mathematics. In general, 
students came to view mathematics as a tool that 
could help them investigate important personal and 
social issues, explore issues of equity and fairness, 
and argue and prove their point of view. Students 
often struggle to identify personal reasons why 
they should learn mathematics (Martin 2000; Nod- 
dings 1993), and yet understanding the utility of 
mathematics in one’s life is a core component of the 
Equity Principle as set forth in Principles and Stan- 
dards for School Mathematics (National Council of 
Teachers of Mathematics 2000, p. 12). Thus these 
shifts in Angel’s and her peers’ understandings 
about mathematics are significant. 


Balancing authenticity and 
mathematical goals 

The stories of Angel and her classmates are com- 
pelling and highlight the merits of posing authen- 
tic problems in the mathematics classroom. Yet we 
recognize that this kind of teaching is challenging 
and complex. In this section, we describe a partic- 
ular challenge we encountered as we implemented 
the study unit, one that we believe other teachers 
may face and one that is inherent in instruction 
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driven by multiple goals: How can teachers ensure 
that the problems students pose are “real” and 
authentic and at the same time address particular 
mathematical concepts? 

We recognize that teachers often have to 
address certain content, and Ms. Font, as noted, 
did have clear mathematical goals in mind for 
this unit—linear and area measurement, ratios, 
and operations with fractions and mixed numbers. 
But also important was the fact that the students 
engaged in mathematics that was personally and 
socially relevant. In most cases, the problems the 
students posed about overcrowding led to math- 
ematical problems consistent with the study unit’s 
goals. The students measured hallways, calculated 
areas, and learned to use space-per-person ratios 
as tools to evaluate crowding. But occasionally the 
students posed problems about the school space 
that did not easily lend themselves to mathemati- 
cal investigations. 

L. J. and Joel, two students passionate about 


- basketball, were concerned about the safety haz- 


ard created by floor-to-ceiling poles in the school 
gym. Ms. Font’s role was to help the students see 
how their interests—proving to the school district 
that their gym was not a safe place to play basket- 
ball—intersected with the mathematical content 
they needed to study. This is not an easy chal- 
lenge, and we acknowledge that mathematics may 
not always be the best discipline to address the 
problems the students pose. In this case, Ms. Font 
was able to negotiate this intersection. She helped 
L. J. and Joel expand their study so that it included 
an analysis of how the gym space was shared 
among multiple schools and how the presence 
of poles in the gym reduced the area of the court 
where students could play basketball. We believe 
it is important for problem solving to be “real” and 
for students to pose questions they genuinely care 
about. At the same time, we recognize teachers’ 
responsibility to address particular mathematics 
concepts. Pursuing these multiple goals is bound 
to create moments of tension, and we found the 
following suggestions helpful in addressing these 
challenges. 


Suggestions for Problem 
Posing in the Elementary 
Mathematics Classroom 


1. Start small, with an instructional unit lasting 
several weeks. Although the mathematics unit we 
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Students practicing the speech they 
presented to a school advisory team 








have described spanned five weeks, curriculum 
mandates may make it difficult for teachers to 
set aside the standard text for extended periods 
of time. Teachers can integrate posing authentic 
problems by developing short units of study that 
draw on grade-level mathematics objectives to 
investigate important local issues. A study of the 
school cafeteria, including menu items, their cost, 
student preferences, and nutritional value, could 
address mathematics concepts related to collecting, 
organizing, and analyzing data, while designing a 
space for a school function, such as a carnival or a 
field day, might ask students to apply measurement 
concepts and spatial reasoning. We acknowledge 
that not all important mathematics concepts will 
“emerge” from problems that students pose, and we 
do not envision investigating authentic problems 
as a replacement for the curriculum. But we see 
authentic problems as a way of enhancing and, in 
cases such as Angel’s, transforming students’ expe- 
riences in learning mathematics. 

2. Look for the mathematics potential in local 
issues. Teachers can begin by paying attention to 
situations in the school or community that have 


_ the potential to spark mathematically rich problem 


solving. As we listened to Ms. Font’s students com- 
plain about overcrowding at the school, we realized 
that analyzing the school space could lead to a 
variety of mathematics problems involving mea- 
surement, fractions, and ratios. Teachers can work 
together to brainstorm possible topics, and the par- 
ticular mathematics concepts that each topic might 
involve (for additional examples of “real world” 
issues that other teachers have drawn on to teach 
mathematics, see De Orilla a Orilla 2005; Gutstein 
2001; and Gutstein and Peterson 2005). 


3. Be flexible. We quickly discovered that the 
ability to pose authentic problems develops natu- 
rally. On almost a daily basis, we found ourselves 
adjusting lesson plans and gathering information 
and materials related to the particular problems the 
students posed. For instance, the students initially 
used metric units for all measurements. Several 
weeks into the project, before sharing the results 
of their investigation with school district adminis- 
trators, the district staff requested that all data be 
converted to standard units because, as one student 
explained, “The district only speaks feet.” Ms. 
Font quickly planned a lesson that addressed how 
to convert units of measurement. The flexibility to 
adjust daily instruction as needed was essential to 
the success of this project. 

4. Incorporate mini-lessons. Because the stu- 
dents investigated complex “real” situations, antici- 
pating all the mathematical skills and understand- 
ings they would need was challenging. We found 
that mini-lessons spaced throughout the study unit 
were an effective tool for introducing new math- 
ematical concepts on an “as needed” basis. Mini- 
lessons covered topics such as multiplying fractions 
and mixed numbers, converting between metric and 
standard units, and calculating space-per-person 
ratios. Although mini-lessons typically involved the 
whole class, Ms. Font sometimes presented lessons 
to small groups of students. 

5. Allow for student choice and ownership. 
Although the entire class investigated the same 
general problem—overcrowding—we found it ben- 
eficial for students to pose their own problem about 
a particular aspect of the issue that was of interest 
to them. This element of choice helped all students 
assume ownership of the project, thus, as we found, 
increasing their engagement and their opportunities 
for learning mathematics. 


The impact of the 
Students’ Investigations 


Toward the end of the study unit, the students shared 
the results of their investigation with others. They 
compiled analyses of various aspects of the school 
space—hallways, classrooms, and restrooms—and 
presented their findings at a school advisory team 
meeting and later to school district administrators 
(see fig. 6). The students argued: 


The board of education has a building code that 


the classrooms have to be at least 750 square 
feet for 30 children. As you can see on the [floor 
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plan], only 3 classrooms are big enough.... 
The board of education has another building 
code that says the hallways must be 5 feet and 
8 inches wide.... There is only one hallway that 
is 5 feet 8 inches.... So as a school we think we 
should have less students or more space. 


What became of the students’ investigations? 
Did the data they presented effect change? 

At the end of the school year, it was unclear 
whether the school district would increase Francis 
Middle School’s allocated space or limit its pro- 
jected enrollment. But over the summer, the district 
decided to reduce the incoming class by approxi- 
mately 30 students, thus allowing the school to 
retain its current size instead of increasing from 210 
to 240 students, as initially planned. Although this 
result may seem inconsequential, the school dis- 
trict’s action prevented an already crowded school 
from becoming even more overcrowded, an action 
that the students welcomed as one small success. 
As one student, Jnana, commented, 


Yes [we made a difference], because first of 
all, we found out something for ourselves and 
we actually proved a point. We actually, like 
we made the difference.... We learned what we 
learned, and we told people.... And math made 
our argument make more sense. You couldn’t do 
it without the math. 
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Developing Students’ 





4AM o you have a six?” Gina asked Martin. 
“Yes, I do,’ replied Martin as he 
passed his card to Gina. 

“So I have two cards that make ten,” said Gina 
excitedly, showing her six of hearts and a four of 
spades. 

“Gina, do you have a five?” asked Carl. 

“No,” replied Gina, and Carl drew a card. 


People of all ages love to play games. This 
game, Make 10, was created for first-grade students 
to help them find combinations of numbers with a 
sum of 10 and to give them practice with number 
facts (see fig. 1). The children work together to 
make number pairs using a deck of cards. A team 
“wins” if it makes the most pairs. Adults recog- 
nize that all the teams will have the same number 
combinations (in other words, no group is going to 
discover something unique), but this is not obvious 
to children. Many times ideas that are obvious to 
adults can launch a mathematical discussion in an 
elementary school classroom. In this case, just ask 
the children why the teams had the same number 
combinations and why they think they all found 
the same pairs. Good games for the classroom are 
engaging and create opportunities for students to 
explore mathematical ideas. 

Kindergarteners and first graders enjoy games 
based on chance. These games provide opportu- 
nities to explore fundamental number concepts 
such as the counting sequence, one-to-one corre- 
spondence, and quantity. Third- and fourth-grade 
students are intrigued by games of strategy, which 
require players to consider multiple options, pre- 
dict future moves, and plan a series of moves that 


high school. She now teaches methods and content courses for prospective elementary teachers at 
Washington State University, Pullman, WA 99164-2132. 
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..Mathematical Reasoning 


. ~~, through Games 


will maximize their chance of winning. Engaging 
mathematical games encourage students to explore 
number combinations, place value, patterns, and 
other important mathematical concepts. The three 
Ps—plan, play, and please be patient—provide 
a framework to help teachers consider a game’s 
potential for exploring mathematical ideas with 
students and leading to a rich discussion. 


The Three Ps 


When choosing a game for the classroom, first play 
the game yourself with a family member or a col- 
league to gain familiarity with its rules and subtle- 
ties. Discuss the mathematical ideas embedded in 
the game and how these ideas may emerge during 
play. Determine the level of competition appropri- 
ate for your students and decide whether the rules 
need to be modified to meet their needs. Anticipate 
some possible responses or strategies that your 
students may use while playing the game. From 
your list of anticipated responses, create a list of 
questions that you can ask to probe your students’ 
thinking during play. 


Plan 


Plan how you will introduce the game to your class. 
Will two students demonstrate while you explain? 
Will you invite one student to play the game with 
you? Or will you play against the whole class? 
Decide on an appropriate amount of class time to 
devote to playing the game. Remember that play- 
ing a game for the first time requires a period of 
learning and clarification. As students become 
more familiar with the game, they will spend less 
time learning the rules and more time exploring 
mathematical ideas. 

Decide how you will pair students or form the 
small groups who then start the game on their 
own. Students who use less sophisticated strategies 
should be partnered with students who use slightly 
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more mature strategies but not with the most 
abstract thinkers. Abstract thinkers and students 
who use immature strategies may be unable to 
communicate with each other because they concep- 
tualize mathematical ideas in very different ways 
(Carpenter et al. 1999). The slightly more mature 
thinkers can also be paired with the abstract think- 
ers because they use language with common mean- 
ings. As they explain their solutions or strategy, the 
more mature thinkers develop their articulation of 
mathematical ideas and thus lead less mature think- 
ers to more abstract ideas. 


Play 

Introduce the game and then, while the students 
play, walk around the room and listen to their 
conversations. Ask probing questions and listen 
to the students’ responses. Rather than restate a 
student’s strategy, ask his or her partner to explain 
it. Take notes to record the different strategies that 
your students use and to plan the class discussion. 
Decide which strategies to discuss first, beginning 
with less mature ideas and then moving to more 
sophisticated strategies. Ask the students how the 
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strategies are similar and how they are different. 
Possible discussion starters include these: 


e “Thumbs up if you liked the game, thumbs 
sideways if it was okay, and thumbs down if 
you didn’t like it. What did you like about it? 
Why?” 

¢ “What did you notice while playing the game?” 

¢ “Did you make any choices while playing?” 

¢ “Did anyone figure out a way to quickly find a 
solution?” 


After the discussion, ask the students to partner 
with a different person to explain their strategy and 
then give them five minutes to write the alternative 
strategy in their mathematics journal. Last, suggest 
that the next time they play the game they use a 
different strategy. 


Please be patient 

Provide repeated opportunities for your students 
to play the game, and let the mathematical ideas 
emerge as they notice new patterns, relationships, 
and strategies. Watch carefully how students incor- 
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Rules for playing the game Make 10 
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Goal 
Players 


Rules 


Modifications 


Make 10 


Make number pairs with a sum of 10. 


Game is played by two or three children. 


. Shuffle a deck of cards with the numbers 0 to 10 or 1 to 9. 


. Deal five cards to each player. Place the remaining cards 


face down on the table. 


. Player 1 asks one of the other players for a card to add 


to one of her or his cards to make a sum of 10. The 
requested card is then placed with a second card from 
player 1's hand, and the other players check the sum. If 
the player does not have the requested card, player 1 
draws one card from the face-down stack. If player 1 can 
make a sum of 10 with two cards, the pair is placed on 
the table. 


. The players draw additional cards from the face-down 


stack until they each have five cards. If player 1 cannot 
make a sum of 10 with the cards in her or his hand, player 
1 keeps the six cards and does not draw additional cards 
until he or she has fewer than five cards. 


. The game is over when the face-down cards have been 


used up. The students count the number of pairs that 
they made, and the group with the largest number wins. 
(Note: Because the game should result in every group 
finding the same number of pairs, everyone should win. 
This outcome can prompt a rich discussion as to why this 
is the case.) 


. Play the game competitively; each player tries to get the 


greatest number of pairs. 


. Allow students to use two or three cards to make a sum 


of 10. 


. Change the goal from making 10 to creating the largest 


two-digit number (this game is called Double Digits). 


. Change the goal from making 10 to making the highest 
sum with two cards (this game is called Super Sums). 





porate more abstract strategies into their own. Be 
patient and allow the mathematical ideas to develop 
over time. Your patience empowers students to 
independently explore mathematical ideas and 
create conceptual understandings that they will 
not forget. To illustrate the three Ps framework 
for using games in the classroom, three games are 
presented here along with a brief discussion of 
primary and intermediate students’ developmental 
needs while playing games. 


A Game for Primary-Level 
Students: Close to 20 


Games that five-year-olds like to play are gener- 
ally based on luck: With each card a player draws 
or with each roll of a die, the player has only one 
choice. Board games, card games, and games with 
dice allow primary-level students to explore fun- 
damental number concepts by counting and using 
one-to-one correspondence as they move a game 
piece on a board (Fosnot and Dolk 2001). Eventu- 
ally, the children notice that larger numbers in the 
counting sequence yield a greater number of spaces 
on the game board, and they begin to conceptualize 
two aspects of numbers: Numbers represent both an 
element in the counting sequence and a quantity. 

First and second graders enjoy using mathemati- 
cal reasoning to play more sophisticated games. 
Competition should be minimized to keep their 
thinking focused on the mathematical ideas. The 
game Close to 20 (Akers et al. 1997) promotes 
mathematical thinking while offering practice in 
number facts. I was introduced to this game while 
team teaching with a first-grade teacher. The differ- 
ent strategies that the children used to find number 
combinations close to 20 intrigued me, and the 
game quickly became a classroom favorite. 

Close to 20 is played by using a set of cards 
numbered 0 to 9 and recording sheets. Each player 
is dealt five cards and then chooses three of the five 
cards to make a sum as close to 20 as possible (but 
not more than 20). A player’s score for the round 
is the difference between his or her combination 
and 20. On the recording sheet (fig. 2), each player 
writes his or her combination, the total of the com- 
bination, and the score for the round (20 — total). At 
the end of the round, each player discards the cards 
used to make this first combination and receives 
three new cards. Play continues for five rounds, 
when the game is over. To minimize competition 
and enhance cooperation, have each student pair 
or student group aim to have the lowest combined 
total in the class. 


Plan 

When I played this game, I quickly realized that I 
was not finding all the possible sums close to 20. So 
I tried some different strategies. One strategy I used 
was to pick the largest card of the five I was dealt and 
then pick two more cards whose sum was greater than 
10. I knew that for the sum of my three cards to be 
20, the sum of these two cards had to be equal to the 
difference between my largest card and 10. Another 
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strategy I used was based on my knowledge that 3 
times 6 is 18 (a number close to 20 but still less than 
20). Thus, I would select three cards that were close 
to the number 6 (e.g., 6, 5, and 7). 

The mathematical ideas underlying Close to 20 
include these: 


* Numbers can be combined in different ways. 

* The closest sum may be greater than 20. 

¢ Estimation and related facts can reduce the 
number of combinations you have to check for 
the closest sum. 


During the second week of school, I wanted to 
assess whether a group of second graders recog- 
nized that numbers could be combined in several 
ways to make a larger number and to ascertain 
their knowledge of number facts. Close to 20 was 
a game I could use both as a formative assessment 
and as a prompt for a mathematical discussion. I 
decided to minimize competition by encouraging 


the students to help one another find sums close to - 


20 and making the objective a lower score. 


Play 
To introduce the game, I played the game with 
another student. 


Teacher. We are going to play a card game called 
' Close to 20. What do you think that we’re going to 
try to do? 


Yasmeen. 1 know—we can use cards to make 20. 

Teacher. Do you think that we’ll always be able 
to make 20? 

Marquis. Yes. You can make lots of numbers 
with cards. 

Larry. No. ... Sometimes you get only little 
cards and can’t make a big number. 

Teacher. 1 wonder what you will find out. Who 
wants to play the game with me? (Hands went up.) 
Okay, Luis, come sit here. Please deal me five cards 
and then give yourself five cards. Now, let’s look 
at my cards. Who can help me make 20 with three 
cards? (We used 5, 6, and 7 to make 18.) Now, here is 
my recording sheet. What should we write down? 

Marquis. Put the numbers on the lines and write 
your sum here (pointing at the space next to the 
equals symbol). 

Teacher. What should we do here? (J pointed at 
the last column.) 

Shaundra. Put 2 in there, you need 2 more to 
get to 20. 

Teacher. Now let’s look at Luis’s cards. (Luis 
shared his cards and possible combinations. Most 
of the students were ready to play, and I gave cards 
and two recording sheets to pairs of children.) 


While the second graders played the game, 
I walked around the room. I noticed that they 
recorded the first combination that they created. 
When I had demonstrated the game, several chil- 
dren suggested combinations, and we picked the 


Recording sheet for the game Close to 20 


Close to 20 Recording Sheet 
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Name 


Score for 
Round 
(20 — total) 


Game Total 


467 


468 


Photograph by Jo Clay Olson; all rights reserved 





largest one. Clearly, the students were focused on 
finding only one combination that was less than 
20. When I asked the children why they used a par- 
ticular combination, I heard two responses: “I just 
picked it” and “I knew that 4 plus 2 plus 5 is less 
than 20 because they are all little numbers.” When 
I asked how they figured out the difference between 
their sum and 20, the students replied, “I counted 
on my fingers.” After ten minutes of play, I decided 
that it was time for us to discuss the game. 

I began our discussion by asking, “Do you 
remember when we talked about the game and we 
wondered if we could make 20 every time? What 
happened?” The second graders now voiced their 
observation that it was hard to get 20. Then I asked, 
“Did any of you make 20?” The students looked at 
their sheets, and three children raised their hands. 
I wrote their combinations on the board and asked 
the class to look for a strategy that might help them 
make combinations of 20. My questions and com- 


ments helped the second graders think more deeply 


about different strategies for selecting cards: 


¢ “What do  you_ notice about these 
combinations?” 

¢ “Oh, they all begin with the largest number. 
What do you think the children were thinking 
about?” 

¢ “How did you figure out sums of numbers with- 
out counting on your fingers?” 

¢ “How could you use combinations that you 
know to play the game?” 


Please be patient 

The second graders played the game for 15 more 
minutes. To construct sums that were closer to 20, 
the children first selected the largest number in their 
hand. They understood that different numbers could 
be combined to make a sum of 20, but I did not see 
them trying several sums before recording one. A 
few children used base-ten blocks, multilink cubes, 
and hundreds charts as tools to help them find com- 
binations and the difference between their sum and 
20. During my observation of their resumed play, I 
saw children using some of the ideas that we had dis- 
cussed. I wondered whether calculators would allow 
them to find the combination that was the closest to 
20. Would calculators enhance their exploration of 
number patterns and relationships, or would they 
become a tool for finding an answer? I realized that 
providing calculators might change the focus of the 
game and that I needed to carefully consider how 
and when to introduce them. 


Cautions 

Sometimes teachers use games solely to practice 
number facts. These games usually do not engage 
children for long because they are based on memori- 
zation. Some children are quick to memorize, while 
others need a few moments to use a related fact to 
compute. Children placed in situations in which 
recall speed determines success may infer that being 
“smart” in mathematics means getting the correct 
answer quickly instead of valuing the process of 
thinking. Consequently, they may feel incompetent 
when they use number patterns or related facts to 
arrive at a solution and may begin to dislike math- 
ematics because they are not fast enough. 


A Game for Intermediate- 
Level Students: The Product 
Game 


Students in the intermediate grades are intrigued 
by games based on strategy and competition. All 
strategy games provide students with opportunities 
to make choices about the best strategy to use while 
allowing them to explore mathematical ideas. Dis- 
cussion about different strategies creates a context 
for developing students’ conceptual understanding 
of patterns, related number facts, and place value. 
Many students use a peer’s explanation to support 
their own learning by modifying it to one that makes 
sense or comparing the strategies for the “‘best’” one. 
A reflective question such as “What did you think 
about when you selected a number pair?” encour- 
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ages students to articulate their mathematical ideas. 
Following is a discussion of the Product game to 
illustrate the three Ps. 


Plan 


In the Product game, students use a variety of strate- 
gies to decide the best first move. The goal of the 
game is to claim any four squares in a row or in a 
column, any four squares that form a diagonal, or the 
four squares at the corners. Figure 3 shows a game 
board designed for fourth-grade students to explore 
the products that can be made from the factors 0, 1, 
2, 3, 4,5, and 6. 

To begin, player 1 places a paper clip on one 
factor on the game board. Player 2 places a second 
paper clip on another factor and claims the product 
of these two factors by placing a colored chip on 
that square on the game board. Player 1 then moves 
one of the clips to a different factor and claims the 
resulting product. The players continue taking turns 
by moving one paper clip and claiming the resulting 


product until one player wins—that is, claims four ~ 


squares—or a draw is declared. 

The first time I played the Product game with 
the factors 0 through 6, I realized that in my mind 
I was substituting other factor pairs for the products 
on the game board. I was amazed at the number of 
facts that I quickly considered while deciding which 
product to claim. Later, I noted that the factors 0, 1, 
‘ and 2 were used to generate more products on the 
game board than the factors 4, 5, and 6 and decided 
that it was better to claim products smaller than 16. 
I claimed the larger products when the opportunity 
arose and when they extended a row, column, or 
diagonal. 

The mathematical ideas underlying the Product 
game include these: 


¢ A product is generated by a pair of factors. 

¢ Some products can be created by more than one 
factor pair. 

* The game board changes when different factors 
are used. 

¢ A finite set of factors can be combined to gener- 
ate a finite number of products. 


Play 

I usually introduce this game by playing against the 
class. After briefly explaining the rules, I place one 
paper clip on a factor on the game board and then 
select a student to pick another factor. The class 
claims the resulting square with a colored chip. I 
move one paper clip to another factor and place a 
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different colored chip on my square. After several 
moves, I win and challenge the class to one more 
game. After the second game, the students are ready 
to pair up and play against each other. While the stu- 
dent pairs play, I engage students in conversations. 
Following is an excerpt from a discussion that I had 
with two fourth-grade students. 


Teacher. (I placed a marker on 5, and José 
claimed the square with the number 10 by placing 
his marker on 2.) José, that is an interesting first 
move. Why did you pick it? 

José. There are five ways to win. 

Teacher. Cherie, do you see any of the ways that 
José could win? 

Cherie. Well, he could win by making a column, 
row, or either diagonal. That’s only four ways. 

José. There are two ways on the column. I could 
use 5, 10, 16, and 25 or 1, 5, 10, and 16. 

Teacher. Interesting. Cherie, what do you think 
is the best first move? 

Cherie. | like to take 5 first. 

Teacher. Why? 

Cherie. It’s easier to get four in a row. 

Teacher. Why is it easier? 

Cherie. Uhm ...Well, the numbers are smaller 
and that makes it easier. 

Teacher. José, what do you think? 

José. There’s only three ways that you can, so it 
isn’t as good. 

Cherie. But some of the products can be gotten 
in lots of ways so it’s easier to fill them in. 

José. What do you mean? 

Cherie. See, you can get 4 by either 1 and 4 or 
putting both clips on the 2. Six is the same way, so 
it’s easier to win. 

Teacher. Those are both great strategies. Why 
don’t you try to find out which one is better? 


- Game board for the Product game for use 
with the factors 0 through 6 
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Student-constructed 6-by-6 game board for the Product game for use 
with the factors 1 through 9 
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In this dialogue, the reflective questions I asked 
prompted José and Cherie to explore two different 
mathematical ideas. José explored the patterns of 
rows, columns, and diagonals to determine the best 
first move. Cherie considered the number of factor 
pairs that would enable her to fill in the squares. 
Both used mathematical reasoning to predict possible 
outcomes for their strategies. Initially I interpreted 
Cherie’s response that she liked the smaller number 
to indicate knowledge of the products using the fac- 
tors 1, 2, and 4, but it became clear that she based her 
strategy on the relationship between factor combina- 
tions and products. I encouraged the two students 
to explore each other’s reasoning by investigating 
which strategy was “better.” Investigations based on 
students’ mathematical thinking prompt mathemati- 
cal discussions among students as they compare the 
strengths and limitations of different strategies. 


Please be patient 

These fourth graders enjoyed playing the Product 
game for many months. We extended the game by 
using the factors 1 through 9 and created a 6-by- 
6 game board (see fig. 4). The students designed 
a double-elimination tournament conducted dur- 
ing indoor recess and after school. Students who 
were eliminated during the tournament watched 
their peers play against one another, talked about 
strategies, and designed a round-robin tournament 
for themselves. I found myself listening to their 
discussions, impressed with their articulation of 
mathematical ideas, development of computational 
fluency, and enthusiasm for learning and using 
mathematics. Learning was enhanced when I cre- 


ated opportunities for students to explore, reflect, 
and discuss their mathematical observations by pro- 
viding time, asking questions, and being patient. 


Cautions 

Many students enjoy atin games in which the 
person with the quickest correct response wins and 
continues to play against other class members—for 
example, Around the World or Math Baseball. 
Games of this type pose an ethical question, how- 
ever: Does the game provide an equal opportunity 
for all students to gain fluency with number facts? 
Students who need the most practice with number 
facts usually sit at their desks while the students 
who know the facts have more opportunities to 
practice. Thus, the very students who need to prac- 
tice have less opportunity to learn. When struggling 
students have a turn, they do not have time to use 
mathematical reasoning and often simply guess. 
Often their responses are incorrect, and they return 
to their seat, silently hoping to avoid another turn. 


Summary 


Games are fun and create a context for developing 
students’ mathematical reasoning. They provide 
opportunities for students to wonder why some 
peers are quick to respond and thus encourage 
students to compare different strategies. Through 
playing and analyzing games, students also gain 
computational fluency by describing more effi- 
cient strategies and discussing relationships among 
numbers. Teachers can create opportunities for 
students to explore mathematical ideas by planning 
questions that prompt students to reflect about their 
reasoning and make predictions. 

Driscoll (1999) suggests that teachers some- 
times limit their questions to three types: manag- 
ing, clarifying, and orienting. Managing questions 
help students focus on the problem and_ begin to 
work. Clarifying questions help students interpret 
the problem and select a problem-solving strategy 
that will lead to a correct solution. Orienting ques- 
tions keep students thinking about the problem 
and motivate them toward a correct answer. 
To develop students’ conceptual understanding, 
Driscoll encourages teachers to expand their rep- 
ertoire of questions to include those that prompt 
reflection and those that elicit algebraic reasoning. 

While the children were playing Close to 20, I 
prompted their reflection by asking why they used 
a particular combination and how they figured out 
the difference between their sum and 20. Using 
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their responses, I planned a discussion that would 
encourage them to reflect on whether they could 
always generate a sum of 20. Then I encouraged 
them to use algebraic reasoning to find a numeric 
pattern when comparing three solutions that gener- 
ated a sum of 20. These questions prompted the 
students to use more sophisticated thinking to gen- 
erate sums that were closer to 20. 

Teachers help students develop algebraic rea- 
soning by asking questions that prompt them to 
solve problems by using forward and backward 
processes (Driscoll 1999). For example, in the 
Product game I prompted forward thinking by 
asking, “What are the best first moves? Why?” 
Such questions encourage students to think several 
moves ahead and identify factors that will generate 
products that will have them well positioned on the 
game board. I encouraged backward thinking by 
asking students to begin with a product and then 
identify factors that formed the given product. For 
this game, a good backward-thinking question is, 


“What if our opponent could win by claiming the’ 


square with a 16. What factors would we want to 
avoid placing a paper clip on?” 
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As students play games and analyze strategies, 
they explore mathematical ideas and compare dif- 
ferent strategies for efficiency. The three Ps format 
can help teachers use games to develop students’ 
conceptual understanding. When we carefully con- 
sider the questions we ask and plan an appropriate 
level of competition, students stay focused on the 
mathematics instead of on winning. 
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Characteristics of Shapes 


Problem 


Jennifer cut a 4-inch-by-4-inch square from a piece of paper. 
She then folded the square in half along the diagonal to 
form a triangle (step 1). What are some characteristics of 
the resulting triangle? Jennifer then folded the vertices at 
the two 45-degree angles of the triangle down to meet the 
vertex at the right angle of the triangle (step 2). The result 
was a square. 

Take a square piece of paper the same size as Jennifer's 
and repeat the folds that she made. Unfold the paper. Now, 
try to see what shapes you can make by refolding the pa- 
per—but only along the crease lines (step 3). As you make 
a shape, fill in the chart (table 1) to show that shape’s attri- 
butes. How many of the shapes are similar? How many of 
the shapes are nonsimilar? What relationships do you see between the number of sides and the other attributes, or charac- 
teristics, of the shapes? Can you create a 5-sided figure? Why or why not? 





Step 1: Fold the square in half along the diagonal to 
form a triangle 













Step 3: The unfolded square and its resulting 
creases 


Step 2: Fold down the triangle’s vertices at the two 
45-degree angles to meet the vertex at the trian- 
gle’s right angle, thus forming a smaller square 


C 








Table 1 


Chart for Recording Characteristics of Shapes 


Sketch of the Shape Name(s) for the Shape Number of Sides Other Attributes 





Challenge 

Add columns to the table to record other specific characteristics, such as the following: 
* area of the shape 

* perimeter of the shape 

* types of angles contained in the shape 

* number of pairs of parallel sides 
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he goal of the “Problem Solvers” depart- 

ment is to foster improved communication 

among teachers by posing one problem each 
month for teachers of grades K-6 to try with their 
students. Every teacher can become an author: 
Pose the problem to your students, reflect on your 
students’ work, analyze the classroom dialogue, 
and submit the resulting insights to this depart- 
ment. Through contributions to the journal, every 
teacher can help us all better understand children’s 
capabilities and thinking about mathematics. 
Remember that even students’ misconceptions 
provide valuable information. 


Classroom Setup 


Some students may need guidance in follow- 
ing the instructions. It is important that students 
accurately repeat the same folds that Jennifer 
made. In addition, when making new shapes, they 
should use only the crease lines that result from 


the initial folds. Allow your students to work with | 


a partner or in small groups. Encourage them to 

find as many appropriate names as possible for 

each shape and to use their own words as well as 

formal geometric terms to describe each shape. 

Collect actual students’ work, make notes about 

interactions and discussions that took place, and 

document the variety of students’ solutions that 

you observed. 
As you reflect on your experience with the prob- 

lem, keep in mind the following questions: 

¢ What difficulties did the students have in solving 
the problem? 

e Were you surprised by any students’ responses 
or interpretations? 

¢ What language did the students use to name and 
describe the shapes? 

* Did the students relate this problem to any others 
that they have investigated? 

¢ What extensions to this problem did you or your 
students pose? 

¢ What did your students learn from investigating 
this problem? 


This problem first requires students to follow instructions for folding 
square piece of paper and understand the geometric terminology of the 
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instructions. Second, the problem requires students to create shapes by 
folding paper on existing creases, a task that helps develop their spatial — 
visualization skills. Creating a table helps students organize and consolidate 

their mathematical thinking through communication and representation. In — 
naming the shapes, students practice using their mathematical vocabulary. _ 
When they describe the characteristics of shapes, they have to use their _ 
mathematical vocabulary as well as think about mathematical relationships _ 


among shapes and among parts of shapes. 
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Share Your Students’ Work 


We are interested in how your students responded 
to this problem and how they explained or justified 
their reasoning. Please send us your thoughts and 
reflections. Include information about how you 
posed the problem, samples of your students’ work, 
and even photographs showing your problem solv- 
ers in action. Send your results with your name, 
grade level, and school by July 1, 2007, to Sheryl 
Stump, Department of Mathematical Sciences, Ball 
State University, Muncie, IN 47306-0490. Selected 
submissions will be published in a subsequent issue 
of Teaching Children Mathematics and acknowl- 
edged by name, grade level, and school. 
(Solutions to a previous problem 
begin on the next page) 


Additional Resource 


Did you know that NCTM has published a collec- 
tion of selected “Problem Solvers” columns? 


Sakshaug, Lynae E., Melfried Olson, and Judith 
Olson. Children Are Mathematical Problem 
Solvers. Reston, VA: NCTM, 2002. 


Visit nctm.org/catalog for more on this and other 
NCTM resources, including professional development 
offerings, other publications, and online resources. 


Donna Toll, dtoll@bsu.edu, and Sheryl Stump, sstump@bsu.edu, teach mathematics content and methods classes in the 
Department of Mathematical Sciences, Ball State University, Muncie, IN 47306-0490. 


Edited by Joyce Bishop, jdbishop@eiu.edu, Department of Mathematics and Computer Science, Eastern Illinois University, 
Charleston, IL 61920, and Sheryl Stump, sstump@bsu.edu, Department of Mathematical Sciences, Ball State University, Mun- 
cie, IN 47306-0490. Readers are encouraged to submit problems to the editors to be considered for future “Problem Solvers” 
columns. Receipt of problems will not be acknowledged; however, problems selected for publication will be credited to the 


author. 
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Carla Tayeh 


Solutions to the 
Dicey Situation Problem 


he problem appearing in the May 2006 “Problem Solvers” section, which focuses on probability, was 
: stated as follows: : 





Kristin loved playing this game with the strange dice because she would usually win. Here’s how 
to play this game. You need two players. Each of you constructs one of the dice following the 
schema pictured below. Each player rolls his or her die. The person who rolls the higher number 
wins that round. After 12 rounds, the person who wins the most rounds wins the game. Can you 
figure out Kristin’s strategy for winning? Which of the dice would you choose to win the game? 
Would you prefer to choose a die first or second? Explain your strategy. 


James Rathbun presented the Dicey Situation 
problem to his third-grade class at William C. 
Abney Academy in Grand Rapids, Michigan. Rath- 
bun explained the rules of the game and asked the 
students to predict a winning strategy and then state 
their reasoning in writing. Students’ predictions 
varied, as did their reasoning. One student wrote, “T 
picked the 2-2-2-2-6-6 cube [cube B] because when 
I added the numbers up, it came to 20, more than 
the others.” Another student explained, “I picked 
the 1-5-1-1-5-5 cube [cube D] because there were 
more 5s [on] it than [there were] 6s [on] the 2-2-2- 
2-6-6 cube,” and another student added, “I picked 
the 3-3-3-3-3-3 cube [cube C] because there were 
no low numbers on any side.” 

After the students made their predictions, Rath- 
bun had them test their theories. He had prepared 
templates of each die. The students cut out the 
templates, folded them, arid taped them to make the 
die. Working in pairs, the students were to roll the 
die, collect data, and test their predictions. Rathbun 


Carla Tayeh, Carla.Tayeh@emich.edu, teaches elementary math methods 
and content classes at Eastern Michigan University, Ypsilanti, MI 48197. 


Edited by Barbara Britton, Barbara.Britton@emich.edu, and Carla Tayeh, 
Carla. Tayeh@emich.edu, at Eastern Michigan University, Ypsilanti, MI 48197. 
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recalled: “There was some confusion about roll- 
ing and tallying, so I reviewed that aspect with 
the class. Students commented that some of their 
cubes were squashed and tended to show the same 
side more often.” This was a good observation and 
helped reinforce the idea that the dice needed to be 
fair if the class as a whole was to make conclusions 
based on the data. “We finished the lesson with a 
discussion on lotteries and gambling and the fair- 
ness or odds,” wrote Rathbun. 

Kayana Hoagland, who teaches at South Puget 
Sound Community College in Olympia, Washing- 
ton, also regularly volunteers at Lincoln Options 
Elementary School to work with the second and 
third graders on problem solving in a math lab set- 
ting. She made sets of the four dice for her students 
there and created a lab sheet to help them organize 
their thinking (see fig. 1). She reported: 


I had students work in pairs and start with dice A 
and D. They rolled the dice 36 times and tallied 
the data for 36 trials. They also filled in the chart 
for the theoretical probability of the two dice and 
compared the theoretical probability to the data 
collected. I chose 36 trials because it would di- 
rectly correspond to the theoretical probability 
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Sample recording sheet for the Dicey Situation problem 





Part | 

You need two players. Each of you constructs one of the dice following the schema pictured to the 

right. Each player rolls his or her die. The person who rolls the higher number wins that round. After 

36 rounds, the person who wins the most rounds wins the game. | 4] 0 | 0 | 





1. Which die will win, and why do you think so? a | 


2. Play 36 rounds and tally the wins for each die. 


Win Tally 





3. Use your results to compute the experimental probability: 


Probability that die Awins: __ _—_ Probability that die D wins: 
36 36 


4. Complete the chart to determine the theoretical probability of each die 
winning. 


5. What is the theoretical probability of winning with die A? With die D? Does the 
theoretical probability match the experimental probability that you determined 
from your data? 





Part Il 
Now, you may choose to keep your die or trade it for any of the 


4 dice shown to the right: tits tte 
fa | i, 
ie 


Record the die that each person chooses. 
Partners should not choose the same die as each other. Na 





6. Play 36 rounds and tally the wins for each die. 


Win Tally 
7. Use your results to compute the experimental probability: 


Probability that die___ wins: ___—_— Probability thatdie___ wins: __ 
36 36 









8. Complete the chart to determine the theoretical probability of each die winning. 


In a “fair game,” each player should have an equal chance, or probability, of winning. 
Based on your experiment, is this a fair game? Why or why not? Which of the dice 
would you choose to win the game? 
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possible outcomes. 


476 





Student toss dice and tally their results to test their predictions of 





chart. Second and third graders have limited pro- 
portional reasoning skills and/or decimal equiva- 
lency knowledge so this seemed like the most ac- 
cessible way for them to compare probabilities. 


When asked to predict which die would help a 
player win more often, some students added the 
numbers on each die and predicted that the die with 
the larger sum would. It was good thinking, but the 
strategy failed when those students played using the 






Photographs by Cynthia Hockman-Chupp; all rights reserved 


B and C dice against each other; in such instances, 
the sum on die B is greater, but die C has the greater 
chance of helping a student win. “We discussed how 
this was possible,’ wrote Hoagland. “Some students 
wanted to create their own die or use a standard die. 
I allowed this for some students. They then encoun- 
tered the problem of a ‘tie, which meant they had 
to decide what to do with that situation. I had them 
write down what they decided as a footnote.” 
Cynthia Hockman-Chupp, a teacher, free- 
lance writer, and curriculum consultant in Canby, 
Oregon, presented the Dicey Situation problem to 
home-schooled students aged 10 and 11: 


They had just completed a unit on probability so 
they approached this problem with a great deal of 
excitement. After hearing the problem, students 
considered which die (of the four) to choose. 
Their selection strategies varied. After the first 
person in each group chose a die, the selection 
process intensified. The strategy suddenly turned 
from choosing the best die to choosing the die 
that “will beat my partner.” They began to make 
direct comparisons between their partner’s die 
and the remaining options. One student wanted 
the 6s on die B in order to counter the 5s on her 
partner’s die. Another looked for a die with more 
[large] numbers than his partner’s. 


Before starting the game, Hockman-Chupp 
asked, “Do you think it’s best to choose a die first 
or second?” 


The majority [of students were] happy with the 
order they were assigned. All but one of those 
who went first thought they had the advantage. 
The lone dissenter didn’t think the order would 
affect the game. Seventy-five percent of those 
who went second thought they had the advan- 
tage. What an optimistic group! 


Hockman-Chupp observed that as the students 
began to play (see fig. 2), they quickly realized that 
things were not necessarily as they appeared: 


Most of the students who’d drawn first and 
picked die D lost. Those who’d picked B (and 
chose second) were thrilled. This led us to a dis- 
cussion of how their predictions differed from 
their experience. One student reflected, “I went 
first and thought that was better. But now I see 
the wisdom of going second because you can 
counter what the other person chooses.” 
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I used this opportunity to review terms that 
we'd used in their probability unit. In a previ- 
ous lesson, students had used tree diagrams to 
organize their information to determine theoreti- 
cal probabilities. Now they used this method to 
demonstrate the possible combinations of roll- 
ing two of these dice (see fig. 3). Students were D il te | f al 
intrigued to see the theoretical probability re- ai y me ria 3 rom c e per.com 
sults that so closely matched what they’d found 


in their experiment. Daily math practice 
The solutions to probability problems are often ye Daily word problems 
counterintuitive. This problem lends itself well to fa — . 
introducing a few beginning ideas about probabil- 4 Test prep review 


ity. Probability problems that encourage students to 
experiment and collect data can help build a deeper 
understanding of key probability concepts. 


And so much more! 


Thanks to James Rathbun and his third-grade r | Buy a school license: 
class at William C. Abney Academy, Grand Rap- A 
ids, Michigan; Kayana Hoagland and the second Only $ l 9, 99 per teacher 


and third graders at Lincoln Options Elementary © i F y ij f J 
School, Olympia, Washington; and Cynthia Hock- a ered for a full y ear: 


man-Chupp and her students in Canby, Oregon. & 






















Boegstns 100 Years of 
Mathematics Teacher 


This year Phe Mathematics Teacher (MT) is celebrating 100 years 
of publication. That’s 100 years of thought-provoking articles and 
activities that have inspired educators to provide more and better 
mathematics for all students. 


To commemorate this centennial, NCTM has published a special 
issue of MT, with notable articles and fresh perspectives on 
mathematics education from the past 100 years and an overview of 
the journal’s history. NCTM has also created a colorful poster of 
100 of our readers’ favorite problems from the MT’s “Calendar.” 


Join the celebration—order your issue and poster today! Shop 
online at www.nctm.org or call (800) 235-7566. 
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REVIEWING AND VIEWING - 








Books 


For Students 


Allin Just One Cookie, Susan E. Goodman, 2006. 
25 pp., $16.99 cloth. ISBN-13: 978-0-06-009092-0. 
Greenwillow Books; (212) 261-6500; www.harper 
childrens.com. 


Nothing tastes better than Grandma’s chocolate 
chip cookies right from the oven! In this informa- 
tive tale, Grandma bakes chocolate chip cookies 
from scratch. As she adds the ingredients, the 
reader learns the origin and development of each. 
Grandma’s dog and cat help tell the story and add 
comedy along the way; they explain the techni- 
cal details and lead a discovery of the origins of 
butter, flour, vanilla, eggs, baking soda, sea 
salt, sugar, and chocolate chips. The dog’s 
and cat’s antics help keep children focused 
if their attention begins to wane. A map 
at the end of the book shows the locations 
where these ingredients can be found. Even 
Grandma’s recipe is included! 

Problem solving is not one of the book’s 
explicit intentions, but the story provides 
many opportunities for problem solving as 
well as a springboard for class discussions. 
This book is appropriate for third- through fifth- 
grade students. Because of the large amount of 
information conveyed, I took two days to read the 
book to my students. My students loved this story 
and wanted me to read it again. I will definitely be 
using this book in the future to enrich my problem- 
solving lessons and serve as a link to my social 
studies curriculum.—Deirdre Dacus, James Poole 
Elementary School, Big Sandy, TX 75755. 


Prehistoric Actual Size, Steve Jenkins, 2005. 32 
pp., $16 cloth. ISBN 0-618-53578-0. Houghton 
Mifflin Company; www.houghtonmifflinbooks.com. 


This is an engaging nonfiction book that allows read- 
ers to meet prehistoric creatures face to face. The 
author-illustrator, Steve Jenkins, depicts a variety 
of prehistoric animals by illustrating them in actual 
size. Set against a white background, these creatures 
are portrayed in a vibrant, dramatic manner. Jenkins 
includes a range of animals: the three-inch spiny 


Prices of software, books, and materials are subject to change. Consult the suppliers for the 
‘current prices. The comments reflect the reviewers’ opinions and do not imply endorsement 
by the National Council of Teachers of Mathematics. 
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shark; the two-foot-long ACTUAL 
birdlike Saltopus, which 

leaps across the two-page A IZ 3 
spread; the head of the Fas 
ten-foot-long flying rep- oa 
tile known as Dsungar- 
ipterus; and the menacing 
claw of the thirty-three- 
foot-long fish-eating 
Barynyx. The endnotes 
provide important additional information about each 
creature, such as diet, geographical range, wingspan, 
weight, and speed. Jenkins’s acknowledgment that 
his illustrations are only “best guesses” about the 
animal’s color and pattern helps readers better under- 
stand the tentative nature of scientific knowledge. 
This intriguing book could inspire students in grades 
2 through 6 to create their own books showing the 
actual sizes of creatures. Some of the partially rep- 
resented animals in this book might spur further 
research and inspire students to create outlines of the 
bodies in their entirety—David J. Whitin, university 
teacher educator, Detroit, MI 48236. 





For Teachers 


From Other Publishers 


Rethinking Mathematics: Teaching Social Jus- 
tice by the Numbers, 2005. 180 pp., $16.95 paper. 
ISBN 0-942961-54-4. Rethinking Schools; (800) 
669-4192; www. rethinkingschools.org. 


Rethinking Mathematics: Teaching Social Justice by 
the Numbers is a wonderful blending of theory and 
practice that leads to sensible, easy-to-implement 
problems for upper elementary grades and beyond. 
This book contains more than thirty thought- 
provoking articles written by practicing classroom 
teachers and other mathematics educators. The 
articles demonstrate ways that teachers can weave 
social justice principles into mathematics lessons 
and other curricular areas. Each section presents 
teaching ideas, lesson plans, blackline masters, and 
reflections. The problems presented involve real- 
world mathematics that helps students analyze as 
they gain important understanding in both social 
justice and mathematics. 

The materials, while designed with minority and 
disabled students in mind, fit all students and set- 
tings. For each topic, teachers will find something 
useful and engaging in teaching students how to 
apply mathematics in their lives. The authors had 
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two main goals in mind: to teach mathematics 
in a way that helps students (1) understand their 
lives in relation to their surroundings and (2) see 
mathematics as a tool to help make the world more 
equal and just. My favorite article concerns helping 
students do research to discover how many U.S. 
presidents owned slaves. (The amount of research 
and the answer will surprise you.) In other words, 
the authors want students to be active and intelli- 
gent—not passive—citizens of our nation. 

To my knowledge, this is the only resource of 
its kind. It is a “must have” for thoughtful middle 
school mathematics teachers.—Martha Short, 
Show-Me Professional Development Center, Jack- 
son, MO 63755. 


Teaching Young Children Mathematics, Sydney 
L. Schwartz, 2005. xii + 212 pp., $49.95 cloth. 
Greenwood Publishing Group; (800) 225-5800; 
www. greenwood.com. 


This is the initial volume in the Teaching Young © 


Children series. As stated on its jacket, this book 
provides a “source for undergraduates, in-service 
teachers, school board members, and the general 
public.” I recommend that all teachers, regardless 

of the grade level and subject 
BB cs they teach, carefully read this 
Mat as book in its entirety. Why? 
They will be encouraged to 
consider the ways all stu- 
dents think, how their learning 
progresses from known to 
unknown, how they progress 
from copying and memoriz- 
ing to creating their own new 
ideas; rethink the role of a teacher in leading, feed- 
ing, and seeding (p. 97); incorporate in their organi- 
zation and presentation of content the skills, strate- 
gies, and process-product relationships inherent in 
the subject taught; and reconsider the connection 
between assessment and teaching. 

Among this book’s many strengths is its over- 
arching organization and presentation of material. 
Each chapter opens with a germane vignette or poi- 
gnant quote. Examples illustrate important points, 
and tables organize and summarize material. Chap- 
ters close with a statement that leads into the next 
chapter, a recommended reading list, references, 
and notes when appropriate—all of which provide 
continuity. I strongly recommend this book.—Hil- 
degarde Howden, university teacher educator, 
Santa Fe, NM 87501. 
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Et Cetera 


Math Flaps: Division, 2005. $20. Pensive Prod- 
ucts; (877) 663-3247; www.PensiveProducts.com. 


Math Flaps: Division was designed to teach a set 
of steps to assist students with the operation of 
division. The standard set consists of 100 “math 
flaps” (50 blue and 50 orange) that can be 
snapped together to make any whole num- 
ber up to 100. To divide numbers larger 
than 100, more than one set is necessary. 
Although the Math Flaps series was 
originally designed to teach division, 
the downloadable teaching guide gives 
examples of their usefulness with addi- 
tion, subtraction, and multiplication as well 

as in exploring the concepts of factoring, odd and 
even numbers, negative numbers, sets, and units. 
The connection made with the links allows the 
flaps to rotate freely and be placed in groups. For 
example, the number 37 is represented by 37 con- 
nected math flaps. 

Math flaps could be a useful tool for teachers 
wishing to directly teach a set of steps to solve divi- 
sion equations as well as represent the terms divi- 
sor, dividend, quotient, and remainder. Be aware 
that snapping the math flaps together to represent 
large numbers takes time and therefore encourages 
students to resort to counting by ones when doing 
so. This tool does not encourage students to explore 
various strategies when solving division problems, 
nor is it economically feasible for use with more 
than two or three students. Teachers should con- 
sider what tools they already have that might assist 
students toward a deeper understanding of division 
concepts. Regarding the other operations and con- 
cepts that the teaching guide promotes, carefully 
read the online teacher’s guide with a mathematical 
eye and review the subtraction and set applications 
before sharing them with students. Promoting only 
a “take away” model of subtraction seems contra- 
dictory to the illustrations, which depict the use of a 
difference model. In addition, the online directions 
that cover the mathematical concepts of sets and 
units are vague and difficult to follow. However, 
for students needing another way to see the divi- 
sor, dividend, quotient, and remainder, Math Flaps: 
Division could be a useful tool— Barbara Blanke, 
educational consultant and lecturer, California 
Polytechnic State University, San Luis Obispo, CA 
93406. 
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How Many Ways? 


4A ath a the Month” activities are designed to. engage students to think as mathematicians ae ‘Students Be 
ay may work on the activities individually or in small groups, or the whole class may use these as problems 
of the week: Because no solutions are suggested, students will look to ee for ee see Z 
- tification, thereby developing the confidence to validate their work: - 5 ae ee eee 
This month’s activities revolve around counting. Children at-almost any age are abe to- ee ae “Ke ee i 
‘problems by drawing pictures or diagrams or using physical materials. The questions posed this month will help stu- _ 
: dents see the broader context of counting and perhaps generate and answer their own counting problems. & = é 
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HOW MANY WAYS? K-2 MAY 2007 





Stacking cubes. Suppose you have a pile of cubes of two different colors, red and blue. If you use these cubes to 
build stacks that are two cubes tall, how many stacks of different color combinations can you make? How many stacks 
of different color combinations could you make if you were asked to make stacks three cubes tall? If you were asked to 
make stacks five cubes tall? What patterns do you notice? 


As long as a purple rod. Jacey and Macy were 
working with Cuisenaire rods. They made a train 
consisting of two rods, one red and one green, 
that together are the same length as the yellow 
rod. Then Macy put out a purple rod and chal- 
lenged Jacey to make trains of all the different 
combinations that would equal the length of 

a purple rod. How many possible trains could 
Jacey make? When he was finished, Jacey placed 
a yellow rod in front of Macy and challenged her 
to make all the possible trains of different combi- 
nations of rods that would equal the length of a yellow rod. How many possible trains could Macy make? 
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Toys on vacation. Naes is going on a family vacation and wants to take along some toys to play with during the trip. 
She has 4 favorite toys, but her mother says she can take only 2 toys along. How many different combinations of toys 
will Naes have to choose from? If Naes had 5 favorite toys, how many options would she have? 


Summing to ten. Alycia and Layla were finding different ways to make a specific sum with two addends that are 
counting numbers. For example, they knew that 3 + 7 and 7 + 3 both add to 10. Using digits other than 3 and 7, how 
many sums should Alycia and Layla find that add to 10? That add to 15? That add to 22? That add to 99? 


Seanyelle Yagi, seanyelle@gmail.com, is the mathematics coordinator at Ka’ewai Elementary School, Honolulu, HI 96819. She is interested in problem solving 
and in seeing mathematics in new and different ways. Melfried Olson, melfried@hawaii.edu, is a faculty member of the Curriculum Research and Development 
Group (CRDG), University of Hawaii at Manoa, Honolulu, HI 96822. He is interested in problem solving, children’s reasoning, communication, and gender issues 
in mathematics. 


Edited by Kristen Forrest, kristen.forrest@anoka.k12.mn.us, Denise Schnabel, denise.schnabel@anoka.k12.mn.us, and Margaret E. Williams, margaret 
.williams@anoka.k12.mn.us, teachers at Riverview Specialty School for Math and Environmental Science, Brooklyn Park, MN 55444. Readers are encouraged 
to submit problems to be considered for future “Math by the Month” columns to Margaret Williams. Receipt of problems will not be acknowledged; however, | 
problems selected for publication will be credited to the author. 
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WEEKLY ACTIVITIES 
HOW MANY WAYS? 3-4 MAY 2007 





Soccer tournament. Eight teams are competing in a soccer tournament. In the tournament, each of the 8 teams will 
play each other team exactly once. How many games will be played in the tournament? How many games would be 
played if there were 10 teams in the tournament? 


Musical notes. A musician uses three fingers to operate three valves on a trumpet. For example, 
he can push down the first two valves using his first two fingers, or he can make a different sound 
using the first and third fingers to press down the first and third valves. If the musician always 
places the same finger on the same valve when playing the instrument, in how many different ways 
can the musician use his fingers to push down the valves? 


Making postage. Mak found more than 50 3-cent and 5-cent stamps in a desk. His uncle needed 
87¢ worth of postage to mail a package and asked Mak if he could use some of these stamps. 
How many different combinations of the stamps could Mak give his uncle to make exactly 87¢ of 
postage? 





Honolulu city streets. Some of the streets in Honolulu are laid out in a rectangular grid. Alison is at B 
corner A and wants to meet Lem at corner B, a trip of exactly six blocks. If she always moves north or 
east, how many possible paths could Alison take? 





WEEKLY ACTIVITIES 





MAY 2007 
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HOW MANY WAYS? 5-6 


Corner to corner. A squirrel feeder is made in the shape of a cube. A squirrel at corner A of the feeder 
wants to get to corner B. Because of the feeder’s construction, the squirrel must travel along the edges 
of the cube. How many different paths, each the total length of three edges, are possible? 


Chess matches. Sixteen students are scheduled to play in a chess tournament to determine a cham- 
a _ pion. Matches are always between two players, and when a person loses a match, that person is elimi- 
_ nated from the tournament. How many matches need to be played until a champion is determined? If A 

there were 32 students in the tournament, how many matches would need to be played? 


Sticky triangles. Neelie and Sivart received a small construction set from their parents. They emptied 
the box and found sticks of various lengths: 2 inches, 5 inches, 7 inches, and 8 inches. When Neelie and 
- Sjvart connected some of the sticks, they realized that they could make triangles. For example, they 
~ found they could make a triangle with one 5-inch, one 7-inch, and one 8-inch stick. How many different 

triangles are possible with the sticks of these four lengths? 





_ Fewest moves. One of the games at the mathematics carnival consists of a game board with four cubes on the left 
side and four spheres on the right side. The goal of the game is to exchange the pieces—that is, move the cubes to 
_ the right side and the spheres to the left side—under the following conditions: You can move a sphere or a cube only 
to an adjacent empty space or “jump” one piece to an empty space. You win the game if you can exchange the pieces _~ 
in fewer moves than your opponent. Devise a strategy to win the game. What is the least number of moves you can 
make to exchange the pieces and be guaranteed that you will not lose? 


‘cf @000 


it you would like to solve another problem like this, look up the Tower of Hanoi puzzle (www.figurethis.org). Another 
similar problem is the Traffic Jam problem, which you can explore through an interactive applet at nctm.org/onmath 
(Fall 2002) in the article “Developing Algebraic Thinking” by Suzanne Alejandre. 
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A VIRTUAL SPIN on the 
Teaching of Probability 


he study of probability is part of one of the 

five major mathematics content strands as 

defined by Principles and Standards for 
School Mathematics (National Council of Teach- 
ers of Mathematics 2000). Traditionally, teaching 
the concepts of probability has required students to 
use concrete manipulatives, such as coins and num- 
ber cubes, in order to perform various probability 
experiments. With the continued emphasis on inte- 
grating technology into the mathematics classroom, 
the teaching of probability has acquired a “virtual 
spin”—students now use various virtual manipula- 
tives to perform probability experiments. 

Research on the effective use of technology in 
the mathematics classroom has indicated certain 
advantages of using virtual manipulatives rather 
than concrete manipulatives. Advantages include 
a linkage from the specific to the general, the 
possibility of posing a wider variety of problem 
types, the establishment of a strong foundation for 
problem solving, an increased focus of attention 
and motivation, and an encouragement of accu- 
rate student explanations for mathematics strands 
(Clements and McMillen 1996). 






Shari Beck, shari.beck@navarrocollege.edu, is a full-time 
mathematics instructor at Navarro College, Corsicano, TX 
75110, and an adjunct instructor at Texas A&M-Commerce, 
E Commerce, TX 75429. She focuses on the integration of 
Near § technology in mathematics education and enjoys exploring 
; 1E new methods for teaching the content strands as outlined by 
the NCTM Standards. Vanessa Huse, Vanessa_Huse@tamu 
commerce.edu, teaches mathematics courses at Texas A&M-Commerce, Commerce, TX 
75429. Her background in computer science and mathematics provides a strong knowledge 
base for integrating technology in the mathematics classroom. During the past seventeen 
years she has been actively involved in teacher training, receiving National Science Founda- 
tion, Eisenhower, and Teacher Quality grants. 
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Exploring Probability 
by Using Concrete 
Manipulatives 


Before the introduction of virtual simulations, the 
study of probability typically began with students’ 
physically flipping coins to collect experimental 
data, starting with flipping one coin and progress- 
ing to flipping three or more coins at a time. The 
students constructed tree diagrams to create a list 
of all possible outcomes of each experiment. The 
collected data and the constructed sample space 
(the set of all possible outcomes) were used to 
compare and contrast experimental and theoretical 
probability. Finally, the students used the number of 
elements in a sample space for a specified experi- 
ment to decide on a sufficient number of times to 
perform the experiment. 

A second concrete manipulative we used to teach 
probability was assorted spinners that included 
various combinations of colors and numbers. Some 
of the spinners had equal-sized regions for each 
color, while others had multiple regions of certain 
colors. The students themselves also built spinners 
to satisfy specified criteria. 

A third concrete manipulative we used to teach 
probability was number cubes. Students would ini- 
tially roll a single six-sided number cube and then 
roll a pair of cubes in order to analyze a compound 
experiment containing independent events (results 
where the outcome of one event is not dependent on 
the outcome or occurrence of another event). Later 
in the unit students would combine two activities— 
that is, they would both flip coins and roll number 
cubes. In each case, we encouraged students to 
visualize the sample space of possible outcomes by 
drawing a tree diagram. 

The probability unit may have ended with an 
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experiment such as the Matching Sock problem, 
which would have been stated this way: 


A drawer contains 4 pairs of purple socks, | pair 
of green socks, and | pair of yellow socks. The 
socks are not folded together in matching pairs 
but are mixed together in the drawer. What is the 
probability of pulling 2 socks from the drawer 
and having a matching pair? 


We encouraged students to analyze this prob- 
ability problem by constructing a tree diagram of 
possible pairings, a tool that provided a visual way 
of counting the possible matching pairs of socks. 


In the summer of 2005, we taught all the same 
topics in the probability unit by using virtual 
manipulatives available for free on the Internet. 
Virtual manipulatives have been defined as “an 
interactive, Web-based visual representation of 
a dynamic object that presents opportunities for 
constructing mathematical knowledge” (Moyer et 
al. 2002, p. 373). The National Library of Virtual 
Manipulatives (NLVM) for Interactive Math- 
ematics, found at nlvm.usu.edu/en/nav/vlibrary. 
html, provides an extensive resource of more than 

' seventy-five virtual manipulatives developed at 
Utah State University. For students who do not 
have adequate supplies of concrete manipulatives 
available, this Web site provides a free alterna- 
tive when computers with access to the Internet 
are available (Hodge 2003). This Web site con- 
tains an index of various activities from each 
of the five Content Standards as outlined by the 
National Council of Teachers of Mathematics in 
Principles and Standards for School Mathemat- 
ics (NCTM 2000). The virtual manipulatives are 
broken down into groups by levels: preK—grade 2, 
grades 3-5, grades 6-8, and grades 9-12. Figure 1 
shows the library entry page to the NLVM. 

The “virtual spin” on the probability unit began 
with coin tossing, as had been the traditional 
approach, but now the students used the virtual 
coin toss from the NLVM. One advantage that we 
noticed immediately was the amount of time saved 
by having the computer toss the coins. When using 
actual coins, the students typically never flipped a 
coin more than twenty times in a single experiment, 
whereas the computer could toss the coin hundreds 
of times in the same amount of time. The students 
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Library entry page of the National Library of Virtual Manipulatives 
(NLVM) Web site: nlvm.usu.edu 





National Library of Virtual Manipulatives UtahState 8 








Visit the new )NLVM website! ea: 
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Source: National Library of Virtual Manipulatives, nlvm.usu.edu (Copyright © Utah State University) 
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Coin tossing on the NLVM Web site 


Coin Tossing 
_® Number of eisee com : 
T Longest run of heads Ea 
Probability ofheads=[05 
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Number of heads =49 oS 
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i  {ose—————_ 
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Longest run of tails =6 : e- 
Percentage of heads = 49% | ae 


Chance error = -1 
(number of heads - expected number of heads) 


© 1999-2006 Utah State University, All Rights Reserved. | Credits | Contact | Feedback 
If you cannot see the virtual manipulative, click here for instructions. 


Source: National Library of Virtual Manipulatives, nlvm.usu.edu (Copyright 
© Utah State University) 


quickly collected data for 100 coin flips and ana- 
lyzed the experimental outcomes versus the theo- 
retical probability of what was expected to happen. 
As the computer flipped the coin, it also displayed 
the data on a bar graph, a quick way to visually ana- 
lyze the results. The students watched the heights of 
the bars fluctuate as the frequencies of the outcomes 
changed with every flip. For one particular experi- 
ment, the bar graph indicated a higher frequency of 


tails (see fig. 2). Results varied from one computer 
to the next, and the students noticed different bar 
graphs for each of their experiments. 

We adapted the experiment to include two 
or three coins by grouping students and having 
each group collect data for an individual coin, We 
continued to teach the students how to draw a tree 
diagram of the compound experiment in order to 
construct a sample space of all possible outcomes. 
In their small groups the students, taking into 
account the number of outcomes in each sample 
space, discussed how many times an experiment 
should be performed in order for all outcomes 
to have a chance to show up an equal number 
of times. For example, because flipping three 
coins could result in eight different outcomes, 
the students determined that the number of flips 
in the experiment needed to be some multiple of 
eight. Again, they were able to perform numerous 
experiments in a shorter period of time because 
they did not have to physically flip the coins. As 
a result, we were able to focus more on the data 
collected from the experiment than the physical 
ability to flip the coin. 

The next experiment with virtual manipulatives 
included the spinner. The lesson began with the 
students using the default spinner, which contained 
five equal-sized regions of different colors (see 
fig. 3). Again, the students were able to include 
hundreds of spins in their experiment, and they 
analyzed the results of the spins by means of the 
bar graph that the computer constructed as the 
experiment was being performed (see fig. 4). As 
before, each group compared its bar graphs to those 
of other groups, and the students noticed the differ- 
ences in their results. 

We then asked the students to change the col- 
ored regions so that the sections were not all of 
equal sizes. The NLVM allowed users to specify 
how many regions of each color should appear on 
the spinner. The students made predictions about 
expected outcomes on the basis of which color 
made up the largest area on the spinner and then 
conducted experiments to include hundreds of out- 
comes each time. Again, our class time was focused 
more on the teaching of probability and not on the 
physical manipulation of the spinner. 

We extended the lesson by using the virtual 
spinner to conduct experiments with both a single 
number cube and a pair of cubes. (The NLVM site 
does not include number cubes, but they can be 
found on other virtual manipulative Web sites.) 
To turn the spinner into a single number cube, the 
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students relabeled the spinner’s regions (see fig. 5) 
to include numbers rather than the names of the 
colors. Each equal-sized region was specified as a 
different color, but the focus was on the numerical 
outcomes, which represented the outcomes of roll- 
ing a single number cube. As before, the students 
conducted the experiment hundreds of times and 
visually analyzed the results reflected in the bar 
graph that the computer constructed as the number 
cube was being rolled. 

We further extended the lesson with an experi- 
ment to include a pair of number cubes. We grouped 
the students together and had them pair their out- 
comes on each single number cube. We also paired 
the students for a different compound experiment 
in which one of them rolled a single number cube 
while the other one flipped a coin. Again, drawing 
a tree diagram of each of these compound experi- 
ments helped the students understand all possible 
outcomes in the sample space, and, on the basis 
of the number of different outcomes, they deter- 
mined how many times an experiment needed to be 
performed. 

One of the neatest experiments the students con- 
ducted by using virtual manipulatives focused on 
solving the Matching Sock problem stated earlier. 
Using the virtual spinner, the students allocated 
two regions on the spinner as purple to represent 
the 2 purple socks in the drawer and allocated four 
‘regions on the spinner as red to represent the 4 red 
socks. In the same manner, the students allocated 
two regions of the spinner as pink and two regions 
of the spinner as white. The computer gave the stu- 
dents a good visual representation of the dominance 
of the color red among the socks in the drawer (see 
fig. 6), and they quickly concluded that the match- 
ing pair was likely to be red. The students began by 
spinning one time and recording the results. 

After this first spin and after the first sock had 
been virtually pulled out of the drawer, we asked 
the students whether the drawer would still look 
the same—that is, whether the proportion of colors 
in the drawer would still be the same. The students 
realized that they needed to change the color regions 
on their spinner to include one less region for the 
color of the sock first pulled from the drawer. 

Because the students had to change the color 
regions on the spinner, our teaching focused on 
the meaning of this experiment’s dependent events 
(in dependent events the outcome of one event is 
dependent on the outcome or occurrence of another 
event, and the possible outcomes are related or 
conditional)—here, the proportion of colors in 
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A default spinner on the NLVM Web site 
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if you cannot see the virtual manipulative, click here for instructions. 


Source: National Library of Virtual Manipulatives, nlvm.usu.edu 
(Copyright © Utah State University) 





Spinner results in a bar graph format 
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Source: National Library of Virtual Manipulatives, nlvm.usu.edu 
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the drawer is dependent on which color of sock is 
pulled out of the drawer. This contrasted with our 
previous experiments, which involved independent 
events (that is, the outcome of one coin flip is not 
dependent on the outcome of another coin flip). 
Once the students changed the color allocation on 
their spinners, they spun a second time to determine 
the color of sock that would next be pulled from the 
drawer. After all the groups had virtually pulled two 
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Spinner for the Number Cube problem on 
the NLVM Web site 








© 1999-. zis Utah State University. All Rights Reserved. | Credits | Contact preeebees 
you cannot see the virtual manipulative, click here for instruction: 


Source: National Library of Virtual Manipulatives, nlvm.usu. 
edu (Copyright © Utah State University) 


Spinner for the Matching Sock problem 
on the NLVM Web site 





© 1999-2006 Utah State University. All Rights Reserved. | Credits | Contact | Feedback 
If you cannot see the virtual manipulative, click here for instructions, 


Source: National Library of Virtual Manipulatives, nlvm.usu. 
edu (Copyright © Utah State University) 


socks from the drawer, they analyzed the class’s 
collective results and quickly noticed two things: 
a larger number of mismatched pairs remained in 
the drawer, and, of the pairs of socks of matching 
colors, purple pairs dominated. 

We extended the lesson even further by having 
the students draw the tree diagram once again to 
look at all possible outcomes. Then they used the 
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spinners again to pull socks from the drawer. The 
principle of dependent events was clear: The color 
of the first sock drawn affected the possible out- 
come of the second sock drawn. 


Reflections 


Our study of probability using virtual rather 
than concrete manipulatives allowed us to spend 
more time on teaching and allowed the students 
more time to build sample spaces. In addition, 
the students were able to view a larger number of 
outcomes for each experiment. And because the 
students were able to perform experiments hun- 
dreds of times more than when they physically 
had to manipulate the concrete objects, they could 
explore the law of large numbers: The larger the 
sample, the more likely the result is a good predic- . 
tor for the whole population. Throughout our study 
of probability, the students learned how to construct 
their own sample spaces and made predictions of 
the theoretical probability of certain outcomes. 
Then, they were able to compare their predictions 
with the experimental results that actually occurred. 
Because the students had to physically make 
changes to the spinner during an experiment involv- 
ing dependent events, they were able to quickly 
recognize the difference between dependent events 
and independent events. The “virtual spin” on this 
teaching of probability provided more opportuni- 
ties for successful learning for the students. 
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Additional Resources 

Readers looking for lessons and activities that make 
use of virtual manipulatives will find an abundance 
of resources at http://illuminations.nctm.org/ and 
nctm.org/onmath.—Ed. A 
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issues are always welcome. 


| Differentiated instruction 

& What are the challenges of differentiated instruction, and how do 
teachers deal with these challenges? 

™ How do we develop meaningful mathematical tasks that address 
students’ diverse academic needs and ensure that all students 
have the opportunity for success in learning and understanding 
mathematics? 

l™ What are the best ways to manage differentiated instruction in 
an inclusive mathematics classroom? 





Assessment Strategies 

fi How are student interviews used to assess mathematics 
learning? 

™ How can we create authentic assessment tasks? 

e What alternative assessment strategies are most effective? 

i ™ How can we help students understand and participate in 

assessment? 


| Curriculum focal points 

@ In what ways can NCTM’s newly released Curriculum Focal 
Points inform the teaching and learning of mathematics? 

@ How can the focal points be addressed within the framework of 
state goals? 

| (& How can the focal points be used in the mathematics classroom 

and shape student learning? 


| Intervention strategies 

| @ What evidence supports the use of instructional intervention 
strategies to ensure that all students succeed in today’s 
high-stakes testing environment? 

_ & What is the most effective way to manage intervention while still 
moving students forward? 

| What are effective classroom structures that support intervention 
strategies? 

_ ® Howcan teachers successfully manage intervention strategies 
while meeting the diverse needs of all students? 
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Teaching Children Mathematics is interested in publishing articles on “hot topics” that TCM readers have noted as subjects of 
high interest on reader surveys. By highlighting the issues and challenges that face mathematics educators today, the Editorial 
Panel hopes to provide teachers and teacher educators with resources to assist them in their efforts to meet the mathematical 
needs of all students. We invite authors to share their classroom experiences and their ideas. Manuscripts that include photo- 
graphs and samples of student work or dialogue are especially encouraged. 

The following list of topics and related questions are intended as a guide for authors. Manuscripts that address related 


Teachers’ knowledge of mathematics 

lm How can we close the gap between what teachers know and 
what they need to know to teach mathematics effectively in the 
twenty-first century? 

f® What role can a mathematics specialist serve in helping teachers 
develop content knowledge? 

f™@ How can evidence of student improvement based on teachers’ 
increased content knowledge be collected? 


Professional development strategies that have 

helped teachers and staff be more effective (e.g., 

professional learning communities) 

™ What are successful strategies for fostering communication 
among teachers at the same grade level? Across grade levels? 

™@ How can vertical teaming activities be developed and 
implemented in a multigrade school? 

™ How do we get started using book studies, lesson studies, and 
team-planning initiatives within our professional learning 
communities? 

& How does team scoring affect student work and teaching 
practices? 


Elementary mathematics specialists 

f What impact do elementary mathematics specialists have on a 
school’s professional community? 

& What are the most effective strategies and best practices used 
by specialists and coaches for collaboration, co-teaching, and 
mentoring teachers? 

f™ What are the roles of mathematics specialists? 


Using children’s literature in mathematics 

@ How can children’s literature aid in developing mathematics con- 
cepts (fractions, time, money, operations, number sense, etc.?) 

| How can literature be used to develop problem-solving skills? 

™ How can language arts and mathematics content be joined to 
create an integrated curriculum? 
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FROM aisle ES ae a 5 Chris Neumer 


Mixed Numbers Made Easy: 
Building and Converting 
Mixed Numbers and 
Improper Fractions 


fter several years of observing and interact- 

ing with children, I have noticed their strug- 

gles with converting mixed numbers and 
improper fractions. I have tried several types of 
manipulatives, computer programs, pictures, and 
algorithm-based activity sheets. Even after being 
exposed to all these teaching approaches, many 
students still struggle with these representations. 
The concept of a mixed number—a whole number 
paired with a fraction—really boggles students’ 
minds. More so, the idea of an improper frac- 
tion—a fraction with a numerator that is greater 
than or equal to the denominator—is virtually 
impossible for some fifth graders to grasp. They 
cannot connect their written algorithms to the 
concept or explain how they derived their answers. 
The reason for rewriting their answer in a differ- 
ent form was too abstract for them. Through direct 
work with my fifth-grade classes over the years, 
I have developed a new approach that produces 
great results and a deeper understanding of mixed 
numbers, improper fractions, and their relation- 
ship to each other. 

The tool I use for teaching this concept and 
implementing these activities is Unifix cubes (1- 
inch linking cubes), which are broadly used for 
teaching place value and simple fractions. This 
simple tool can also be used to represent mixed 
numbers and improper fractions and to convert 
from one representation to the other. The procedure 
is to give students a concrete tool to help them 


Chris Neumer, cneums@hotmail.com, teaches fifth-grade mathematics at Don Mensendick 
School, Glendale, AZ 85301. 


Edited by Tom Lewis, tomlewis@qconline.com, a sixth-grade teacher at Hamilton Elementary 
School, Moline, IL 61265. “From the Classroom,” dedicated to the practicing elementary 
teacher, is a forum for sharing knowledge that is daily generated and used in classroom set- 
tings. Readers are encouraged to send submissions to this department by accessing tem 
-msubmit.net. Manuscripts should be double-spaced and not exceed eight typed pages. 
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Pattern blocks are an appropriate tool for 
exploring the concept of equivalency. 


V3 + V3 + vill 


A 


Va 


= 1 whole 


a = t whole 


understand the abstract idea of converting mixed 
numbers to improper fractions and vice versa. 
Unifix cubes can be used to demonstrate each step 
of the algorithm in a systematic, simple-to-follow 
way. Through hands-on, guided exploration, the 
students will learn why they are doing what they are 
doing; they will develop their own algorithm and 
know when to use it. 


Prior Knowledge 


In the first activity, I use another mathematical 
tool—pattern blocks—to access and build on stu- 
dents’ prior knowledge. This step is critical in order 
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Using Unifix cubes to represent the mixed number 3 2/5 


Using pattern blocks to represent 6/6 = 
1 whole 


es 


% 


to establish children’s readiness for using Unifix 
cubes and learning subsequent concepts. Activity 1 
builds on the students’ understanding of represent- 
ing a whole number as a fraction. To explain the 
idea of equal parts and parts equal to a whole, I 
use three green equilateral-triangle pattern blocks 
to represent 3/3 of one whole red trapezoid pattern 
block (see fig. 1) or six green equilateral-triangle 
pattern blocks to equal 6/6 of one whole yellow 
hexagon pattern block (see fig. 2). Be clear about 
what is used to represent a whole number and what 
is used to compare to the whole; otherwise, mis- 
conceptions and confusion can arise. Continue this 
activity with more combinations of pattern blocks 
to ensure that the students have a solid background 
and understanding of the concept of equivalency. 
Make sure that the children can represent a whole 
number as a fraction in numbers, in pictures, or 
with manipulatives before moving on to the second 
part of the activity. 


= 1 whole 


‘a = 1 whole 
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Representing a Mixed 
Number with Unifix Cubes 


To begin the activity, give each student 20 Unifix 
cubes of the same color (mixing colors at this 
point will be distracting and confusing). Ask your 
students to represent a mixed number such as 
3 2/5 using the Unifix cubes. As needed, refer the 
students to the prior activity with pattern blocks, 
in which they represented a whole number as a 
fraction. Let the students play with the cubes and 
explore on their own first—a valuable step in the 
learning process. Allow them to struggle, observe, 
and question one another as they try to reach a 
representation. Guide students who appear lost or 
confused by asking questions and referring to other 
students’ work; do not just give them the answer. 
After most students have built the initial problem— 
3 2/5—show them your representation of the same 
mixed number. Then have the students draw what 
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Using Unifix cubes to model the mixed 
number 2 1/6 
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they have built using the Unifix cubes. 

Here are a few steps the students should follow. 
First, have them use the cubes to represent the whole 
number portion of the mixed number. In figure 3, 
this is represented by the 3 rows, each 5 cubes high. 
The next step is to represent the fraction portion, 
which is 2 cubes high. Under the 3 complete rows, 
the students should write the number 3, and under 
the 2 cubes they should write the fraction 2/5. The 
students have now built, drawn, and labeled their 
first mixed number. Give another example such as 
2 1/6 (see fig. 4 for a possible solution). Have the 
students repeat the same activity as before. They 
may struggle a few times until they see how the 
cubes represent the mixed number. Then, follow 
Same steps outlined above and check your answer 
with the students’ answers. Once the students 
understand what the whole represents and what the 
fraction portion you are showing represents, you 
can move forward with instruction. Remember, you 
are using the cubes to represent only the numerators 
of the mixed number. 


Converting from a Mixed 
Number to an Improper 
Fraction 


Here is where the students can use the previous 
phase of building to convert mixed numbers to 
improper fractions. Be aware that using Unifix 
cubes to teach this concept has its limitations. Do 
not select large whole numbers or mixed numbers 
with large denominators, simply because you will 
need far too many cubes per student to actually con- 
struct the large representations. At this point, each 
student should have a total of 40 Unifix cubes (20 
cubes each of two different colors). For examples 
I have selected mixed numbers, which work well; 
you can adjust your problems accordingly. 

Let us look at two mixed numbers: 4 3/4 and 
2 1/8. First, instruct the students to build the mixed 
numbers with the Unifix cubes, using one color to 
represent 4 3/4 and the second color to represent 
2 1/8. Second, to help students move from the 
concrete representation to the abstract, I have them 
draw what they have built on a sheet of paper. The 
students need to label both the whole-number and 
the fraction portions of the mixed numbers. In the 
example of 4 3/4, the drawing would be labeled 4 
wholes for the 4 rows that are 4 cubes high and 3/4 
for the row that is 3 cubes high. Then the students 
can multiply the 4 wholes by the 4 cubes of height 
to get 16. Next, they can add the additional 3 from 
the numerator of the fraction portion (3/4) to the 16 
and get 19. In this way, they get the answer 19/4. 
The students can see clearly where the multiplying 
and the adding of the algorithm occur. Figure 5 
depicts building and drawing what 4 3/4 and 2 1/8 
look like. Some students will already know the 
algorithm; however, they do not understand the 
algorithm itself. The steps of building, drawing, and 
explaining their work will help them develop the 
algorithm and gain ownership of the concept. 


Converting Improper 
Fractions to Mixed Numbers 


Finally, we use the Unifix cubes to convert am 
improper fraction to a mixed number. Once again, 
the cubes represent the numerators. The students 
and I discuss what an improper fraction really is. 
For example, what does 11/4 really mean? Answers 
will vary drastically, and you need to address 
misconceptions at this point. Basically, I facilitate 
the discussion until the idea that 11/4 is really 11 
divided by 4 emerges. So, how do you use cubes to 
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a. Using Unifix cubes to represent converting the mixed 


number 4 3/4 to the improper fraction 19/4 
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b. Using Unifix cubes to represent converting the mixed 
number 2 1/8 to the improper fraction 17/8 


8 high 


2 wholes 1 left over 
xB high (remainder) 


(numerator) 


16 +1 
eee Ebi a ys oa eek 
7 % 
So 2. 


ers 
Re 


co |— 
ols 


Using Unifix cubes to represent converting the improper fraction 11/4 to the mixed number 2 3/4 
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represent this fact? First, take 11 cubes to represent 
the numerator. Remind the students that the denom- 
inator stays the same. Therefore, they need to find 
all the wholes and any cubes left over (remainders). 
The remaining cubes become the numerator of the 
mixed fraction (see fig. 6). 

Here the students see the algorithm first and then 
connect the algorithm to what is happening with the 
cubes. Have the students construct a row of cubes 
to represent the numerator. If they are representing 
11/4, they will build a row of 11 cubes. Next, they 
will physically divide the row into sections of 4 (the 
denominator). They will then have 2 whole sets of 
4 and a remainder of 3; therefore, their answer will 
be 2 wholes and a remainder of 3—that is, 2 3/4. 
The students will record their work by drawing a 
picture of their construction on paper as they build 
and divide each improper fraction. Using the cubes, 
they can actually see the division taking place and 
also see exactly where the remainder is coming 





from. To build a solid understanding of this abstract 
concept, the students will need to solve several 
problems using this method. 


Looking Back 


Using Unifix cubes to represent mixed numbers and 
improper fractions can be incredibly effective in 
any fourth- through sixth-grade classroom. These 
activities can also be a springboard for adding and 
subtracting mixed numbers. I invite you to use this 
tool in your own classroom. 


The author had the privilege of teaching fifth- and 
sixth-grade students how to represent mixed num- 
bers and improper fractions using Unifix cubes 
under the observation of Dr. Alfinio Flores of Ari- 
zona State University. He agreed that Unifix cubes 
were a new and effective tool for teaching this 
concept. & 
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Hortensia Soto-Johnson, Michele liams, April Hoffmeister, 
Barbara Boschmans, and Todd Oberg 





SU 


Our Voyage with 
Knowing and Teaching 
Elementary Mathematics 


In the case of good books, the point is not how many 
of them you can get through, but rather how many 
can get through to you. 

—Mortimer Adler 


hen teaching mathematics content courses 

designed for preservice elementary teach- 

ers, we often meet resistance when we 
ask our students to learn mathematics conceptu- 
ally; they consider us out of touch with what works 
in the classroom. Preservice elementary teachers 
question the need for conceptual understanding, 
feeling certain that elementary students cannot and 
will not understand mathematics in this way. 

Teaching a mathematics content course for pre- 
service elementary teachers was eye-opening and 
challenging for us, even as experienced mathemat- 
ics educators. Although the literature shows that 
most preservice teachers are reluctant to learn math- 
ematics conceptually (McDiarmid 1990; Mewborn 
'1999), we naively thought that our enthusiasm for 
mathematics would change this attitude. Unfortu- 
nately, the challenges that arose in our courses were 
unexpected, and our results were disappointing. 

To convince our preservice teachers that elemen- 
tary school students are capable of understanding 
mathematics conceptually, we have occasionally 
shown video clips of elementary-age students 
inventing algorithms. Although the video clips 
stimulate meaningful discussions, they do not con- 
vince our preservice teachers. 

We have also presented scenarios for the 
preservice teachers to respond to as if they were 
the mathematics teacher (see fig. 1). We hoped 
that such scenarios would help our preservice 
teachers value a deep understanding of elemen- 
tary school mathematics. In general, this did not 
happen; in fact, the teachers often became more 
frustrated and needed assistance in answering 
these types of questions. 

Continuing her quest to convince preservice 
elementary teachers of the importance of devel- 
oping a conceptual understanding of mathemat- 
ics, Hortensia Soto-Johnson began incorporating 
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Liping Ma’s Knowing and Teaching Elementary 
Mathematics (1999) into her elementary mathemat- 
ics content course. After several years of using 
Knowing and Teaching Elementary Mathematics 
with her students, Soto-Johnson met her co-authors 
through Project NExT, when she presented her use 
of Ma’s book with preservice elementary teachers. 
[Project NExT (New Experiences in Teaching) is a 
Mathematical Association of America professional 
development program for new or recent PhDs in 
the mathematical sciences.] Subsequently, all the 
authors began incorporating the book into their 


‘classes at their respective institutions. This article 


recounts our story. 


Integrating Ma’s Research 


into Our Content Courses 

In Knowing and Teaching Elementary Math- 
ematics, Ma describes, through empirical research, 
many differences between Chinese and U.S. teach- 
ers’ conceptual understanding of the mathematics 
taught in elementary schools. One of Ma’s conclu- 


Me 
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Instructional scenario presented to 
preservice teachers, who are asked to 
respond as if they are the mathematics 
teacher and the student depicted is in 
their classroom 


Miguelito computes 7 2/3 - 4 3/5 as follows: 
7 2/5 -4 3/5 =3-1/5=2+5/5- 1/5 =2 4/5 


Is Miguelito correct? How do you respond 
to Miguelito’s work in a way that stresses 
important mathematics? 


sions is that although U.S. elementary teachers 
have much more training than Chinese teachers, 
they do not have a deep understanding of the 
mathematics they teach. More disturbing, Ma 
reports that many U.S. teachers do not know how 
to use the common algorithms for the mathemat- 
ics they are required to teach (such as division of 
fractions), much less have a deep understanding 
of that content. Ma’s conclusions are based on 
teachers’ responses to four scenarios centered on 
subtraction, multiplication, division of fractions, 
and the relationship between area and perimeter. 
In his review of Ma’s study, Roger Howe (1999) 
suggests that the most important audience for this 
book is college and university mathematics educa- 
tors. We believe preservice teachers are an equally 
important audience. 

We integrated Knowing and Teaching Elemen- 
tary Mathematics through reading and writing 
assignments that we gave when we taught the cor- 
responding mathematical content throughout the 
semester. Using a list of writing prompts (see fig. 
2) to help them analyze the chapters and express 
their thoughts, our prospective elementary teach- 
ers wrote chapter summaries and reactions to Ma’s 
results. Their writing indicated that reading Ma’s 
book was having the desired effect. They reflected 
on what they learned and what mathematical con- 
cepts were strengthened. They described ways to 
strengthen their mathematical foundation for each 
topic presented by Ma and noted in-class activities 
that had helped them develop a deeper understand- 
ing of mathematics. They wrote about their prepa- 
ration for and feeling about teaching these con- 
cepts. They also identified ideas that made them 
feel confident or uncomfortable. In addition, many 
described emotional reactions to Ma’s results, 
ranging from anger at not being taught mathemat- 


ics conceptually in elementary school to excite- 
ment about helping their future students develop a 
deep level of mathematical understanding. 


Making a Difference 
in Our Classrooms 


Incorporating Knowing and Teaching Elementary 
Mathematics has positively changed the atmo- 
sphere in our classes. The preservice teachers are 
eager to discuss Ma’s results, and our use of the 
book supports them as they engage in meaning- 
ful conversations about mathematics. In addition, 
many have become motivated to learn the under- 
lying principles of the mathematics taught at the 
elementary school level; consequently, they believe 
that the course activities and content were relevant 
to their future teaching. 


Meaningful conversations 
Facilitating discussions with the preservice teach- 
ers regarding their reactions to Knowing and Teach- 
ing Elementary Mathematics has been crucial. 
These conversations, which typically occur after 
students have read and written about a chapter, 
are fairly open-ended. A simple question such as 
“What did you think about the reading?” usually 
initiates a long and fruitful in-class conversation. 
The resulting dialogue gives us an opportunity to 
positively influence the preservice teachers’ atti- 
tudes toward learning and teaching mathematics. 
In the past, several preservice teachers have had 
difficulty understanding the differences between 
teaching procedurally and teaching conceptually, 
much less the importance of teaching conceptually, 
until they read Ma’s book. Afterward, some have 
wanted to know when researchers discovered the 
importance of understanding mathematics concep- 
tually and why they themselves were not taught 
to think conceptually. Only a few were offended 
by Ma’s study, feeling she was simply criticizing 
U.S. teachers and their efforts to teach mathemat- 
ics. Some even inquired about other readings that 
would be helpful in understanding mathematics 
conceptually. 

Requiring students to read Knowing and Teach- 
ing Elementary Mathematics helped us create a 
classroom in which mathematical discourse occurs 
regularly. The dialogue excerpted here illustrates 
one student’s realization that her explanation of 
subtraction using the term borrow was not appro- 
priate and her attempt to convince another student 
of the importance of using correct terminology. 
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Professor. What did you think of the subtraction 
chapter? 

Student A. I really liked it. I love the word 
decompose. 

Student B. It makes so much sense. Now I under- 
stand why you don’t want us to use the word 
borrow. 

Professor. Why do you say that? 

Student B. Well, when we began the chapter [on 
subtraction], you asked us about how we would 
teach it. I said that I would explain that if there 
wasn’t enough in the ones place, then you just go 
to your neighbor and borrow. You asked, “What are 
you borrowing, and what if your neighbor doesn’t 
want to lend it to you?” I didn’t understand why 
you didn’t like that explanation, but now I know not 
to teach like that. 

Student C. I didn’t understand what was wrong with 
her explanation, [but] now I understand why we 
should use words like decompose. 

Professor. So will you teach subtraction differently 
and, if so, how? 

Student D. I still plan on teaching subtraction with 
the word borrow, because it worked for me. There 
is nothing wrong with using the idea of borrowing 
sugar from your neighbor. 

Student B. But there isn’t any reason to bring sugar 
into it, because this has nothing to do with sugar. By 
using the words decompose, it makes sense math- 
ematically. The student doesn’t have to ask, “Why 
do we do it like that?” 

Student D. 1 don’t know. I guess that is true. 


Conversations like this one have given our pre- 
service teachers an opportunity to share their views 
about learning and teaching mathematics as well 
as to hear from their peers about the importance of 
learning and teaching mathematics conceptually. 
These types of conversations continue throughout 
the semester; in addition, our students often refer to 
Ma while studying other topics. For example, some 
commented that as a result of Ma’s explanations 
of subtraction and multiplication, they were better 
able to perform computations in different bases. 
During the study of percentages, some students 
asked, “How would Ma explain this?” or “How 
does this relate to the fraction chapter?” 


Motivation to learn 
conceptually 

After reading Knowing and Teaching Elemen- 
tary Mathematics, many of our students have 
expressed concern about emulating the U.S. 
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Writing Assignment 


Read the assigned chapter of Knowing and Teaching Elementary Mathematics 


(1999), by Liping Ma, and then write a paper that addresses the following: 


Do you feel ready to teach these concepts? Why or why not? 

What made you feel uncomfortable? 

What made you feel good? 

What do you agree with and disagree with and why? 

Can you sympathize with the American teachers? Why or why not? (The 

answer can be yes or no.) 

e How do you feel about teaching this concept to elementary school 
students? 

e What can you do to build a stronger foundation for these concepts? 


e What ideas from class helped you obtain a stronger foundation or under- 


standing of these concepts? 
e Include anything else you may want to share about your feelings toward 
the chapter. 


teachers Ma described. They are afraid of teach- 
ing without understanding and thus producing 
students like themselves. By reading and reflect- 
ing on Ma’s book, our students have developed a 
desire to change their mathematical language and 
infuse conceptual under- 
standing into their cur- 
rent knowledge of math- 
ematics. They have been 
intrigued by terminology 
such as regrouping and 
decomposing as opposed 
to carrying and borrowing 
and often have not under- 
stood why they did not 
learn these terms in ele- 
mentary school. In class 
after class, the preservice 
teachers began to submit 
work with solutions that 
included detailed descrip- 
tions of their thought pro- 
cesses. It appeared to us, 
as mathematics educators, that once our students 
were willing to provide detailed descriptions, we 
witnessed their first steps in acknowledging the 
mathematics behind algorithms. 

Wanting to learn mathematics conceptually has 
been an important milestone in our preservice ele- 
mentary teachers’ attitudes toward the mathematics 
they will teach. No more do we hear comments 
such as, “Why is it important for me to understand 
why—I know how.” Now it is not uncommon to 


“It is important to 
have a deep under- 
standing of the math 
and to know the 
meaning underlying 
the computations 
performed.” 


What did you learn from the chapter? What concepts were strengthened? 
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hear comments such as, “It is important to have a 
deep understanding of the math and to know the 
meaning underlying the computations performed.” 
The Chinese teachers’ explanations and deep 
understanding of elementary school mathematics, 
as presented by Ma, have provided our students 
with inspiring, alternative explanations and addi- 
tional teaching techniques. 

In the end, our students’ work when reading, 
reflecting on, and writing about Knowing and 
Teaching Elementary Mathematics provides evi- 
dence that they could make better sense of our 
course activities. Across the courses we teach and 
the institutions in which we teach, we have seen 
preservice teachers begin to understand the impor- 
tance of the student scenarios, video clips, and full 
explanations; believe elementary students are capa- 
ble of inventing algorithms; and assume new roles 
as teachers, not just as students. As a bonus, several 
have commented that reading and reflecting on 
these excerpts made them feel more like teachers. 


Integrating Ma’s Research 
into Your Classroom 


We recommend that mathematics teacher educators 
integrate Knowing and Teaching Elementary Math- 
ematics into their mathematics content courses 
for preservice teachers in three phases for each 
scenario. Phase I uses the scenarios presented in 
the book to introduce a mathematics lesson whose 
content corresponds to the scenario’s mathematical 
content. We pose a scenario to our students dur- 
ing class and allow five to ten minutes for them 
to respond in writing. Our students then discuss 
the scenario in small groups and follow up with a 
brief whole-group presentation of their responses 
and any questions this activity prompts for them. 
We orchestrate a whole-class discussion by asking 
questions such as “What mathematics does this 
explanation convey?” or “How might this explana- 
tion be confusing to an elementary student?” The 
preservice teachers do not always have answers to 
these questions, but we encourage them to record 
and then think about these questions and their 
responses as they read Ma’s book. At this time, 
we distribute the reading and writing assignments, 
assuring our students that their grade will be based 
on the degree to which they respond to the ques- 
tions, not on their knowledge of the chapter’s math- 
ematical content. 

Phase II involves reflecting on the scenario and 
the mathematics lessons we are teaching. Typically, 


we allot two weeks for the preservice teachers to 
complete the writing assignment (see fig. 2). Dur- 
ing this time, we continue to explore the associated 
mathematics content. We have found that the class 
content is more relevant and meaningful to our pre- 
service elementary teachers when the readings and 
the class material coincide. 

Phase III occurs after we, as course instructors, 
have read, commented on, and returned the stu- 
dents’ papers to them. We then initiate a discussion 
with the question, ““What did you think of the read- 
ing?” During this whole-class discussion, we often 
address questions that the students asked during 
Phase I. The combination of pre- and post-reading 
discussions strengthens the importance of learning 
and teaching mathematics conceptually and gives 
the students an opportunity to reflect on their initial 
response. 


Conclusions 


Although many of our preservice teachers demon- 
strated a positive attitude toward using Knowing 
and Teaching Elementary Mathematics in their 
mathematics content course, a few have continued 
to believe that teaching mathematics the way they 
were taught is the best way. This is not surprising, 
because research has shown that changing preser- 
vice elementary teachers’ attitudes is difficult (see, 
e.g., McDiarmid 1990). Typically, our students 
have not objected to reading Ma’s study as part 
of the course requirements, but some students felt 
that Ma was critical of U.S. teachers and believed 
the sample size biased the study (they erroneously 
thought the sample size should be the same for both 
groups of teachers). The classroom discussions 
gave us an opportunity to address most concerns. 
Requiring preservice teachers to read and reflect 
on Knowing and Teaching Elementary Mathemat- 
ics in their mathematics content course awakens 
the realization that understanding mathematics 
conceptually is important. Faculty members who 
have had these preservice teachers in subsequent 
classes regularly comment positively about them. 
Comments: from our colleagues such as, “These 
students think outside the box and are really trying 
to understand the meaning behind the content,” are 
quite common. In addition, many of these students 
express enthusiasm about teaching mathematics 
and have recommended that every preservice and 
in-service elementary teacher read Ma’s book. 
Several of us mathematics educators now require 
Knowing and Teaching Elementary Mathematics in 
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mathematics methods courses for secondary school 
mathematics teachers as well as in graduate courses 
designed for middle school teachers or mathematics 
education doctoral candidates. Our methods course 
students have also stated that through Ma’s study 
they learned the mathematics that underlie standard 
algorithms. The graduate students commented that 

the book affected their teaching of middle school 
students and of preservice teachers. 

Knowing and Teaching Elementary Mathematics 
has played an important role in our teaching and has 
changed our rapport with our preservice teachers. 
Through her book, Ma co-teaches with us, support- 
ing our students in their conceptual understanding 
of mathematics. We are no longer the out-of-touch 
university professors proclaiming the value of 
understanding mathematics conceptually. Instead, 
we believe that we have finally come upon a resource 
that convinces preservice teachers of the importance 
of deep understanding of elementary school math- 
ematics, a conviction that will ultimately help them 
become effective mathematics teachers. 
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José N. Contreras and Armando M. Martinez-Cruz 


Solving Problematic 
Addition and Subtraction 
Word Problems 


ord problems can play a prominent role in 

elementary school mathematics because 

they can provide practice with real-life 
problems and help students develop their creative, 
critical, and problem-solving abilities. However, 
word problems as currently presented in instruc- 
tion and textbooks fail to accomplish these goals 
(Gerofsky 1996; Lave 1992). This failure is due, 
in part, to the unrealistic approach needed to solve 
them: the straightforward application of one arith- 
metic operation. Consequently, when faced with 
word problems in which context is critical to the 
solution, students fail to connect school mathemat- 
ics with their real-world knowledge. Problems that 
cannot be solved by applying a straightforward 
arithmetic operation are called problematic. Several 
researchers have examined children’s lack of use 
of their real-world knowledge to solve problematic 
word problems (Greer 1997; Reusser and Stebler 
1997; Verschaffel and De Corte 1997). 

In this article, we examine students’ and pro- 
spective elementary teachers’ solutions to additive 
word problems for which the solution is 1 more or 
1 less than the answer produced by adding or sub- 
tracting two given numbers. The results for students 
come from a study conducted by Verschaffel, De 
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Corte, and Vierstraete (1999); the results for pro- 
spective elementary teachers come from a study we 
conducted (Contreras and Martinez-Cruz 2003). 


Strategies Used by Students 


Verschaffel, De Corte, and Vierstraete (1999) 
investigated 199 fifth- and sixth-graders’ difficul- 
ties in solving problematic additive word problems 
involving ordinal numbers. The students were given 
a written test that included three nonproblematic 
problems and six problems whose solution was 1 
more or | less than the numerical answer obtained 
by adding or subtracting the two given numbers. 
Each test contained three problems involving years, 
three problems involving page numbers, and three 
problems involving tickets. The researchers found 
that the students answered about 24 percent of the 
problematic items correctly. Verschaffel et al. also 
found that about 83 percent of the students’ errors 
on the problematic problems were errors of +1. 
Figure 1 shows examples of children’s strate- 
gies that produced correct answers to the prob- 
lematic problems in Verschaffel et al.’s study. The 
strategies the students used included both formal 
strategies (i.e., performing a subtraction or addi- 
tion operation) and informal strategies (i.e., count- 
ing-based strategies) as well as unclear strategies. 
In fact, the percentage of formal, informal, and 
unclear strategies for the problematic problems was 
78 percent, 6 percent, and 16 percent, respectively. 
The researchers did not report the use of other use- 
ful solution strategies such as making a diagram or 
posing a simpler analogous problem. It is interest- 
ing to notice that both examples of formal strate- 
gies displayed in figure 1 strongly suggest a clear 
understanding of the mathematical problem and 
its representation as an arithmetic operation. On 
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the other hand, while the counting-based strategies 
suggest that the students understood the mathemati- 
cal situation (i.e., which tickets or page numbers to 
count), they do not reveal their understanding of 
how to represent the problems with an arithmetic 
operation. 


Strategies Used by 
Prospective Teachers 


The sample of teachers consisted of 139 prospec- 
tive elementary teachers from six sections of their 
second mathematics content course for elementary 
teachers in a state university in the United States. 
The teachers were given time during class to com- 
plete a written test that contained nine experimental 
items and seven buffer items. The experimental 
items were adapted from Verschaffel et al.’s prob- 
lems involving years and are displayed in figure 2. 
The first three experimental items can be solved by 
the straightforward addition or subtraction of the 
two given numbers, while the other six are prob- 
lematic. The teachers were asked to support each of 
their responses by showing all their work. 

We analyzed the teachers’ written responses—a 
total of 1251 responses—in various ways, but here 
we focus only on their strategies, their solutions, 
and the interpretation of their solutions. We found 
that 1243 responses (99 percent) contained an 
“appropriate strategy or procedure; only 4 responses 
(0.32 percent) contained inappropriate procedures. 
Of the responses using appropriate strategies, 
30 (2.41 percent) involved counting strategies, | 
(0.08 percent) involved drawing a picture, and 25 
(2 percent) involved showing only answers (no 
work), which may suggest that teachers performed 
the operations mentally. All other responses using 
appropriate strategies (95.19 percent) involved 
strategies that relied on formal methods—that is, 
adding or subtracting the two given numbers. We 
noted that a higher percentage of our teachers’ 
responses contained formal solution strategies than 
did the fifth and sixth graders’ responses reported in 
Verschaffel et al.’s study. A combination of factors 
may explain this finding. First, teachers may feel 
more comfortable performing formal addition and 
subtraction operations than using counting-based 
strategies. Second, our problems involved numbers 
with large differences, while Verschaffel et al.’s 
problems contained both small and large differ- 
ences. Counting-based strategies are more suitable 
for problems involving smaller differences than for 
problems containing numbers with a larger differ- 
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Examples of children’s strategies producing correct answers to the 
problematic problems in Verschaffel et al.’s (1999) study 


The last entrance ticket sold yesterday in the school museum had number 
524. Today only 7 tickets were sold. What will be the number of the first ticket 
that will be sold tomorrow? 


524 + 7 = 531 The first card [ticket] that will be sold the next day will have 
number 532. 
Strategy: Addition 


Today only 9 tickets were sold at the desk of the museum. The first ticket sold 
today had number 328. What was the number of the last ticket sold today? 


28 + 329 + 330 + 331 + 332 + 333 + 334 + 335 + 336 the number is 336 


328 + 329 + 330 + 331 + 332 + 333 + 334 + 335 + 336 
8 


1 2 3 4 5 6 7 9 
Strategy: Addition and counting 


Only a few people went to the museum today. The first ticket sold today had 
number 328 and the last ticket sold today had number 336. How many tickets 
were sold today? 


328 to 336 ///////|/ There were 9 tickets sold 
Strategy: Counting using tally marks 


The first ticket sold today at the museum desk had number 421 and the last 
ticket had number 488. How many tickets were sold today? 


488 67 + 1 (for number 421) = 68 
— 421 68 tickets were sold 
67 


Strategy: Subtraction and addition 
Yesterday | took a book from the library and read to the end of page 104. To- 
day | continued and read to the end of page 187. How many pages did | read 
today? 

MM TE WE WT 


ME TT Hs 
Strategy: Counting using tally marks 


Today | read 83 pages 


In the library book that | am reading, the pages from page 113 up to and in- 
cluding page 188 are missing. How many pages are missing from that book? 


MS P14 11S 16 tay fase 1193) 1207121 2247 123:7, 

124 / 125/126 / 127/128 / 129 / 130 / 131 / 132 / 133 / 134 / 135 / 136 / 
137 / 138 / 139 / 140 / 141/ 142/143 / 144/145 / 146 / 147 / 148 / 149 / 
150 / 151/152 /153/ 154/155 / 156 / 157 / 158 / 159 / 160 / 

161/162 / 163 / 164 / 165 / 166 / 167 / 168 / 169/170 /171/ 172/ 

173 /174/175/ 176/177 / 178/179 / 180 / 181 / 182 / 183 / 

184 / 185 / 186 / 187 / 188 


In this book 76 pages are missing 


Strategy: Counting 
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The nine experimental items 
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In January 1985 a youth orchestra was set up in our city. In what year will 
the orchestra have its twenty-fifth anniversary? 


. Our youth club was set up on September 15, 1970. | became a member on 


September 15, 1999. How many years had the club already existed when | 
became a member? 


. In March 2000 it had been 34 years since our school had held its first an- 


nual school party. In what year was the school party held for the first time? 


. In September 1975 the city’s youth orchestra had its first concert. In what 


year will the orchestra have its fiftieth concert if it holds one concert every 
year? 


. Last October (2001) | participated for the first time in the great city running 


race that is held every year. This race was held for the first time in October 
1959. How many times has the race been held? 


. In November 1994 the twenty-fifth annual school party took place. In what 


year was the school party held for the first time? 


. There was a summer market in our city every summer from 1950 up 


through 1969. Since then the summer market was cancelled 30 consecutive 
times. In what year did the summer market restart? 


. For along time the city held a fireworks display every year on the last day 


of the October festival. In October 1982 we had our last fireworks, and 
thereafter there was no fireworks display. In October 1999 they restarted 
the tradition of the annual fireworks display. How many years did we miss 
the fireworks? 


. In December 1999 our sports club held its annual election for its officers. 


Because of a lack of candidates, there had not been elections for the 23 
years preceding 1999. Prior to this election, in what year did the last elec- 
tion occur? 


ence. Like Verschaffel et al., we did not find any 
evidence of other useful heuristic strategies such as 
solving an analogous simpler problem. Examples 
of teachers’ strategies leading to a.correct solution 
are illustrated in figure 3. 

The prospective elementary teachers performed 
well on the three nonproblematic items; 92 percent 
of the responses were correct. However, their per- 
formance on the problematic items was poor; only 
9 percent of their solutions were correct. Given that 
95 percent of the responses to the problematic word 
problems contained an appropriate procedure exe- 
cuted correctly, we hypothesized that the teachers’ 
lack of success with the problematic word problems 
was due to their interpretation that adding or sub- 
tracting the two given numbers produces the cor- 
rect solution. Strong evidence for this hypothesis is 
the fact that we found that about 93 percent of the 


errors were +1 errors. As one teacher commented 
during a classroom discussion about how to solve 
this type of problem, “This is just a subtraction 
problem. We get the correct answer by subtracting 
the numbers.” 


Reflections on Solution 
Strategies 


Why did oun prospective elementary teachers per- 
form poorly on the problematic problems? Con- 
sidering Verschaffel et al.’s research with school 
children, we expected that some teachers would 
not correctly solve the problematic word problems, 
but the high percentage of incorrect solutions was 
alarming. One explanation might be that teach- 
ers, like schoolchildren, approach word problems 
in a superficial or mindless way because such 
problems, as posed in the traditional instructional 
environment, can be solved by the straightforward 
application of arithmetic operations. In this sense, 
the teachers probably expected that all the problems 
were that type. As one teacher stated, “I didn’t even 
know that this type of problems existed.” Another 
explanation may be the prospective teachers’ 
insufficient repertoire or understanding of useful 
heuristic strategies, such as thinking of a simpler 
analogous problem, making a diagram, or counting 
by tens and ones. Another explanation may be an 
insufficient understanding of the enumeration pro- 
cess needed to solve subtraction and addition word 
problems involving ordinal numbers. This lack of 
understanding might have prevented the teachers 
from realizing that they sometimes need to adjust 
the solution produced by the addition or subtraction 
of two given numbers by 1. This incomplete under- 
standing might also have prevented them from 
using appropriate numbers so that it is not neces- 
sary to adjust the answer produced by the arithme- 
tic operation. There is no algorithmic hint we can 
give students to obtain the correct solution to this 
type of problems. Understanding the enumeration 
process of addition and subtraction word problems 
involving ordinal numbers is cognitively complex. 
Because a high percentage of incorrect responses 
(about 93 percent) contained +lerrors, it seems that 
prospective elementary teachers, as well as school- 
children, need mathematical experiences in solving 
whole-number addition and subtraction word prob- 
lems in which the solution is 1 more or 1 less than 
the sum or difference of the two given numbers. 
We urge both mathematics educators and teachers 
to provide their students—prospective teachers and 
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schoolchildren—with tasks involving problematic 
word problems. Some suggestions follow. 


implications and 
Recommendations for 
Instruction 


Use a variety of instructional 
approaches 

A variety of instructional strategies should be used 
to help students learn to solve problematic word 
problems. Some of these strategies may be based on 
students’ informal approaches, while others may be 
based on a more explicit conceptual understanding 
of addition and subtraction. A useful strategy is to 
solve a simpler analogous problem involving small 
numbers and then determine whether one needs to 
add or subtract | to solve a corresponding problem 
involving larger numbers. By using this strategy, 
students not only solve the original problem but 
also enhance their problem-posing abilities, an 
important component of mathematical proficiency. 
For example, problem 4 in figure 2 may be refor- 
mulated as follows: 


In September 1975 the city’s youth orchestra had 
its first concert. In what year will the orchestra 
have its fifth concert if it holds one concert every 
year? 


The solution to this problem is 1979, which is 1975 + 
5 (1975, 1976, 1977, 1978, 1979) — 1. Because we 
are subtracting 1, we find that, reasoning by analogy, 
the solution to the original problem is 2024, which is 
1975 + 50 — 1. Another useful strategy, an extension 
of students’ counting-based approach, is to count 
efficiently by tens and ones. For example, solving 
problem 5 in figure 2 involves counting from 1959 to 
2001, including both 1959 and 2001. We may count 
as follows: 1959 (1), 1960 (2), 1970 (12), 2000 (42), 
2001 (43); thus, the solution to the problem is 43. 


Model problematic problems 

Verschaffel et al.’s students and our teachers used 
formal approaches quite often but unsuccessfully. 
Because formal approaches, when applied correctly, 
are efficient for solving problems, students and teach- 
ers need to learn how to model problematic problems 
with an arithmetic operation. One general, powerful 
method for modeling and solving these problems 
with an arithmetic operation involves establishing 
a connection among a diagram, the enumeration 
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process, and the conceptual notions of addition and 
subtraction. One strategy is to visualize the problem 
and its solution by making a diagram with the two 
given numbers and their difference. Figure 4 shows 
a graphical representation of problem 6. One may 
think that because there is a difference of 24 years 
since the party took place, then there is a difference of 
24 between 1994 and the unknown year—that is, the 
unknown year is 1970 (1994 — 24). 

Still another strategy that many of our students 
have found useful and insightful is modeling the 
problem using the meaning of subtraction or addi- 
tion along with a graphical representation. This 


Examples of our prospective elementary teachers’ strategies leading 
to a correct solution of experimental items 


Problem 4: In September 1975 the city’s youth orchestra had its first concert. 
In what year will the orchestra have its fiftieth concert if it holds one concert 
every year? 


1975 
1984 10 
1994 20 


2004 30 
2014 40 
2024 50 





Problem 6: In November 1994 the twenty-fifth annual school party took place. 
In what year was the school party held for the first time? 





Problem 8: For a long time the city held a fireworks display every year on the 
last day of the October festival. In October 1982 we had our last fireworks, 
and thereafter there was no fireworks display. In October 1999 they restarted 
the tradition of the annual fireworks display. How many years did we miss the 
fireworks? 


82+ 16 =98 19831 
1984 2 
NOS5 ees, 


[and so on] 


1998 16 





501 


502 


Graphical representation of problem 6 


24 25 


_ 
Nw 





u 1994 


Graphical representation of problem 7 


1 2 Sten 30 
a eS eee 
1969 1970 ? 


Graphical representation of problem 8 


oumenranans ei lig) nae a 





1982 1998 1999 


Figure 7 


Graphical representation of problem 9 


23 Stell 1 





? 1999 


approach involves making explicit the nature of 
the enumeration process with one of the meanings 
of subtraction or addition. For example, figure 5 
shows the graphical representation for problem 
7. When we add 30 to 1969, the result (1999) is 
the last year in which the summer market was 
cancelled; therefore, 2000 is the year in which the 
market restarted. Or we may understand that we 
need to add 31 to 1969 to obtain the requested year. 
In both problems 6 and 7, students must understand 
the connection between the enumeration process 
and the meaning of addition. 

An example of using the modeling strategy 
with subtraction is seen in figure 6, which shows 
the solution to problem 8. The figure suggests that 
when we subtract (take away) 1982 from 1999 (i.e., 


take away 1982 years from 1998 years), the result 
includes the requested years plus 1999. Therefore, 
the solution is 1999 — 1982 — 1 = 16 (1999 is not 
part of the solution but is included in the subtraction 
1999 — 1982). Or we may think of subtracting 1982 
from 1998 to find the number of years when we did 
not have fireworks, including 1998; the xs represent 
taking away 1982 from either 1999 or 1998. 

While problem 7 can be solved by using addition 
and counting forward, problem 9 can be solved by 
using subtraction and counting backward (see fig. 7). 
This diagram indicates which years had no election. 
However, this figure can be interpreted in two ways. 
First, taking away 23 from 1999 includes 1999 (..e., 
1999 is 1 of the 23 years that we are taking away), 
but 1999 is not 1 of the 23 years that we need to 
omit; to solve the problem, we need to subtract 1 
more to account for the year 1999 because we started 
the counting backward process with 1999. But we 
can also think of the counting backward process 
as starting at 1998 (1999 — 1), the year of the last 
missed election, and end up at 1976 (1999 — 23), 
the year of the first missed election. In this case, the 
enumeration process of counting backward is similar 
to the one used to count forward. Because we want 
to know the year of the last election (prior to the 
1999 election), we subtract 1 to obtain 1975. Some 
of our students have thought of still another way of 
interpreting figure 7: Think of the missing addend 
approach to subtraction: x + 23 = 1998 (or x + 24 = 
1999) and from here obtain x = 1975. 

The strategies discussed here have helped our 
teachers solve problematic problems involving 
addition and subtraction with ordinal numbers. 
Establishing the connection among the graphical 
representation (or the picture), the enumeration 
process, and the meaning of addition and subtrac- 
tion is challenging for some of our teachers. This is 
not surprising because establishing this connection 
involves having or developing an explicit concep- 
tual understanding of this relationship. 


Introducing problematic 
problems 

Another pedagogical issue related to teaching 
problematic problems is deciding when and how to 
introduce them. A powerful instruction strategy is 
suggested by Cognitively Guided Instruction (Car- 
penter and Fennema 1988): Present the problems 
first so that students can have the opportunity to 
develop their own strategies. We can also give stu- 
dents a mix of both problematic and nonproblem- 
atic problems so that students learn to reflect on the 
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nature of the particular problem and the appropriate 
mathematical operation for solving it. 

We must provide students with mathematical 
tasks that require making connections between 
mathematical procedures and their real-world 
knowledge. In this way, students will enhance their 
problem-solving abilities, a central goal in math- 
ematics education (NCTM 2000). 
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Learning 
Environments 
That 
Mathematical 
Understanding 


eaching occurs within an environment. The 

learning environment encompasses the physi- 

cal setting, the climate, and the expectations 
that become part of the classroom culture. Although 
teachers guide the interactions, the learning envi- 
ronment can significantly influence what and how 
students learn. Inquiry-based learning environments 
allow students to develop a robust understanding of 
mathematics, encourage and motivate students from 
different cultural and mathematical backgrounds, and 
build on each student’s strengths. How are such envi- 
ronments established? 
How do the NCTM Pro- 
cess Standards empower 
teachers to create an 
inquiry-based learning 
environment? What tran- 
sitions do teachers and 
students experience as 
they attempt to establish 
a community of prac- 
tice with which they are 
unfamiliar? 
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The Editorial Panel of Teaching Children Math- 
ematics is seeking manuscripts that provide insights 
regarding these issues. We are particularly interested in 
manuscripts that— 


e help readers understand how to establish appropriate 
mathematics learning environments; 

e describe the process or phases that teachers experi- 
ence as they attempt to alter the mathematics learn- 
ing environment so that it is aligned with NCTM’s 
recommendation; and 

e consider the implication of various mathematics 
learning environments. 


Topics to explore include but are not limited to the 
following: 


e The role of teachers and students in establishing the 
mathematics learning environment encouraged by 
the NCTM Standards documents 
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e Methods of designing learning environments that 
engage and motivate a diverse group of learners, that 
are culturally responsive, or that are responsive to 
the needs of all students, including English language 
learners and special needs students 

e Phases that teachers and students experience as 
they transition to a more reform-based instructional 
approach or curriculum 

e How the use of challenging tasks or curriculum 
affects the learning environment 

e How a technology-rich learning environment influ- 
ences the teaching and learning of mathematics 

e How particular learning environments promote or 
hinder students’ meaningful learning of mathematics 

e Encouraging reluctant students to become active 
participants in the established learning environment 

e Methods for getting students to unpack and share 
their thinking 


Manuscripts should be no longer than ten double- 
spaced pages, not counting figures and photographs 
(these should be included at the end of the manuscript). 
Submit completed manuscripts to Teaching Children 
Mathematics by accessing tem.msubmit.net by 
July 31, 2007. On the cover page, please state clearly 
that the manuscript is being submitted for the 2008 
TCM focus issue “Learning Environments.” Author 
identification should appear only on the cover page. 
For manuscript preparation guidelines, visit my.nctm 
.org/eresourcs/submission_tcm.asp. 
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( Xx For more information or to place an order, 
4 7. NATIONAL COUNCIL OF call (800) 235-7566 or 


NCTM _ TEACHERS OF MATHEMATICS visit www.nctm.org/catalog. 
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